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Preface

The present volume is dedicated to Philippe Clément on the occasion of his re-
tirement in December 2004. It has its origin in the workshop “Partial Differen-
tial Equations and Functional Analysis” (Delft, November 29–December 1, 2004)
which was held to celebrate Philippe’s profound contributions in various areas of
Mathematical Analysis.

The articles presented here offer a panorama of current developments in the
theory of partial differential equations as well as applications to such diverse ar-
eas as numerical analysis of PDEs, Volterra equations, evolution equations, H∞-
calculus, elliptic systems, mathematical physics, and stochastic analysis. They re-
flect Philippe’s interests very well and indeed several of the authors have collabo-
rated with him in the course of his career.

The editors gratefully acknowledge the financial support of the Royal Nether-
lands Academy of Arts and Sciences, the Netherlands Organization for Scientific
Research, and the Thomas Stieltjes Institute for organizing the workshop. They
also thank Thomas Hempfling for the pleasant collaboration during the prepara-
tion of this volume.

Last but not least the editors, all members of his former group, thank Philippe
for his constant inspiration and for sharing his enthusiasm in mathematics with
them.

The Editors
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Philippe Clément: Curriculum Vitae

Philippe Clément, born on 9 January 1943 in Billens, Switzerland, started his study
in Physics at the Ecole Polytechnique de l’ Université de Lausanne (now EPFL) in
1962 and obtained the degree of Physicist-Engineer in 1967. During that period he
discovered that his true interest was much more in Mathematics and he obtained
the License des Sciences Mathématiques in 1968 from the University of Lausanne.
Hereafter he started to work on his Ph.D. thesis in the area of Numerical Analysis
at the EPFL with J. Descloux as supervisor. He defended his thesis, “Méthode des
éléments finis appliquée à des problèmes variationnels de type indéfini”, in Febru-
ary 1974. Some of the results were published in his seminal paper “Approximation
by finite element functions using local regularization” (Rev. Française Automat.
Informat. Recherche Opérationelle, RAIRO Analyse Numérique 9, 1975, R-2, 77–
84). In this paper he introduced what is nowadays known in the literature as
the Clément-type interpolation operators, which play a key role in the analysis of
adaptive finite element methods.

In the period 1972–74 Philippe was First Assistant at the Department of
Mathematics of the EPFL and under the influence of B. Zwahlen he became in-
terested in Nonlinear Analysis. It was a very stimulating and inspiring time and
environment for him, in particular, he met at various workshops Amann, Aubin,
Da Prato, Grisvard, Tartar and others. The years 1974–77 Philippe continued his
mathematical work, supported by the Swiss National Foundation for Scientific
Research, in Madison (USA), first as Honorary Fellow at the Mathematics De-
partment, later as a Research Staff Member at the Mathematics Research Center,
of the University of Wisconsin. In that period he came into contact with Crandall
and Rabinowitz and worked on nonlinear elliptic problems. Together with Nohel
and Londen, he started to be involved in nonlinear Volterra equations.

In 1977 Philippe moved to the University of Technology in Delft, were he was
appointed as Associate Professor. In 1980 he became full professor and in 1985 he
obtained the Chair in Functional Analysis in Delft. His main areas of interest and
research were (and still are) the theory of evolution equations, operator semigroups
as well as the Volterra equations and elliptic problems mentioned before. In partic-
ular, he was involved in problems concerning maximal regularity and problems re-
lated to functional calculus. Philippe is widely recognized for his important contri-
butions in these areas. The very stimulating seminars in Delft on the theory of semi-
groups have resulted in the book “One-Parameter Semigroups” (Clément, Heij-
mans et al.). In recent years his interests also include stochastic integral equations.
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c© 2006 Birkhäuser Verlag Basel/Switzerland

Harnack Inequality and Applications to
Solutions of Biharmonic Equations

Gabriella Caristi and Enzo Mitidieri

This paper is dedicated to our friend Philippe Clément for “not killing birds”

Abstract. We prove Harnack type inequalities for linear biharmonic equa-
tions containing a Kato potential. Various applications to local boundedness,
Hölder continuity and universal estimates of solutions for biharmonic equa-
tions are presented.

1. Introduction

During the last decade considerable attention has been paid to solutions of the
time-independent Schrödinger equation

−∆u = V (x)u, x ∈ Ω ⊆ RN , (1.1)

where Ω is an open subset of RN and the potential V belongs to the Kato class
KN,1

loc (Ω). See, e.g., Aizenman and Simon [1], Zhao [28], [29], [30], Fabes and Strook
[8], Chiarenza, Fabes and Garofalo [7], Hinz and Kalf [13], Serrin and Zou [22],
Simader [23] and the references therein. Following different approaches these au-
thors have studied the regularity of the solutions and proved a Harnack-type
inequality. Such inequality in turn can be used to prove results such as strong
maximum principles, removable point singularities, existence of solutions for the
Dirichlet problem, Liouville theorems and universal estimates on solutions for non-
linear equations.

In the present paper we shall discuss weak solutions of the following fourth-
order elliptic equation

∆2u = V u, x ∈ Ω ⊆ RN , (1.2)

where the potential V is nonnegative in Ω and belongs to KN,2
loc (Ω) the natural

Kato class of potentials associated to the biharmonic operator. See Definition
2.2 in the next section. We point out that Kato classes of potentials associated
to polyharmonic operators and some generalizations have been used in a series
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of works by Bachar et al. see [3], [4] and Maagli et al. [14]. In these papers the
authors prove various interesting results including 3G type Theorems and existence
of positive solutions for second order and semilinear polyharmonic equations.

Here we are interested in several kinds of results of qualitative nature and
mainly some of the consequences that can be deduced from Harnack inequality that
we are going to prove during the course. The first one is the regularity problem
which includes the local boundedness and the Hölder continuity of solutions. The
second kind of results are Harnack-type inequalities. The prototype version of these
states: There exist constants C = C(N) and r > 0 depending on Ω and norms of
V such that all solutions of (1.2) with u ≥ 0, −∆u ≥ 0 in Ω (i.e., in the sense of
distributions in Ω) satisfy

sup
Br/2

u(x) ≤ C inf
Br/2

u(x), (1.3)

where Br/2 denotes any ball contained in Ω.
Our interest in these results was stimulated by studying certain nonlinear

biharmonic equations and their isolated singularities (see [5], [25]). For several
questions concerning the nature of non-removable singularities and the behavior
of a positive solution in a neighborhood of the isolated singularity it is customary
to assume that V ∈ Lq

loc (Ω) for q > N
4 .

On the other hand the technique for proving Lp-estimates for all p < ∞,
relating the supu to certain integrals involving the solution of (1.2) as employed by
Serrin [20], [21], Stampacchia [26], Trudinger [27] for second order elliptic equations
and by Mandras [15] in the context of weakly coupled linear elliptic systems, seems
not to be easily extendable for this kind of equations.

In order to derive a local a priori majorization for the supu, we shall follow
two different approaches. The first one was introduced by Simader in [23] and it
is based on representation formulae of solutions and the 3G theorem of Zhao [30],
while the latter have been used by Chiarenza et al [7] and its main ingredients are
Caccioppoli-type inequalities and maximum principle arguments for the operator
∆2 − V .

We remark that the Harnack inequality (1.3) admits a rather simple proof
in the special case V ≡ 0, that is for the biharmonic equation ∆2u = 0 in Ω. In
fact, due to the special type of mean value formulas for biharmonic functions (see
formula (3.4)0 of Simader [24])

u(x) =
N + 1

2
1

|BR(x)|

∫
BR(x)

u(y)
[
(N + 2) − (N + 3)

|y − x|
R

]
dy

it turns out that for x0 ∈ Ω and B2r(x0) ⊂ Ω

sup
Br/2(x0)

|u(x)| ≤ c(N)
|Br(x0)|

∫
Br(x0)

|u(y)| dy,
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where c(N) = 2N−1 (N + 1) (2N + 5). On the other hand both conditions u ≥ 0
and −∆u ≥ 0 imply (see [11])

inf
Br/2(x0)

u(x) ≥ (2/3)N

|Br(x0)|

∫
Br(x0)

u(y) dy,

hence inequality (1.3) follows immediately. We observe that in general there is
no hope of obtaining a Harnack inequality for solutions of (1.2) under the only
assumption that they are nonnegative. A simple example in this direction is given
by u(x) = x2

1 in Ω = B2(0). It is interesting to note that the sign conditions
(−∆)m u ≥ 0 in Ω, for m = 1, . . . , k − 1, can be already found in the classical
book of Nicolescu [18], p. 16, in the context of polyharmonic equations of the type
∆ku = 0 in Ω, k ∈ N (see also [2]).

This paper is organized as follows. Section 2 contains few preliminary facts,
the proof of the representation formula (see Lemma 2.6) (following Simader [23])
for weak solutions of the problem,

(−∆)mu = V u, x ∈ Ω ⊆ RN , (1.4)

where V ∈ KN,m
loc (Ω), N > 2m, m ≥ 2, and some remarks on Green functions

for Schrödinger biharmonic operators. In Section 3 we prove the results on local
boundedness and continuity of solutions of (1.2) and a related Harnack inequality
(1.3), (see Theorem 3.6). Namely, for each p ∈ (0,∞) there exists a constant
C = C(p) and r > 0 depending on Ω and some local norms of V such that

sup
Br/2(x0)

|u(x)| ≤ C

(
1

|Br(x0)|

∫
Br(x0)

|u(y)|p dy

)1/p

. (1.5)

In Section 4 we briefly use the approach by Chiarenza, Fabes and Garofalo
[7], adapted to fourth order problems of the type (1.2). The main outcome of this
technique is an estimate of the modulus of continuity of the solutions is given in
Theorem 4.12 and the Hölder continuity is established in Theorem 4.13 for a class
of potentials V which includes those that belongs to the Lebesgue spaces Lp

loc (Ω)
for p > N

4 . Finally Section 5 is devoted to some consequences of Theorem 4.9. The
first application is another proof of Theorem 3.6 while Theorem 5.2 concerns the
behavior at infinity of solutions u ∈ Lp

(
RN

)
. Also, in Theorem 5.1 and Theorem

5.3 we prove respectively a Harnack inequality of the type (1.3) and a modified
version of it in the limiting case V = O

(
1

|x|4
)

and Ω = BR(0)\{0}.
We conclude the paper with an application to universal estimates for a semi-

linear biharmonic equation in a general domain (see Theorem 5.5). This result
can be considered a step towards to the general understanding of the existence of
universal estimates for solutions of elliptic systems containing non-linearities with
growth below the so called first critical hyperbola (see [16], [17]).
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2. Notation and preliminaries

In the sequel, Ω will denote a nonempty open subset of RN . If Ω1 ⊂ Ω2 ⊆ RN

are open sets, we write Ω1 ⊂⊂ Ω2 if and only if Ω1 is compact and Ω1 ⊂ Ω2. For
x ∈ RN and r > 0 we write Br(x) to denote the open ball of center x and radius
r and ∂Br(x) to denote its boundary.

In what follows we assume that j is a given nonnegative function in C∞
0 (RN )

such that j(z) = 0 if |z| ≥ 1 and:∫
RN

j(x)dx = 1.

For any ε > 0 we define jε(x) = ε−N j(ε−1x).

Definition 2.1. Given any function f ∈ Lq(Ω) with 1 ≤ q < ∞, for any ε > 0 we
define the mollified function by

fε(x) =
∫

RN

jε(x − y)f(y)dy.

From the definition it follows that fε ∈ C∞(Ω)∪Lq(Ω) and ‖fε−f‖Lq(Ω) → 0,
as ε → 0.

Definition 2.2. Given N > 2m, the Kato class KN,m
loc (Ω) is the set of functions

V ∈ L1
loc(Ω) such that for any compact set K ⊂ Ω the quantity

φV (t, K) = sup
x∈RN

∫
Bt(x)

|V (y)|χK(y)
|x − y|N−2m

dy

is finite (here, χK denotes the characteristic function of K) and

lim
t→0

φV (t, K) = 0.

Example 2.3. Any function satisfying a local Stummel condition. We recall that
V satisfies a local Stummel-condition if it is measurable in Ω and there exists
γ ∈ (0, 4) such that for each ω ⊂⊂ Ω there exists a constant Dω > 0 such that

sup
x∈RN

∫
ω∩B1(x)

|V (y)|2

|x − y|N−4m+γ
dy ≤ Dω.

We claim that if this condition is satisfied, then, V ∈ KN,m
loc (Ω). Indeed, for

BR(x0) ⊂⊂ Ω and 0 < t ≤ 1 we have∫
Bt(x)∩BR(x0)

|V (y)|
|x − y|N−2m

dy

≤
(∫

Bt(x)∩BR(x0)

|V (y)|2

|x − y|N−4m+γ
dy

) 1
2
(∫

Bt(x)

dy

|x − y|N−γ

) 1
2

≤ D
1
2
BR(x0)

(
σN

Nγ

) 1
2

t
γ
2 .

Therefore Definition 2.2 is satisfied with φV (t) = C(D, γ) tγ/2.
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Example 2.4. Any V belonging to Lα
loc(Ω) with α > N/2m. In fact, in this case if

Bt(x) ⊂⊂ Ω we have:∫
Bt(x)

V (y)
|x − y|N−2m

dy

≤
(∫

Bt(x)

|V (y)|αdy

) 1
α
(∫

Bt(x)

1
|x − y|(N−2m)α′ dy

) 1
α′

≤ σ
1

α′
N ‖V ‖Lα(Bt(x))t

2m−N
α . (2.1)

Therefore, Definition 2.2 is satisfied with φV (t) = C(V ) t2m−N
α for t > 0.

Definition 2.5. We say that u ∈ L1
loc(Ω) is a distributional solution of (1.4),

or that u is a solution in the sense of distributions, if u ∈ L1
loc(Ω) and for any

ψ ∈ C∞
0 (Ω) we have ∫

Ω

u(y)∆mψ(y)dy =
∫

Ω

V (y)u(y)ψ(y)dy (2.2)

For any m ≥ 1, N > 2m and r > 0 we set

Φm,N (r) = Cm,N r2m−N , (2.3)

where

Cm,N =

⎧⎪⎪⎨⎪⎪⎩
Γ(2 − N/2)

22m−2(m − 1)!Γ(m + 1 − N/2)
, if N is odd,

(−1)m−1 (N/2 − m − 1)!
22m−2(m − 1)!(N/2 − 2)!

, if N is even.

The function Φm,N as function of r = |x|, for x ∈ RN \ {0}, is polyharmonic of
degree m and is called the fundamental solution of the equation ∆mu = 0. Here,
the constants Cm,N are chosen so that ∆pΦm,N = Φm−p,N for p = 1, . . . , m − 1,
(see [2]). In the sequel, sometimes we will write Φm(x, y) instead of Φm,N(|y −x|).

The following representation formula holds:

Lemma 2.6. Let N > 2m. If u ∈ C∞
0 (RN ), then for any x ∈ supp(u)

u(x) = −ΩN

∫
RN

Φm,N (|y − x|)∆mu(y)dy, (2.4)

where ΩN = ((N − 2)ωN)−1 and ωN = 2πN/2/Γ(N/2) is the area of the unit
sphere.
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Proof. In order to prove (2.4) we apply the second Green identity in Dρ = RN \
Bρ(y) successively, add the results and obtain

u(x) = ΩN

m−1∑
l=0

∫
∂Dρ

(
∂Φl+1(x, y)

∂νy
∆lu(y) − ∂∆lu(y)

∂ν
Φl+1(x, y)

)
dy

−ΩN

∫
Dρ

Φm(x, y)∆mu(y)dy. (2.5)

By a standard argument it can be proved that all the nonzero boundary terms
tend to 0 as ρ → 0. �

Throughout the paper, for the sake of clarity, we will assume that m = 2 and
N > 4, that is, we shall consider the problem

∆2u = V (x)u, x ∈ Ω ⊆ RN , N > 4. (2.6)

The proofs of the extensions of the results to the general case can be obtained by
obvious modifications.

Lemma 2.7. Let g ∈ L1
loc(R

N ) and u ∈ L1
loc(R

N ) be a distributional solution of
∆2u = g. Then, for any ρ ∈ C∞

0 (Ω) the following formula holds:

cNu(x)ρ(x) = −
∫

Φ2(x, y)g(y)ρ(y)dy

+2
∫

u(y) (∇∆ρ(y),∇Φ2(x, y)) dy + 2
∫

∆2ρ(y)u(y)Φ2(x, y)dy

+2
∫

∆ (∇Φ2(x, y),∇ρ(y)) u(y)dy +
∫

(∇ρ(y),∇∆Φ2(x, y)) u(y)dy

+2
∫

u(y)∆Φ2(x, y)∆ρ(y)dy −
∫

u(y)∆2ρ(y)Φ2(x, y)dy, (2.7)

where cN = Ω−1
N .

Proof. For any ε > 0, let uε be the mollified function of u. Then, given ρ ∈ C∞
0 (Ω)

we can apply Lemma 2.6 and get

cNuε(x)ρ(x) = −
∫

Ω

Φ2(x, y)∆2(uερ)(y)dy. (2.8)

Now, we have

∆2(uερ) = ∆2(uε)ρ + 2(∇∆ρ,∇uε) + 2∆ρ∆uε + 2(∇∆uε,∇ρ)
+ 2∆(∇ρ,∇uε) + uε∆2ρ, (2.9)

and we know that ∆2uε = gε and that gε → g in L1
loc(Ω). To obtain (2.7), first we

integrate by parts, taking into account of the fact that all the integrals extended
to the boundary of Ω are equal to 0, since supp(ρ) ⊂ Ω. Then, we take the limit
as ε → 0 and apply Lemma 2.8 below. �
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Lemma 2.8. Let Ω ⊆ RN be bounded, ρ ∈ C0
0 (Ω), g ∈ L1

loc(Ω) and 0 < α < N .
Then, if for any n ∈ N, εn > 0 and εn → 0, as n → ∞, there exists a subsequence,
which we still denote by εn, such that∫

Ω

gεn(y)ρ(y)|y − x|−αdy →
∫

Ω

g(y)ρ(y)|y − x|−αdy, a.e. in RN .

We refer to [23] for its proof.

2.1. Green functions of Schrödinger biharmonic operators

We recall some properties of the Green functions associated to the following bound-
ary value problems for the biharmonic equation on the ball Br(0) ⊂ RN :

∆2u(x) = f(x), x ∈ Br(0) : (2.10)

that is, the Navier boundary value problem (N):

u = ∆u = 0 on ∂Br(0), (2.11)

and the Dirichlet boundary value problem (D):

u =
∂u

∂ν
= 0 on ∂Br(0). (2.12)

It is well known that both problems admit a nonnegative Green function on Br(0),
which we denote respectively by GN

r (x, y) and GD
r (x, y). Moreover, the following

estimates hold:

Lemma 2.9 (3G-Lemma). Let G = GN
r or GD

r . Then, there exists a constant C1 > 0
depending only on the dimension N such that for any ball B of RN we have

G(x, z)G(z, y)
G(x, y)

≤ C1

[
|x − z|4−N + |z − y|4−N

]
,

for all x, y, z ∈ B.

The proof of this lemma for the Dirichlet problem is contained in [12], while
for the Navier problem it can be straightforwardly obtained by iteration of the
3G-Lemma for the Laplace operator, see [30].

Now, consider instead of (2.10) the Schrödinger biharmonic equation:

∆2u(x) = V (x)u(x) + f(x), for x ∈ Br(0), (2.13)

where V belongs to the natural Kato class KN,2
loc (Br(0)) associated to ∆2. The

following result extends Lemma 2.3 of [6] to the biharmonic case.

Proposition 2.10. Assume that V ∈ KN,2
loc (Br(0)). Then, there exists r1 > 0 such

that if 0 < r < r1, the problems (2.13)–(2.11) and (2.13)–(2.12) admit a nonneg-
ative Green function on Br(0).
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Proof. Let us consider the Navier boundary value problem: the proof in the other
case is similar. Set A0(x, y) = GN

r (x, y) and define for n ≥ 1

An(x, y) =
∫

Br

GN
r (x, z)V (z)An−1(z, y)dz.

We prove by induction that there exists r1 > 0 such that if 0 < r < r1 we have

|An(x, y)| ≤ 1
3n

A0(x, y), n ≥ 0. (2.14)

If n = 0, (2.14) holds by definition. Assume that for n > 0 (2.14) is true, then we
have:

|An+1(x, y)| ≤ 1
3n

∫
Br

GN
r (x, z)V (z)GN

r (z, y)dz.

By assumption V ∈ KN,2
loc (Br(0)) and then, we can apply Lemma 2.9 and obtain

that

|An+1(x, y)| ≤ 1
3n

C1G
N
r (x, y)

∫
Br

V (z)
[
|x − z|4−N + |z − y|4−N

]
dz. (2.15)

Since V ∈ KN,2
loc , given ε > 0 there exists r1 > 0 such that if 0 < r < r1, then∫

Br(y)

|V (y)|
|x − y|N−4

dy < ε.

Using this fact in (2.15), we get that

|An+1(x, y)| ≤ 1
3n

2C1εG
N
r (x, y),

for any r < r1. If we choose ε = 1/(6C1) we get (2.14). This inequality implies
that the series

A(x, y) =
∞∑

n=0

An(x, y)

is convergent and that its sum A(x, y) satisfies for all x, y ∈ Br

A(x, y) = GN
r (x, y) +

∫
Br

GN
r (x, z)V (z)A(z, y)dz (2.16)

and
1
2
GN

r (x, y) ≤ A(x, y) ≤ 2 GN
r (x, z). (2.17)

From the last inequality it follows that A(·, ·) ≥ 0. Moreover, applying ∆2 to both
sides of (2.16) for each fixed y ∈ Br, we have for x ∈ Br

∆2A(x, y) = δy(x) + V (x)A(x, y)

where δy is the Dirac function supported at y. Moreover, it is easy to check that
the boundary conditions are satisfied. �

Remark 2.11. In particular, from (2.17) it follows that A(·, ·) is nonnegative on
sufficiently small balls without any assumption on the sign or on the norm of V .
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By a similar argument, it can also be proved that if we fix the radius of the ball, for
instance, equal to 1, then, there exists a nonnegative Green function for problems
(2.10)–(2.11) and (2.10)–(2.12) if φV (1, B1) is sufficiently small.

3. Local boundedness and continuity of solutions

In this section we will prove the local boundedness and the continuity of distribu-
tional solutions of problem (2.6), extending in this way Theorem 2.4 of [23]. The
method of proofs is essentially the same.

First of all, we choose η ∈ C∞
0 (R) such that 0 ≤ η(t) ≤ 1, η(t) = 1 if

t ∈ [−1/2, 1/2] and η(t) = 0 if |t| > 1. Given δ > 0, we set ηδ(z) = η(δ−1|z|), for
z ∈ RN .

Lemma 3.1. Assume that V ∈ KN,2
loc (Ω). Let x ∈ Ω and 0 < δ < 1

4 dist(x, ∂Ω).
Then, for any x �= z∫

Ω

|V (y)|ηδ(x − y)ηδ(z − y)
|x − y|N−4|y − z|N−4

dy ≤ 2N−3φV (δ, B3δ(x))
η4δ(x − z)
|x − z|N−4

. (3.1)

Proof. First of all, we observe that if σ = |x − z| > 2δ, then it follows that
ηδ(x − y)ηδ(z − y) = 0. Hence, we can assume that |x − z| < 2δ. Consequently,
σ/2 ≤ δ.

Define Ω1 = {y ∈ Ω : |y − x| ≤ σ/2} and Ω2 = {y ∈ Ω : |y − x| ≥ σ/2},
and denote the corresponding integrals by I1 and I2. For y ∈ Ω1 we have that
|z − y| ≥ |z − x| − |x − y| ≥ σ/2 and therefore

I1 ≤
∫

Ω1

(
2
σ

)N−4 |V (y)|ηδ(x − y)
|x − y|N−4

dy ≤
(

2
σ

)N−4

φV (δ, B3δ(x)).

Similarly,

I2 ≤
∫

Ω2

(
2
σ

)N−4 |V (y)|ηδ(y − z)
|y − z|N−4

dy ≤
(

2
σ

)N−4

φV (δ, B3δ(x)).

Since η4δ(|x − z|) = 1 for σ ≤ 2δ, these inequalities imply (3.1). �

Lemma 3.2. Assume that V ∈ KN,2
loc (Ω) and that u is a solution of (2.6) in the

sense of distributions. Let x0 ∈ Ω, R0 > 0 be such that B2R0(x0) ⊂⊂ Ω. Choose
0 < δ0 < R0/4 such that

φV (δ) ≡ φV (δ, BR0(x0)) < 22−NcN (3.2)

for 0 < δ ≤ δ0. Then, for 0 < R ≤ R0/2, 0 < δ ≤ δ0 and for a.e. z ∈ BR(x0) we
have: ∫

Ω

|V (x)||u(x)|ηδ(x − z)
|x − z|N−4

dx

≤ 2N−4δ4−N‖V u‖L1(BR+4δ(x0)) + 2Cδ−N‖u‖L1(BR+2δ(x0)), (3.3)

where C depends on N and the choice of η.
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Proof. Let x ∈ BR0(x0) and 0 < δ0 < R0/4. Since ρ(·) = ηδ(| · −x|) ∈ C∞
0 (Ω), we

can apply the representation formula of Lemma 2.7 and obtain that:

cNu(x) = −
∫

Φ2(x, y)V (y)u(y)ηδ(y − x)dy

+ 2
∫

u(y)(∇∆yηδ(y − x),∇Φ2(x, y))dy

+ 2
∫

∆2
yηδ(y − x)u(y)Φ2(x, y)dy

+ 2
∫

∆(∇Φ2(x, y),∇yηδ(y − x))u(y)dy

+
∫

(∇yηδ(y − x),∇∆Φ2(x, y))u(y)dy

+ 2
∫

u(y)∆Φ2(x, y)∆yηδ(y − x)dy

−
∫

u(y)∆2ηδ(y − x)Φ2(x, y)dy. (3.4)

Taking into account of the definition of ηδ and of Φ2 and denoting by χ the
characteristic function of the interval [1/2, 1], we get that for any x ∈ BR(x0)

|u(x)| ≤ c−1
N

∫
Φ2(x, y)|V (y)||u(y)|ηδ(y − x)dy

+ Cδ−N

∫
|u(y)|χ(δ−1|y − x|)dy, (3.5)

where C = C(N, η) > 0. Using (3.5) in the left-hand side of (3.3), we obtain∫ |V (x)||u(x)|ηδ(x − z)
|x − z|N−4

dx

≤ c−1
N

∫ ∫ |V (x)||V (y)||u(y)|ηδ(y − x)ηδ(x − z)
|x − z|N−4|x − y|N−4

dxdy

+ Cδ−N

∫ |V (x)|ηδ(x − z)
|x − z|N−4

∫
|u(y)|χ(δ−1|y − x|)dxdy. (3.6)

Now, we proceed as in the proof of Lemma 2.3 of [23]. The last integral in (3.6)
can be estimated by φV (δ)|u|L1(BR+2δ(x0)). Then, we apply Lemma 2.6 to the first
integral and get:

c−1
N

∫
|V (y)||u(y)|

∫ |V (x)|ηδ(y − x)ηδ(x − z)
|x − z|N−4|x − y|N−4

dxdy

≤ c−1
N 2N−3

∫ ∫
φV (δ, B3δ(x))

|V (y)||u(y)|η4δ(y − z)
|y − z|N−4

dydx. (3.7)

We remark that φV (δ, B3δ(x)) ≤ φV (δ) and that

η4δ(y − z) = ηδ(y − z) + (η4δ(y − z) − ηδ(y − z)),
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hence we get

c−1
N

∫
|V (y)||u(y)|

∫ |V (x)|ηδ(y − x)ηδ(x − z)
|x − z|N−4|x − y|N−4

dxdy

≤ c−1
N 2N−3φV (δ)

∫ |V (x)||u(x)|ηδ(x − z)
|x − z|N−4

dx

+c−1
N 2N−3φV (δ)

∫ |V (y)|(η4δ(y − z) − ηδ(y − z))
|y − z|N−4

|u(y)|dy. (3.8)

Since η4δ(y−z)−ηδ(y−z)) = 0 if |y−z| ≤ δ/2 and if |y−z| ≥ 4δ, the last integral
in (3.8) can be estimated by(

δ

2

)4−N

‖V u‖L1(BR+4δ(x0)). (3.9)

By assumption, if 0 < δ ≤ δ0, then

2c−1
N 2N−3φV (δ) ≤ 1

and hence, from (3.8) and (3.9) the statement follows. �

Theorem 3.3. Assume that V ∈ KN,2
loc (Ω) and that u is a solution of (2.6) in

the sense of distributions. Let x0 ∈ Ω, R0 > 0 be such that B2R0(x0) ⊂⊂ Ω and
assume that 0 < R1 < R0/2 is such that

φV (R1, B2R0(x0)) ≤ (2cN)−1.

Then, for 0 < R ≤ R1, 0 < δ ≤ δ0 (where δ0 is defined in Lemma 3.2) and
x ∈ BR(x0) the following estimate holds

|u(x)| ≤ 2N−4δ4−N‖V u‖L1(BR+4δ(x0)) + Cδ−N‖u‖L1(BR+2δ(x0)), (3.10)

where C depends only on N and the choice of η.

Proof. The proof follows directly from the proof of Lemma 2.7. �

Corollary 3.4. Assume that V ∈ KN,2
loc (Ω) and that u is a solution of (2.6) in the

sense of distributions. Then u is locally bounded.

The continuity of u follows from its local boundedness. Indeed, in (3.4) all
the integrals which include derivatives of ηδ contain no singularity and therefore
they define continuous functions. Further, for any 0 < ε < δ, the function

hε(x) = −
∫

Ω\Bε(x)

Φ2(x, y)V (y)u(y)ηδ(|y − x|)dy

is continuous and converges locally uniformly to the first integral in (3.4) as ε → 0.
In order to prove the Harnack inequality, we need the following result which

gives an estimate of the local ‖ · ‖∞-norm of u in terms of its ‖ · ‖1-norm.
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Proposition 3.5. Assume that V ∈ KN,2
loc (Ω) and that u is a solution of (2.6) in

the sense of distributions. Let x0 ∈ Ω, R0 > 0 be such that B2R0(x0) ⊂⊂ Ω. Then,
there exists 0 < R1 ≤ R0/2 such that for any 0 < R < R1 the following estimate
holds

‖u‖L∞(BR(x0)) ≤ CR−N‖u‖L1(B2R(x0)), (3.11)

where C depends only on N .

Proof. Let R1 ≤ R0/2 be as in Theorem 2.1. Then, for any 0 < R < R1:

φV (B2R(x0)) ≤ 2−1cN . (3.12)

We shall estimate ‖V u‖L1(B3R/2(x0)) with the ‖u‖L1(B2R(x0)). To this aim, we take
ρ ∈ C∞

0 (R) such that 0 ≤ ρ ≤ 1, ρ(·) ≡ 1 in [0, 3R/2] and ρ(t) = 0 if t ≥ 2R.
Further, we assume that |ρ(i)(t)| ≤ t−i for i = 1, 4 and any t. From Lemma 2.7 we
get that for any x ∈ B2R(x0)

cN |u(x)|ρ(x) =
∫

|V (y)||u(y)|Φ2(x, y)ρ(|x − y|)dy

+
∫

|u(y)||R(x, y)|dy, (3.13)

where R is defined in terms of the derivatives of ρ and of Φ2. Multiplying (3.13)
by |V (x)| and integrating over B ≡ B2R(x0) we get:

cN

∫
B

|V (x)||u(x)|ρ(x)dx

≤
∫ [∫ |V (x)|

|x − y|N−4
dx

]
|V (y)||u(y)|ρ(y)dy

+
∫

B

∫
3R
2 ≤|x−y|≤2R

|u(y)| |V (x)|
|x − y|N−4

dxdy

≤ φV (B2R(x0))
∫

B

|V (x)||u(x)|ρ(x)dx + φV (B2R(x0))
∫

B

|u(x)|dx. (3.14)

From (3.12) and (3.14) we deduce that:∫
B

|V (x)||u(x)|ρ(x)dx ≤ C

∫
B

|u(x)|dx, (3.15)

which implies that

|V (u)|L1(B 3R
2

(x0)) ≤ c−1
N |u|L1(B2R(x0)). (3.16)

Now, we apply Theorem 2.1 with δ = R/8. From (3.10) and (3.16), it follows that
for any x ∈ BR(x0):

|u(x)| ≤ 2N−4δ4−N |V (u)|L1(B 3R
2

(x0)) + Cδ−N |u|L1(B2R(x0))

≤ CRN |u|L1(B2R(x0)), (3.17)

where C = C(N). �
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3.1. The Harnack inequality

Theorem 3.6. Assume that V ∈ KN,2
loc (Ω). Let u be a nonnegative weak solution of

(2.6) such that −∆u ≥ 0 in Ω. Then there exist C = C(N) and R0 = R0(V ) such
that for each 0 < R ≤ R0 and B2R(x0) ⊂⊂ Ω we have

sup
BR/2(x0)

u ≤ C inf
BR/2(x0)

u, (3.18)

where C independent of V and u.

Proof. Since u is nonnegative and satisfies −∆u ≥ 0 in Ω, then we have (see,
e.g., [11])

inf
BR/2(x0)

u(x) ≥ C(N)
1

|BR|

∫
BR(x0)

u(y) dy,

for all R > 0 such that B2R ⊂ Ω . Then, the conclusion follows from this inequality
and (3.11). �

Remark 3.7. The condition −∆u ≥ 0 in Ω is necessary for the validity of the above
Theorem as the following example shows: consider the function u(x) = x2

1. It is
nonnegative, satisfies ∆2u = 0 and ∆u = 2, but (3.18) does not hold for x0 and
any R.

4. Local boundedness and continuity of solutions:
an alternative approach

In this section we shall prove The Harnack inequality following the approach of
[7], based on Lp estimates. Assume that m = 2, N > 4 and that V ∈ KN,2

loc (Ω).
First of all, we recall the following result from [19]:

Lemma 4.1. Assume that V ∈ KN,2
loc (Ω). Then, for every ε > 0 there exists a

constant C = C(ε, V ) such that∫
Ω

|V | ψ2 ≤ ε

∫
Ω

|∆ψ|2 + C

∫
Ω

|ψ|2 , for all ψ ∈ H2,2
0 (Ω) . (4.1)

For later use we need also the following slightly different inequality. If t > 0
s ∈ (0, t), then:∫

Bt

|V |ψ2 ≤ ε

∫
Bt

|∆ψ|2 +
C(ε, V )
(t − s)4

∫
Bt

|ψ|2 , for all ψ ∈ H2,2
0 (Bt) . (4.2)

When V ∈ L
N

4−δ (Ω), δ ∈ (0, 4), a simple proof of the above embedding property
(4.2) can be obtained as follows. By the embedding

L
2N

N−4 (Ω) ∩ L2 (Ω) ↪→ L
2N

N−4+δ (Ω)

and by Sobolev’s inequality

‖ψ‖
L

2N
N−4 (Ω)

≤ c(N) ‖∆ψ‖L2(Ω) , for all ψ ∈ H2,2
0 (Ω) ,
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it follows that for every ε > 0∫
Ω

|V |ψ2 ≤ (t − s)δ ‖V ‖
L

N
4−δ (Ω)

(t − s)−δ ‖ψ‖2

L
2N

N−4+δ (Ω)

≤ (t − s)δ ‖V ‖ N
4−δ

(
ε ‖ψ‖2

L
2N

N−4 (Ω)
+ C(δ) (t − s)−4

ε−
4−δ

δ ‖ψ‖2
L2(Ω)

)
.

Hence, by taking ε1 = ε (t − s)δ ‖V ‖
L

N
4−δ (Ω)

we obtain∫
Ω

|V |ψ2 ≤ ε1

∫
Ω

|∆ψ|2 +
C

(t − s)4

∫
Ω

|ψ|2 , (4.3)

where C depends on ε1, δ and (t − s)δ ‖V ‖N/4−δ.

Remark 4.2. As a consequence of (4.1) we deduce that, if u ∈ H2,2
loc (Ω), then,

V u ∈ L1
loc (Ω). In fact, let B2r ⊂ Ω and let ϕ ∈ C∞

0 (B2r) be such that 0 ≤ ϕ ≤ 1,
ϕ ≡ 1 on Br. Since uϕ ∈ H2,2

0 (B2r) and∫
B2r

|V | |u|ϕ2 ≤
∫

B2r∩{|u|≤1}
|V | |u| +

∫
B2r∩{|u|>1}

|V | |u|ϕ2

≤
∫

B2r

|V | +
∫

B2r

|V | |uϕ|2 ,

it follows that V u ∈ L1 (Br).

Definition 4.3. We say that u ∈ H2,2
loc (Ω) is a weak solution of (2.6), if for any

ψ ∈ C∞
0 (Ω) we have∫

Ω

∆u(y)∆ψ(y)dy =
∫

Ω

V (y)u(y)ψ(y)dy. (4.4)

The proof of the local boundedness of any weak solution of (2.6) will be proved
through a sequence of lemmas. The first one states a Caccioppoli-type estimate([9]).
We shall omit its proof

Lemma 4.4. Let u be a weak solution of (2.6). If 0 < s < t and Bt ⊂ Ω, then there
exists a constant C = C(V ) independent of u such that∫

Bs

|∆u|2 ≤ C

(t − s)4

∫
Bt

|u|2 . (4.5)

Remark 4.5. We note that also the following estimate holds:∫
Bs

|∇u|2 ≤ C

(t − s)2

∫
Bt

u2. (4.6)

where C = C(φV ).
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The following lemma is well known see for instance [7].

Lemma 4.6. Assume that there exist θ ∈ (0, 1), α ≥ 0, a > 0 and a real continuous,
non-decreasing and positive function I(·) defined on (0, 1] such that

I(s) ≤ a

(
1

(t − s)n I(t)
)θ

, (4.7)

holds for all 0 < s < t ≤ 1. Then, for every s1 > 0 there exists a constant
C = C(θ, n, s1, a) independent of I such that

I (s1) ≤ C. (4.8)

The next results provide a kind of reversed Hölder inequality.

Lemma 4.7. Let B2r be a ball contained in Ω and let u be a weak solution of (2.6).
Then, there exists a constant C(φV ) such that(

1
|Br/2|

∫
Br/2

u2

)1/2

≤ C

(
1

|Br|

∫
Br

|u|
)

. (4.9)

Proof. Without restriction we may assume that the center of Br is the origin. Let
ur(x) = u(rx). Then ur is a solution of ∆2ur = Vrur in B2(0), where Vr(x) =
r4V (rx) satisfies

sup
x∈B2

∫
B2

|Vr(y)|
|x − y|N−4

dy ≤ sup
0<α<4r

sup
w∈Ω

∫
Bα(w)

|V (z)|χΩ(z)

|w − z|N−4
dz. (4.10)

Since V ∈ KN,2
loc (Ω), then the right-hand side of (4.10) is bounded and tends to

zero as r → 0. We may establish Lemma 4.7 by taking r = 1, Ω = B2, where B2

is centered at the origin. We may also assume that∫
B1

|u| = 1.

Define for 0 ≤ s ≤ 1:

I(s) =
(∫

Bs

u2

)1/2

.

Since L1 (Ω) ∩ L
2N

N−4 (Ω) ↪→ L2 (Ω), we get

I(s) ≤
(∫

Bs

|u|
2N

N−4

) N−4
2(N+4)

.

By the Sobolev inequality we obtain for 0 ≤ s < t ≤ 1

I(s) ≤ a(φV )
[

1
(t − s)2

I(t)
] N

N+4

. (4.11)

The conclusion follows from Lemma 4.6. �
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Lemma 4.8. Let p ∈ (0, 2), n ≥ 0 and a > 0. Let v ∈ L∞ (B1) be nonnegative and

sup
Bs

v2 ≤ a

(t − s)n

∫
Bt

v2(x)dx,

for every 0 < s < t ≤ 1. Then, there exists a constant C(n, p, a) > 0 such that

sup
B1/2

vp ≤ C

∫
B1

vp(x)dx.

Proof. We may suppose that v �≡ 0. Putting

γ =
(∫

B1

vp(x)dx

)−2/p

and I(s) = γ

∫
Bs

v2, for 0 < s < 1,

we note that

sup
B1/2

vp ≤ [6naI (2/3)]
∫

B1

vp(x)dx.

In order to complete the proof it is sufficient to bound I (2/3) by a constant
depending only on n, p and a. To this end let α = 2

2−p and 0 < s < t ≤ 1. We
obtain

I(s)α = γα

(∫
Bs

v2−pvp

)α

≤ γα sup
Bs

v2

(∫
Bs

vp

)α

≤ aγα

(t − s)n

(∫
Bs

vp

)α ∫
Bt

v2 ≤ a

(t − s)n I(t).

Finally, putting θ = 1/α and s1 = 2/3, the conclusion follows from (4.7) and (4.8).
�

The following theorem states the local boundedness of weak solutions of (2.6).

Theorem 4.9. Let V ∈ KN,2
loc (Ω). Then, for each p ∈ (0,∞) there exist C = C(p) >

0 and r1 = r1(φV ) > 0 such that if u is a weak solution of (2.6), then, for each
0 < R ≤ R1 and B2R(x0) ⊂ Ω, we have

sup
BR/2(x0)

|u(x)| ≤ C

(
1

|Br|

∫
BR(x0)

|u(y)|p dy

)1/p

. (4.12)

Proof. Without restriction we can assume that x0 = 0. Let G(x, y) be the Green
function of the Dirichlet problem for equation (2.13) on B2R, see Proposition 2.10.
Choose R/2 ≤ s < t ≤ R and a function ϕ ∈ C∞

0 (Bt−(t−s)/4) such that 0 ≤ ϕ ≤ 1,
ϕ ≡ 1 on B(t+s)/2, and

∣∣Dkϕ
∣∣ ≤ c/(t − s)k, for k = 1, 2. We claim that for almost

all x ∈ B2R the following identity holds:

u(x)ϕ(x) =
∫

B2R

∆yG(x, y)u(y)∆ϕ(y) dy −
∫

B2R

G(x, y)∆u(y)∆ϕ(y) dy

+ 2
∫

B2R

∆yG(x, y) (∇u(y),∇ϕ(y)) dy − 2
∫

B2R

(∇yG(x, y),∇ϕ(y))∆u(y) dy.
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We shall verify this identity assuming that u ∈ C4 (B2R). The general case can be
deduced by a standard approximation argument. We have

∆2(uϕ) = u ∆2ϕ + 2 (∇∆ϕ,∇u) + 2∆ϕ∆u

+ 2 (∇∆u,∇ϕ) + 2∆ (∇ϕ,∇u) + ϕ∆2u.

Hence,
∆2(uϕ) − V uϕ = u∆2ϕ + 2 (∇∆ϕ,∇u) + 2∆ϕ∆u

+ 2 (∇∆u,∇ϕ) + 2∆ (∇ϕ,∇u) ,

and then,

u ϕ =
∫

G
(
u∆2ϕ + 2 (∇∆ϕ,∇u) + 2∆ϕ∆u + 2 (∇∆u,∇ϕ) + 2∆ (∇ϕ,∇u)

)
=
∫

∆G∆ϕ u −
∫

G∆u ∆ϕ − 2
∫

(∇G,∇ϕ) ∆u + 2
∫

∆G (∇u ,∇ϕ) .

Let B denote the set Bt−(t−s)/4 \ B(t+s)/2. Then, for almost all x ∈ B2R we have

|u(x)ϕ(x)| ≤ c

(t − s)2

(∫
B
|∆yG(x, y)|2 dy

)1/2 (∫
Bt

u2(y) dy

)1/2

+
c

(t − s)2

(∫
B
|G(x, y)|2 dy

)1/2 (∫
B
|∆u(y)|2 dy

)1/2

+
c

(t − s)

(∫
B
|∆yG(x, y)|2 dy

)1/2 (∫
B
|∇u(y)|2 dy

)1/2

+
c

(t − s)

(∫
B
|∇yG(x, y)|2 dy

)1/2 (∫
B
|∆u(y)|2 dy

)1/2

.

From Lemma 4.4 it follows that:(∫
B
|∆u(y)|2 dy

)1/2

≤ c

(t − s)2

(∫
Bt

u2(y) dy

)1/2

,

and (∫
B
|∇u(y)|2 dy

)1/2

≤ c

(t − s)

(∫
Bt

u2(y) dy

)1/2

.

Using again Lemma 4.4 and Lemma 4.7, we find for x ∈ Bs(∫
B
|∆yG(x, y)|2 dy

)1/2

≤ c

(t − s)5/2

∫
Bt

G(x, y) dy,(∫
B
|∇yG(x, y)|2 dy

)1/2

≤ c

(t − s)3/2

∫
Bt

G(x, y) dy,

and (∫
B
|G(x, y)|2 dy

)1/2

≤ c

(t − s)1/2

∫
Bt

G(x, y) dy.
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Since
∫

Bt
G(x, y) dy is bounded, from the above estimates we obtain

sup
Bs

|u(x)| ≤ c

(t − s)5

(∫
Bt

u(y)2dy

)1/2

. (4.13)

Finally in virtue of Lemma 4.8 and estimate (4.13) we get the conclusion, for
p ∈ (0, 2):

sup
Br/2

|u(x)| ≤ C(p)
(∫

Br

|u(y)|p dy

)1/p

.

The case p ∈ (2,∞) follows applying Hölder inequality. �

The continuity of weak solutions can be proved as in the previous section.

4.1. The Hölder continuity

The proof of Theorem 4.12 below will be based on two lemmas, which are adap-
tations of the Lemmas 3.1 and 3.2 of [23]. The first one is the following.

Lemma 4.10. Let 0 < β < 1 and x0, x ∈ RN , r > 0 be such that

λ :=
(
|x − x0|

r

)1−β

≤ 1. (4.14)

Then, there exists a constant c > 0 such that for y with |y − x0| ≥ 2 r1−β |x − x0|β
we have∣∣∣∣∣ 1

|y − x|N−4
− 1

|y − x0|N−4

∣∣∣∣∣ ≤ c

(
|x − x0|

r

)1−β 1

|y − x0|N−4
. (4.15)

Proof. Let y ∈ RN be such that

|y − x0| ≥ 2 r1−β |x − x0|β . (4.16)

Since |x − x0| = |x − x0|β |x − x0|1−β ≤ λ/2 |y − x0|, it follows that

|y − x| ≥ |y − x0| − |x − x0| ≥
(

1 − λ

2

)
|y − x0| .

From this inequality we get∣∣∣∣∣ 1

|y − x|N−4
− 1

|y − x0|N−4

∣∣∣∣∣ = ||y − x0| − |y − x||
N−5∑
k=0

|y − x0|k−N+4 |y − x|−k−1

≤ |x − x0|
|y − x0|N−3

N−5∑
k=0

(
1

1 − λ/2

)k+1

.

Hence, the conclusion follows with c =
∑N−5

k=0 2k. �
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Now, let x0 ∈ Ω, R > 0 be such that B4R(x0) ⊂ Ω and let g ∈ KN,2
loc (Ω) be

nonnegative with φg(t) = φg(t, B2R(x0)). Let ψ ∈ C∞
0 (B2R(x0)), 0 ≤ ψ ≤ 1 and

J(x) := cN

∫
g(y)ψ(y)

|y − x|N−4
dy, x ∈ RN .

We know that J(·) is continuous on B2R(x0). The next lemma provides an estimate
of the local modulus of continuity of J .

Lemma 4.11. There exists a constant c > 0 such that for any β ∈ (0, 1) and x such
that |x − x0| ≤ r we have

|J(x) − J(x0)| ≤ c

(
|x − x0|

r

)1−β

φg(2r) + 2φg

(
3 r1−β |x − x0|β

)
. (4.17)

Proof. Without loss of generality we may assume that x0 = 0. Choose 0 < β < 1
and let 0 < |x| < r. It follows that

|J(x) − J(0)| ≤ cN

∫ ∫
g(y)χB2r (y)

∣∣∣|x − y|4−N − |y|4−N
∣∣∣ dy

≤ cN

∫
Br∩{y:|y|≥2r1−β |x|β}

· · · + cN

∫
Br∩{y:|y|≤2r1−β |x|β}

· · · := J1(x) + J2(x).

Now, applying Lemma 4.10 to J1 we obtain

J1(x) ≤ c

(
|x|
r

)1−β ∫
g(y)χB2r (y)

|y|N−4
dy ≤ c

(
|x|
r

)1−β

φg(2r). (4.18)

Consider J2(·). Since |y| ≤ 2r1−β |x|β and |x|1−β ≤ r1−β we deduce that

|y − x| ≤ |x| + |y| ≤ |x|β
(
|x|1−β + 2r1−β

)
≤ 3r1−β |x|β ,

and then,

J2(x) ≤ cN

∫
B2r∩{y:|y−x|≤3r1−β|x|β}

g(y)

|y − x|N−4
dy

+ cN

∫
B2r∩{y:|y|≤2r1−β |x|β}

g(y)

|y|N−4
dy

≤ 2ηg

(
3r1−β |x|β

)
.

The conclusion now follows from this inequality and (4.18). �

Theorem 4.12. Let x0 ∈ Ω and B2R(x0) ⊂ Ω. If u is a weak solution of (2.6),
then, chosen 0 < β < 1 there exists a constant c such that for |x − x0| < r we have

|u(x) − u(x0)| ≤

≤ c

[(
|x − x0|

r

)1−β

(φV (2r) + 1) + φV

(
3r

(
|x − x0|

r

)β
)]

sup
B3r(x0)

|u| .
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Proof. Without loss of generality we may assume that x0 = 0 and set B4r =
B4r(0). Let ϕ ∈ C∞

0 (B2r), 0 ≤ ϕ ≤ 1 with ϕ ≡ 1 on B3r/2 and
∣∣Dkϕ

∣∣ ≤ c/r|k|,
for k = 1, 2. We have

u(x)ϕ(x) =
∫

Φ2(x, y)V (y)u(y)ϕ(y) dy −
∫

Φ2(x, y)∆u(y)∆ϕ(y)dy

+
∫

∆yΦ2(x, y)u(y)∆ϕ(y) dy − 2
∫

∇yΦ2(x, y) · ∇ϕ(y)∆u(y) dy

+ 2
∫

∆yΦ2(x, y)∇u(y) · ∇ϕ(y) dy =
5∑

i=1

Ii(x).

Fix β ∈ (0, 1) and let |x| < r. From this identity we obtain

u(x) − u(0) =
∫

(Φ2(x, y) − Φ2(0, y) )V (y)u(y)ϕ(y)

−
∫

(Φ2(x, y) − Φ2(0, y))∆u(y)∆ϕ(y)dy

+
∫

(∆yΦ2(x, y) − ∆yΦ2(0, y)) u(y)∆ϕ(y)

− 2
∫

(∇yΦ2(x, y) − ∇yΦ2(0, y))∇ϕ(y)∆u(y)

+ 2
∫

(∆yΦ2(x, y) − ∆yΦ2(0, y))∇u(y)∇ϕ(y). (4.19)

Since V u ∈ KN,2
loc (B2r) and φV u(t) ≤ supB2r

|u| · φV (t), we can apply Lemma 4.11
to the first term on the right-hand side of (4.19) and obtain

|I1(x) − I1(0)| ≤
[
c

(
|x|
r

)1−β

ηV (2r) + 2ηV

(
3r1−β |x|β

)]
sup
B2r

|u| . (4.20)

To handle the other terms of (4.19), let us observe that all the derivatives of ϕ

vanish for |y| ≤ r. Define for t ∈ [0, 1] φ(t) := |y − tx|4−N , where y ∈ B2r \ B3r/2

and |x| < r. From the mean value theorem and |y − t0x| ≥ |y|−|x| ≥ r/2 it follows
that

φ(1) − φ(0) =
∣∣∣|y − x|4−N − |y|4−N

∣∣∣ = φ′(t0)

≤ (N − 4)
|x|

|y − t0x|N−3
≤ (N − 4) 2N−3 |x|

rN−3
,

where t0 ∈ (0, 1). Therefore,

|Φ2(x, y) − Φ2(0, y)| ≤ c
|x|

rN−3
≤ c

(
|x|
r

)1−β 1
rN−4

. (4.21)
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The same argument shows also that

|∇yΦ2(x, y) − ∇yΦ2(0, y)| ≤ c

(
|x|
r

)1−β 1
rN−3

, (4.22)

|∆yΦ2(x, y) − ∆yΦ2(0, y)| ≤ c

(
|x|
r

)1−β 1
rN−2

. (4.23)

Now we can estimate the remaining terms of (4.19), that is |Ik(x) − Ik(0)| for
k = 2, . . . , 5, by using the bounds (4.21), (4.22) and (4.23). We find that

|I2(x) − I2(0)| ≤ c

r2

∫
|Φ2(x, y) − Φ2(0, y)| |∆u(y)| dy

≤ c

(
|x|
r

)1−β 1
rN−2

∫
B2r

|∆u| ≤ c

(
|x|
r

)1−β

r2

(
1

|B2r|

∫
B2r

|∆u|2
)1/2

,

and hence, by Lemma 4.4

|I2(x) − I2(0)| ≤ c

(
|x|
r

)1−β ( 1
|B3r|

∫
B3r

|u|2
)1/2

. (4.24)

It is also easy to check that

|I3(x) − I3(0)| ≤ c

(
|x|
r

)1−β ( 1
|B3r|

∫
B3r

|u|2
)1/2

, (4.25)

and

|I4(x) − I4(0)| + |I5(x) − I5(0)| ≤ c

(
|x|
r

)1−β ( 1
|B3r|

∫
B3r

|u|2
)1/2

.

Finally, this inequality together with the estimates (4.20), (4.24) and (4.25) com-
plete the proof. �

In order to conclude that the weak solutions of (2.6) are Hölder continuous
we restrict ourselves to a class of potentials V such that

φV (t) ≤ Mtα (4.26)

for some α > 0. Clearly, this class is not empty since, according to Example 2.3,
we know that if V satisfies a Stummel condition, then (4.26) holds with α = γ/2,
or if V belong to Lp

loc with p > N
4 , then (4.26) holds with α = 4 − N

p .

We point out that if N ≤ 3 all weak solutions u ∈ H2,2
loc (Ω) of (2.6) are Hölder

continuous by Sobolev’s embedding.

Theorem 4.13. Let x0 ∈ Ω and B4R(x0) ⊂ Ω. Let u be a weak solution of (1.1).
Suppose that there exist α > 0 and a constant MV = M(V, B4R) such that (4.26)
holds. Then, if |x − x0| ≤ R, we have

|u(x) − u(x0)| ≤ c

{
[MV (3R)α + 1]R− α

1+α sup
B3R(x0)

|u|
}

|x − x0|
α

1+α . (4.27)
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Proof. Since φV (2r) ≤ MV (2R)α and

φV

(
3r

(
|x − x0|

R

)β
)

≤ MV (3r)α

(
|x − x0|

R

)αβ

,

the conclusion follows directly from Theorem 4.12 by taking β = 1
1+α . �

5. Applications

In this section we shall present some consequences of Theorem 4.9. The first is
another proof of Harnack inequality:

Theorem 5.1. Assume that V ∈ KN,2 (Ω). Let u be a nonnegative weak solution of
(1.1) such that −∆u ≥ 0 in Ω. Then there exist C = C(N) and r0 = r0(ηV ) such
that for each 0 < R ≤ R0 and B2R ⊂ Ω we have

sup
BR/2

u ≤ C inf
BR/2

u.

Proof. Since u is nonnegative and satisfies −∆u ≥ 0 in Ω, then we have (see,
e.g., [11])

inf
Br/2

u(x) ≥ C(N)
1

|Br|

∫
Br

u(y) dy,

for all r > 0 such that B2r ⊂ Ω. The conclusion follows from this inequality and
Theorem 4.9 with p = 1. �

Theorem 5.2. Let p : 1 ≤ p < ∞ and Ω = RN \BR(0). If u ∈ Lp(Ω)∩H2,2
loc (Ω) is

a solution of (1.1) with V ∈ KN,2 (Ω) nonnegative then:

lim
|x|→∞

|u (x)| = 0

Proof. Without loss of generality we may assume that u is continuous in Ω. By
Theorem 4.9, it follows that there exists r0 = r0(ηV ) such that for all x : |x| ≥ R+2,
for each r ∈ (0, r0) and 0 < s < t < 1 we have

sup
Bsr(x)

|u(y)|p ≤ C

rN (t − s)N

∫
Btr(x)

|u(z)|p dz.

Since u ∈ Lp (Ω) the result follows. �
The next result concerns the limiting case for a Harnack’s theorem near the

possible isolated singularity x = 0 (compare with Theorem 3.1 of [10]).

Theorem 5.3. Let Ω = BR(0) \ {0} and let V ∈ Cloc (Ω) be nonnegative and such
that for all x ∈ Ω

0 ≤ V (x) ≤ c1

|x|4
, c1 > 0.

Let u ∈ H2,2
loc (Ω) be a solution of{

∆2u = V u on Ω,
u ≥ 0, −∆u ≥ 0 in Ω.

(5.1)
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Then there exist two constants C and ϑ1 depending on c1 such that for each 0 <
ϑ ≤ ϑ1 and 0 < ε < 1

2R we have

sup
ε≤|x|≤(1+ϑ)ε

u(x) ≤ C inf
ε≤|x|≤(1+ϑ)ε

u(x). (5.2)

Proof. The proof is a slight modification of the proof of Theorem 4.9. Here, we shall
emphasize the dependence of the constants on c1. If x0 ∈ Ω let r0 = 1

4 |x0| so that
B2r0(x0) ⊂ Ω. We claim that for every p ∈ (0,∞) there exists positive constants
C = C(p) and ϑ0 depending on c1 such that for all x0 ∈ Ω and 0 < r ≤ ϑ0r0

sup
Br/2(x0)

|u(x)| ≤ C

(
1

|Br(x0)|

∫
Br(x0)

|u(y)|p dy

)1/p

. (5.3)

To prove (5.3) we fix σ ∈ (0, 4) and note that

sup
x∈Ω

rσ ‖V ‖
L

N
4−σ (Br(x))

= C1 < ∞

where C1 depends on c1. This fact together with the embedding property ( 4.2)
yields the Lemma 3.2 for each Bsr0(x0) ⊂ Btr0(x0) ⊂ Ω. Clearly, Lemma 4.7 and
4.8 hold true. We have to bound

sup
x∈B2r(x0)

∫
B2r(x0)

V (y)

|x − y|N−4
dy,

uniformly with respect to x0 ∈ Ω. Indeed, since

sup
x∈B2r(x0)

∫
B2r(x0)

V (y)

|x − y|N−4
dy ≤ c

(
rσ
0 ‖V ‖

L
N

4−σ (B2r0 (x0))

)
rσ

rσ
0

,

then

sup
x∈B2r(x0)

∫
B2r(x0)

V (y)

|x − y|N−4
dy ≤ δ,

holds, provided that 0 < r ≤ ϑ0r0, where ϑ0 = δ/(2cC1). Hence, it suffices to
apply those lemmas in order to obtain (5.3). Combining (5.3) with

inf
Br/2(x0)

u(x) ≥ c

|Br(x0)|

∫
Br(x0)

u(y) dy,

corresponding to u ≥ 0 and −∆u ≥ 0, we obtain for 0 < r ≤ ϑ0r0

sup
Br/2(x0)

u(x) ≤ C inf
Br/2(x0)

u(x). (5.4)

Finally, the inequality (5.2) follows from (5.4) by applying a standard covering
argument in the annulus ε ≤ |x| ≤ (1 + ϑ)ε. �

5.1. Universal estimates

The following lemma is due to Mitidieri and Pohozaev [17].

Lemma 5.4. Let q > 1. Assume that u is a weak solution of the problem

∆2u(x) ≥ |u(x)|q, x ∈ Ω ⊂ RN , (5.5)
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then, there exist C > 0 independent of u and R > 0 such that∫
BR

|u(x)|qdx ≤ CR
N(q−1)−4q

q−1 , (5.6)

where BR = BR(x0) ⊂ Ω.

Proof. Choose ψ ∈ C∞
0 (RN ) radially symmetric such that supp(ψ) = B2(0), 0 ≤

ψ ≤ 1 and ψ ≡ 1 in B1(0). Given x0 ∈ Ω and R > 0 such that B2R(x0) ⊂⊂ Ω,
define ψR = ψ(R−1(x−x0)). Multiply (5.5) by ψ and integrate by parts. By Hölder
inequality, we get∫

Ω

|u|qψRdx≤
∫

Ω

∆2uψRdx≤
∫

Ω

u∆2ψRdx≤
(∫

Ω

|u|qψRdx

) 1
q

(∫
Ω

|∆2ψ|q′

ψq′−1
dx

) 1
q′

.

By a standard change of variables we obtain:∫
BR

|u|qdx ≤ C

(∫
B1

|∆2ψ|q′

ψq′−1
dx

) 1
q′

R
N(q−1)−4q

q−1 .

This concludes the proof. �

Theorem 5.5. Let N > 4 and Ω �= RN . Let f : R → R be a given function such
that there exists q ∈ (1, N/(N − 4)) and K > 1 such that

|u|q ≤ f(u) ≤ K|u|q, u ∈ R (5.7)

Then, there exist C1 > 0 and C2 > 0 (depending only on N , q and K) such that
if u ∈ Lq

loc(Ω) is a weak solution of

∆2u(x) = f(u(x)), x ∈ Ω, (5.8)

then, the following estimates hold

|u(x)| ≤ C1 d(x, ∂Ω)−
4

q−1 , x ∈ Ω, (5.9)

|∆u(x)| ≤ C2 d(x, ∂Ω)−
2(q+1)

q−1 , x ∈ Ω. (5.10)

Proof. Let x0 ∈ Ω and R0 > 0 be such that B2R0(x0) ⊂⊂ Ω. Since q < N
N−4 , we

can fix σ > 0 such that

q =
N

N − 4 + σ
<

N

N − 4
.

It follows that V ≡ |u|q−1 ∈ L
N/(4−σ)
loc (Ω). In view of Example 2.4 we know that,

V ∈ KN,2
loc (Ω).

Let x0 ∈ Ω and R0 be chosen as in Theorem 3.3. Take δ0 = R/8. From (5.7)
and Lemma 2.7, we get:

|u(x)| ≤ C R4−N
0 ‖V u‖L1(B 3R

2
(x0) + C R−N

0 ‖u‖L1(B R0
4 +R

(x0))
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where C and C1 are positive constants which depend on N . From Lemma 5.4 and
Hölder inequality, we get that

|u(x)| ≤ C1R
4−N
0 R

N(q−1)−4q
q−1

0 + C2R
−N
0 R

N(q−1)−4q
q(q−1)

0 R
N
q′
0 , (5.11)

which implies that for any x ∈ BR(x0)

|u(x)| ≤ C R− 4
q−1 .

Thus (5.9) follows by choosing R = d(x, ∂Ω). A similar argument as above can be
used to show that indeed (5.10) holds. We omit the details. �
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Clément Interpolation and Its Role
in Adaptive Finite Element Error Control

Carsten Carstensen

In honor of the retirement of Philippe Clément.

Abstract. Several approximation operators followed Philippe Clément’s sem-
inal paper in 1975 and are hence known as Clément-type interpolation op-
erators, weak-, or quasi-interpolation operators. Those operators map some
Sobolev space V ⊂ W k,p(Ω) onto some finite element space Vh ⊂ W k,p(Ω)
and generalize nodal interpolation operators whenever W k,p(Ω) �⊂ C0(Ω),
i.e., when p ≤ n/k for a bounded Lipschitz domain Ω ⊂ Rn. The original
motivation was H2 �⊂ C0(Ω) for higher dimensions n ≥ 4 and hence nodal
interpolation is not well defined.

Todays main use of the approximation operators is for a reliability proof
in a posteriori error control. The survey reports on the class of Clément type
interpolation operators, its use in a posteriori finite element error control and
for coarsening in adaptive mesh design.

1. Introduction: Motivation and applications

The finite element method (FEM) is the driving force and dominating tool behind
today’s computational sciences and engineering. It is common sense that the FEM
should be implemented in an adaptive mesh-refining version with a posteriori error
control. This paper high-lights one mathematical key tool in the justification of
those adaptive finite element methods (AFEMs) which dates back to Philippe
Clément’s seminal paper in 1975.

The origin of his operators, today known under the description Clément-type
interpolation operators, weak-, or quasi-interpolation operators in the literature,
however, was completely different.

The author is supported by the DFG Research Center Matheon “Mathematics for key technolo-
gies” in Berlin.
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Indeed, many second-order elliptic boundary value problems are recast in a
weak form

a(u, v) = b(v) for all v ∈ V,

where (V, a) is some Hilbert space with induced norm ‖ · ‖a and b ∈ V ∗ has the
Riesz representation u ∈ V . Given a subspace Vh, the discrete solution uh ∈ Vh

satisfies
a(uh, vh) = b(vh) for all vh ∈ Vh.

The error e := u − uh ∈ V then satisfies the best-approximation property

‖e‖a = min
vh∈Vh

‖u − vh‖a.

(The proof is given at the end of Subsection 3.1 below for completeness.)
The classical estimation of the upper bound ‖u − vh‖a replaces vh by the

nodal interpolation operator applied to the exact solution u. In the applications,
one typically has

u ∈ V ∩ Hs(Ω; Rm)

for some Sobolev space Hs(Ω; Rm) on some domain Ω and some regularity pa-
rameter s ≥ 1. The higher regularity with s > 1 is subject to regularity theory of
elliptic PDEs and s depends on the smoothness of data and coefficients as well as
on the boundary conditions and on the geometry (e.g., corners) of Ω. An optimal
regularity for 2D and convex domains or C2 boundaries is s = 2. For smaller s
and/or for higher space dimensions, there holds

u ∈ V ∩ Hs(Ω; Rm) �⊂ C(Ω; Rm).

Thus the nodal interpolation operator, which evaluates the function u at a finite
number of points, is not defined well.

The Clément operators J(v) cures that difficulty in that they replace the
evaluation at discrete points by some initial local best approximation of v in the
L2 sense followed by the point evaluation of this local best approximation at the
discrete degrees of freedom.

This small modification is essential in order to receive approximation and
stability properties in the sense that

‖v − J(v)‖Hr(Ω) ≤ C hs−r‖v‖Hs(Ω)

with some mesh-size independent constant C > 0 and the maximal mesh-size
h > 0. The point is that the range for the exponents s and r is possible with
r = 0, 1 and s = 1, 2 while s = 1 is excluded for the nodal interpolation operator
even for dimension n ≥ 2.

At the time of Clément’s research, this improvement seemed to be regarded
as a marginal technicality in the a priori error control – this possible underestima-
tion is displayed in Ciarlet’s finite element book [17] where Clément’s research is
summarized as an exercise (3.2.3).
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The relevance of Clément’s results was highlighted in the a posteriori er-
ror analysis of the last two decades where the aforementioned first-order ap-
proximation and stability property of J for r ≤ s = 1 had been exploited.
Amongst the most influential pioneering publications on a posteriori error con-
trol are [2, 21, 5, 19] followed by many others. The readers may find it rewarding
to study the survey articles of [20, 7] and the books of [26, 1, 3, 4] for a first insight
and further references.

This paper gives a very general approach to Clément-type interpolation in
Section 2 and comments on its applications in the a posteriori error analysis in
Section 3 where further applications such as the error reduction in adaptive finite
element schemes and the coarsening are seen as currently open fields.

2. Clément-type approximation

This section aims at a first glance of a class of approximation operators J :
W 1,p(Ω) → W 1,p(Ω) with discrete image which are named after Philippe Clément
and called Clément-type interpolation operators or sometimes quasi-interpolation
operators.

The most relevant properties include the local first order approximation, i.e.,
for all v ∈ V ⊂ W 1,p(Ω) with weak gradient Dv ∈ Lp(Ω)n in Ω ⊂ Rn and an
underlying triangulation with local mesh-size h ∈ L∞(Ω) and discrete space Vh,
there holds

‖v − J(v)‖Lp(Ω) ≤ C ‖hDv‖Lp(Ω) and ‖h−1(v − J(v))‖Lp(Ω) ≤ C ‖Dv‖Lp(Ω),

and the W 1,p(Ω) stability property, i.e., for v ∈ V ,

‖DJ(v)‖Lp(Ω) ≤ C ‖Dv‖Lp(Ω).

A discussion on a particular operator with an additional orthogonality property
ends this section. Although the emphasis in this section is not on the evaluation
of constants and their sharp estimation, there is a list M1, . . . , M5 of highlighted
relevant parameters.

Definition 2.1 (abstract assumptions). Let Ω be a bounded Lipschitz domain in
Rn, let 1 < p, q < ∞ with 1/p + 1/q = 1 and m, n ∈ N = {1, 2, 3, . . .}. Suppose
that (ϕz : z ∈ N ) is a Lipschitz continuous partition of unity [associated to Vh

below] on Ω with
ωz := {x ∈ Ω : ϕ(x) �= 0} ⊆ Ωz ⊂ Ω.

The sets Ωz are supposed to be open, nonvoid, and connected supersets of ωz of
volume |Ωz|. For any z ∈ N let Az ⊆ Rm be nonvoid, convex, and closed and let
Πz : Rm → Rm be the orthogonal projection onto Az in Rm (with respect to the
Euclidean metric). Let

V ⊆ W 1,p(Ω; Rm) and Vh := {
∑
z∈N

azϕz : az ∈ Az}.
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For any z ∈ N denote Vz := V |Ωz := {v|Ωz : v ∈ V } ⊆ W 1,p(Ωz ; Rm) and let
Hz > 0 and ez > 0. Suppose there exists a map

Jz : Vz → Rm

such that the following two hypothesis (H1)–(H2) hold for all z ∈ N and for all
v ∈ Vz with v̄z := |Ωz|−1

∫
Ωz

v(x) dx ∈ Rm:

(H1) ‖v − Πz(vz)‖Lp(Ωz) ≤ Hz‖Dv‖Lp(Ωz);
(H2) ‖Jz(v|Ωz ) − v̄z‖Lp(Ωz) ≤ ezHz‖Dv‖Lp(Ωz).

Typically, (H1) describes some Poincaré-Friedrichs inequality with Hz �
diam(Ωz) where Ωz is some local neighborhood of a node.

The subsequent list of parameters illustrates constants crucial in the analysis
of the approximation and stability estimates.

Definition 2.2 (Some constants). Under the assumptions of the previous definition
set (the piecewise constant function)

H(x) := max
z∈N

x∈Ωz

Hz for x ∈ Ω

and, with 1/p + 1/q = 1, define M1, . . . , M5 by

M1 := max
z∈N

‖ϕz‖L∞(Ω),

M2 := max
x∈Ω

∑
z∈N

|ϕz(x)|,

M3 := max
x∈Ω

card{z ∈ N : x ∈ Ωz},

M4 := max
z∈N

(1 + ez),

M5 := sup
x∈Ω

(∑
z∈N

H(x)q |Dϕz(x)|q
)1/q

.

Example 2.3 (P1FEM in 2D). Given a regular triangulation T of the unit square
Ω = (0, 1)2 into triangles, m = 1, n = 2, let V := H1

0 (Ω), p = q = 2, and let
(ϕz : z ∈ N ) denote the nodal basis functions of all the nodes with respect to the
first-order finite element space. The boundary conditions are described by the sets
(Az : z ∈ N ). For each node z in the interior, written z ∈ N ∩ Ω, Az = R, while
Az := {0} for z on the boundary, written z ∈ N ∩ ∂Ω, ΓD = ∂Ω. Let Jz denote
the integral mean operator

Jz(v) := |ωz|−1

∫
ωz

v(x) dx for v ∈ Vz ⊆ Lp(Ωz)

on the patch ωz = Ωz = {x ∈ Ω : ϕ(x) > 0} with ez = 0 in (H2). The Dirichlet
boundary conditions are then prescribed by (v ∈ Rm)

Πz(v) :=
{

v if z ∈ N ∩ Ω,
0 if z ∈ N ∩ ∂Ω.
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There holds (H1) with Poincaré and Friedrich’s inequalities and

Hz :=
{

cP (ωz) if z ∈ N ∩ Ω,
cF (ωz, (∂Ω) ∩ (∂ωz)) if z ∈ N ∩ ∂Ω;

Hz is of the form global constant times diam(ωz). It is always true that

M1 = M2 = 1 = M4 and M3 = 3.

Since ‖Dϕz‖L∞(Ω) ≈ H−1
z there holds

M5 � 1.

Notice that M5 may be very large for small angles in the triangulation while the
constants M1, . . . , M4 are robust with respect to small aspect ratios.

The aforementioned example is not exactly the choice of [18] but certainly
amongst the natural choices [14, 25].

The announced approximation and stability properties are provided by the
following main theorem.

Theorem 2.4. The map J : V → Vh; v �→
∑

z∈N Πz(Jz(v|Ωz ))ϕz satisfies
(a) ∃c1 > 0 ∀v ∈ V, ‖v − J(v)‖Lp(Ω) ≤ c1‖HDv‖Lp(Ω);
(b) ∃c2 > 0 ∀v ∈ V, ‖H−1(v − J(v))‖Lp(Ω) ≤ c2‖Dv‖Lp(Ω),
(c) ∃c3 > 0 ∀v ∈ V, ‖DJ(v)‖Lp(Ω) ≤ c3‖Dv‖Lp(Ω).

The constants c1 and c2 depend on M1, . . . , M4 and on p, q, m, n while c3 depends
also on M5.

Proof. Given v ∈ V , let vz := Jz(v|Ωz ), z ∈ N , be the coefficient in

J(v) =
∑
z∈N

Πz(vz)ϕz

and let vz := |Ωz|−1
∫
Ωz

v(x) dx be the local integral mean.

The first step of this proof establishes the estimate

‖v − Πz(vz)‖Lp(Ωz) ≤ M4Hz‖Dv‖Lp(Ωz). (2.1)

The assumptions (H1) and (H2) lead to
‖v|Ωz − Πz(vz)‖Lp(Ωz) ≤ Hz‖Dv‖Lp(Ωz),

‖vz − vz‖Lp(Ωz) ≤ ezHz‖Dv‖Lp(Ωz).

Since Πz is non-expansive (Lipschitz with Lip(Πz) ≤ 1; Rm is endowed with the
Euclidean norm used in Lp(Ω; Rm)) there holds

‖Πz(vz) − Πz(vz)‖Lp(Ωz) ≤ ‖vz − vz‖Lp(Ω).

The combination of the aforementioned estimates yields an upper bound of the
right-hand side in

‖v − Πz(vz)‖Lp(Ωz) ≤ ‖v − Πz(vz)‖Lp(Ωz) + ‖Πz(vz) − Π(vz)‖Lp(Ωz)

and, in this way, establishes (2.1) and concludes the first step.
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Step two establishes assertion (a) of the theorem. Since (ϕz)z∈N is a partition
of unity,

∑
z∈N ϕz = 1 in Ω, there holds

‖v − J(v)‖p
Lp(Ω) = ‖

∑
z∈N

(v − Πz(vz))ϕz‖p
Lp(Ω)

=
∫

Ω

∣∣∣∣∣∑
z∈N

ϕ1/q
z ϕ1/p

z (v − Πz(vz))

∣∣∣∣∣
p

dx.

Hölders’s inequality in �1 and
∑

z∈N |ϕz | ≤ M2 lead to

‖v − J(v)‖p
Lp(Ω) ≤

∫
Ω

(∑
z∈N

|ϕz| |v − Πz(vz)|p
)(∑

z∈N
|ϕz |

)p/q

dx

≤ M
p/q
2

∑
z∈N

∫
Ω

|ϕz | |v − Πz(vz)|p dx

≤ M1M
p/q
2

∑
z∈N

‖v − Πz(vz)‖p
Lp(Ωz).

This and estimate (2.1) from the first step show assertion (a) with

c1 := M
1/p
1 M

1/q
2 M

1/p
3 M4.

In fact, the last step involves the overlaps by means of M3 and the definition of
H(x) := max{Hz : ∃z ∈ N , x ∈ Ωz}:∑

z∈N
Hp

z ‖Dv‖p
Lp(Ωz) ≤

∫
Ω

∑
z∈N
x∈Ωz

Hp
z |Dv(x)|p dx

≤
∫

Ω

H(x)p(
∑
z∈N
x∈Ωz

1)|Dv(x)|p dx

≤ M3‖H Dv‖p
Lp(Ω).

This concludes step two and the proof of assertion (a).

Step three establishes assumption (b) of the theorem. The same list of argu-
ments as in step two shows

‖H−1(v − J(v))‖p
Lp(Ω) ≤ M1M

p/q
2

∑
z∈N

‖H−1(v − Πz(vz))‖p
Lp(Ωz).

Since Hz ≤ H(x) for x ∈ Ωz, z ∈ N , there holds

‖H−1(v − J(v))‖p
Lp(Ω) ≤ M1M

p/q
2

∑
z∈N

H−p
z ‖v − Πz(vz)‖p

Lp(Ωz).

Based on (2.1), the proof of assertion (b) and step three are concluded as in step
two. This yields (b) with c2 := M1/pM

1/q
2 M

1/p
3 M4.
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Step four establishes assumption (c) of the theorem. Since∑
z∈N

ϕz = 1 there holds
∑
z∈N

Dϕz = 0

almost everywhere in Ω. With the characteristic function χz ∈ L∞(Ω) of Ωz ,
defined by χz|Ωz = 1 and χz|Ω\Ωz

= 0 it follows that

‖DJ(v)‖p
Lp(Ω) =

∫
Ω

∣∣∣∣∣∑
z∈N

χz(x)H−1(x)(Πz(vz) − v(x))Dϕz(x)H(x)

∣∣∣∣∣
p

dx.

Hölder’s inequality in �1 shows, for almost every x ∈ Ω,∣∣∣∣∣∑
z∈N

χz(x)H−1(x)(Πz(vz) − v(x))Dϕz(x)H(x)

∣∣∣∣∣
≤
(∑

z∈N
χz(x)H−p(x)|Πz(vz) − v(x)|p

)1/p (∑
z∈N

H(x)q |Dϕz(x)|q
)1/q

≤ M5

(∑
z∈N

χz(x)H−p
z |Πz(vz) − v(x)|p

)1/p

.

The combination of the two preceding estimates in this step four is followed by
(2.1) and then results in

‖DJ(v)‖p
Lp(Ω) ≤ Mp

4 Mp
5

∑
z∈N

‖Dv‖p
Lp(Ωz).

The proof concludes as in step two and establishes assertion (c) with c3 :=
M

1/p
3 M4M5. �

In order to discuss a particular operator designed to introduce an extra or-
thogonality property, additional assumptions are necessary.

Definition 2.5 (Free nodes for Dirichlet boundary conditions). Adopt the notation
of Definition 2.1 and suppose, in addition, that

Vh ⊂ V := {v ∈ W 1,p(Ω; Rm) : v = 0 on ΓD},
where ΓD is some (possibly empty) closed part of the boundary that includes a
complete set of edges in the sense that, for each E ∈ E, either E ⊂ ΓD or E∩ΓD ⊂
N . Let K := N \ ΓD and, for all z ∈ N ,

Az =

{
Rm if z ∈ K;
{0} otherwise.

Given any z ∈ K let J (z) ⊂ N such that z ∈ J (z) and

ψz :=
∑

x∈J (z)

ϕx
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defines a Lipschitz partition (ψz : z ∈ K) of unity with Ωz ⊇ {x ∈ Ω : ψz(x) �= 0}.
Then

Jz(v) :=

∫
Ωz

vψz dx∫
Ωz

ϕz dx

defines an approximation operator J : V → Vh. Set

M6 := max
z∈K

‖ϕz‖−1
L1(Ωz)‖ψz‖Lq(Ωz)‖w‖Lp(Ωz)|Ωz|1/p.

Theorem 2.6. The operator J : V → Vh from Definition 2.5 satisfies (a)–(c) from
Theorem 2.4 plus the orthogonality property∣∣∣∣∫

Ω

f · (v − Jv) dx

∣∣∣∣ ≤ c4‖Dv‖Lp(Ω)

(∑
z∈K

Hq
z min

fz∈Rm
‖f − fz‖q

Lq(Ωz))

)1/q

.

Remark 2.7. A Poincaré inequality in case f ∈ W 1,q(Ω),

‖f − fz‖Lq(Ωz) ≤ Cp(Ωz)Hz‖Df‖Lq(Ωz),

illustrates that the right-hand side in Theorem 2.6 is of the form

O(‖H‖2
L∞(Ω))‖Dv‖Lp(Ω)

and then of higher order (compared with the error of first-order FEM).

Proof of Theorem 2.6. In order to employ Theorem 2.4, it remains to check the
conditions (H1)–(H2). For any v ∈ Vz = V |Ωz , (H1) is either a Poincaré or
Friedrichs inequality for z ∈ K or z ∈ K ∩ ΓD as in Example 2.3. Moreover,
given any v ∈ Vz and

Jz(v) :=
∫

Ω

vψz dx/

∫
Ω

ϕz dx ∈ Rm,

there holds Jz(vz) = vz if ψz ≡ ϕz (i.e., J (z) = {z}) for vz := |Ωz|−1
∫
Ωz

v(x) dx.
Then, for w = v|Ωz − vz, there holds

‖Jz(v|Ωz ) − vz‖Lp(Ωz) = ‖Jz(w)‖Lp(Ωz)

≤ ‖ϕz‖−1
L1(Ωz)‖ψz‖Lq(Ωz)‖w‖Lp(Ωz)|Ωz|1/p

≤ M6‖w‖Lp(Ωz) ≤ M6Hz‖Dv‖Lp(Ωz).

For ψz �≡ ϕz (i.e., J (z) �= {z}), Ωz includes nodes at the boundary and ∂Ωz ∩ ΓD

has positive surface measure. Therefore, Friedrichs inequality guarantees

‖vz‖Lp(Ωz) ≤ c5Hz‖Dvz‖Lp(Ωz) for all vz ∈ Vz .

Then (H2) follows immediately from this and

‖Jz(v)‖Lp(Ωz) + ‖vz‖Lp(Ωz) ≤ c6‖vz‖Lp(Ωz).

The orthogonality property is based on the design of Jz(v|Ωz ) and the partition of
unity (ψz : z ∈ K). In fact,∫

Ωz

(v(x)ψz(x) − Jz(v|Ωz )ϕz(x)) dx = 0
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for any z ∈ K and so, for any fz ∈ Rm, there follows∫
Ω

f(v − Jv) dx

=
∫

Ω

f(x)

(∑
z∈K

v(x)ψz(x) −
∑
z∈K

Jz(v|Ωz )ϕz(x)

)
dx

=
∑
z∈K

∫
Ωz

f(x) · (v(x)ψz(x) − Jz(v|Ωz )ϕz(x)) dx

=
∑
z∈K

∫
Ωz

(f(x) − fz) · (v(x)ψz(x) − Jz(v|Ωz )ϕz(x)) dx

≤
∑
z∈K

(
Hz‖f − fz‖Lq(Ωz)

) (
H−1

z ‖vψz − Jz(v|Ωz )ϕz‖Lp(Ωz)

)
≤
(∑

z∈K
Hq

z‖f − fz‖q
Lq(Ωz)

)1/q (∑
z∈K

H−p
z ‖vψz − Jz(v|Ωz )ϕz‖p

Lp(Ωz)

)1/p

.

For ψz ≡ ϕz (i.e., J (z) = {z}) it follows

‖v(ψz − ϕz)‖Lp(Ωz) + ‖(v − Jz(v|Ωz ))ϕz‖Lp(Ωz) ≤ c7Hz‖Dv‖Lp(Ωz)

as above. For ψz �≡ ϕz , a Friedrichs inequality shows

‖v‖Lp(Ω) ≤ c8Hz‖Dv‖Lp(Ωz)

and completes the proof. The remaining details are similar to the arguments of
Theorem 2.4 and hence omitted. �

3. A posteriori residual control

This section reviews explicit residual-based error estimators in a very abstract
form. The subsequent benchmark example motivates this analysis of the dual norm
of a linear functional.

3.1. Model example

For the benchmark example suppose that an underlying PDE yields to some bi-
linear form a on some Sobolev space V such that (V, a) is Hilbert space and the
right-hand side b is a bounded linear functional, written b ∈ V ∗. The Riesz repre-
sentation u of b is called weak solution and is characterized by u ∈ V with

a(u, v) = b(v) for all v ∈ V.

The finite element solution uh belongs to some finite-dimensional subspace Vh of
V , the finite element space, and is characterized by uh ∈ Vh with

a(uh, vh) = b(vh) for all vh ∈ Vh.

In other words, uh is the Riesz representation of the restricted right-hand side b|Vh

in the discrete Hilbert space (Vh, a|Vh×Vh
).
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The goal of a posteriori error control is to represent the error

e := u − uh ∈ V

in the energy norm ‖ · ‖a =
√

a(·, ·). One particular property is the Galerkin
orthogonality

a(e, vh) = 0 for all vh ∈ Vh.

This followed by a Cauchy inequality yields, for all vh ∈ Vh, that

‖e‖2
a = a(e, u − vh) ≤ ‖e‖a ‖u − vh‖a.

This implies the best-approximation property

‖e‖a = min
vh∈Vh

‖u − vh‖a

claimed in the introduction.

3.2. Error and residual

Given a, b, and uh, the residual

R := b − a(uh, ·) ∈ V ∗

is a bounded linear functional in V , written R ∈ V ∗. Its dual norm is

‖R‖V ∗ := sup
v∈V \{0}

R(v)/‖v‖a = sup
v∈V \{0}

a(e, v)/‖v‖a = ‖e‖a < ∞. (3.1)

The first equality in (3.1) is a definition, the second equality immediately follows
from

R = a(e, ·).
Notice that the Galerkin orthogonality immediately translates into

Vh ⊂ kern R.

A Cauchy inequality with respect to the scalar product a results in

‖R‖V ∗ ≤ ‖e‖a

and hence in one of two inequalities of the last identity ‖R‖V ∗ = ‖e‖a in (3.1).
The remaining converse inequalities follows in fact with v = e yields finally the
equality; the proof of (3.1) is finished.

The identity (3.1) means that the error (estimation) in the energy norm is
equivalent to the (computation of the) dual norm of the given residual. Further-
more, it is even of comparable computational effort to compute an optimal v = e
in (3.1) or to compute e. The proof of (3.1) yields even a stability estimate: Given
any v ∈ V with ‖v‖a = 1, the relative error of R(v) as an approximation to ‖e‖a

equals
‖e‖a − R(v)

‖e‖a
= 1/2 ‖ v − e/‖e‖a ‖2

a. (3.2)
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In fact, given any v ∈ V with ‖v‖a = 1, the identity (3.2) follows from

1 − a(e/‖e‖a, v) = 1
2 a(e/‖e‖a, e/‖e‖a) − a(e/‖e‖a, v) + 1

2 a(v, v)

= 1
2 ‖v − e/‖e‖a‖2

a. �
The interpretation of the error estimate (3.2) is as follows. The maximizing v
in (3.1) (i.e., v ∈ V with maximal R(v) subject to ‖v‖a ≤ 1) is unique and
equals e/‖e‖a. As a consequence, the computation of the maximizing v in (3.1)
is equivalent to and indeed equally expensive as the computation of the unknown
e/‖e‖a and so essentially of the exact solution u.

Therefore, a posteriori error analysis aims to compute lower and upper bounds
of ‖R‖V ∗ instead of its exact value. However, the use of any good guess of the
exact solution from some postprocessing with extrapolation or superconvergence
phenomenon is welcome (and, e.g., may enter v).

3.3. Residual representation formula

Without stating examples in explicit form, it is stressed that linear and nonlinear
boundary value problems of second order elliptic PDEs typically lead (after some
partial integration) to some explicit representation of the residual R := b−a(uh, ·).
Let T denote the underlying regular triangulation of the domain and let E denote
a set of edges for n = 2. Then, the data and the discrete solution uh lead to given
quantities rT ∈ Rm, the explicit volume residual, and rE ∈ Rm, the jump residual,
for any element domain T and any edge E such that the residual representation
formula

R(v) =
∑
T∈T

∫
T

rT · v dx −
∑
E∈E

∫
E

rE · v ds (3.3)

holds for all v ∈ V .
The goal of a posteriori error control is to establish guaranteed lower and

upper bounds of the (energy norm of the) error and hence of the (dual norm of
the) residual.

Any choice of v ∈ V \ {0} immediately leads to a lower error bound via

η := |R(v)/‖v‖a| ≤ ‖e‖a.

Indeed, edge and element-oriented bubble functions are studied for v in [26] to
prove efficiency.

More challenging appears reliability, i.e., the design of upper error bounds
which require extra conditions. In fact, the Galerkin orthogonality Vh ⊂ kern R is
supposed to hold for the data in (3.3).

3.4. Explicit residual-based error estimators

Given the explicit volume and jump residuals rT and rE in (3.3), one defines the
explicit residual-based estimator

η2
R :=

∑
T∈T

h2
T ‖rT ‖2

L2(T ) +
∑

E∈EΩ

hE ‖rE‖2
L2(E), (3.4)
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which is reliable in the sense that

‖e‖a ≤ C ηR. (3.5)

The proof of (3.5) follows from the Clément-type interpolation operators and their
properties. In fact, given any v ∈ V and any vh ∈ Vh set w := v − vh. Then the
residual representation formula with Vh ⊂ kern R plus Cauchy inequalities lead to

R(v) = R(w) =
∑
T∈T

∫
T

rT · w dx −
∑

E∈EΩ

∫
E

rE · w ds

≤
∑
T∈T

(
hT ‖rT ‖L2(T )

) (
h−1

T ‖w‖L2(T )

)
+

∑
E∈EΩ

(
h

1/2
E ‖rE‖L2(E)

)(
h
−1/2
E ‖w‖L2(E)

)

≤
(∑

T∈T
h2

T ‖rT ‖2
L2(T )

)1/2 (∑
T∈T

h−2
T ‖w‖2

L2(T )

)1/2

+

( ∑
E∈EΩ

hE ‖rE‖2
L2(E)

)1/2 ( ∑
E∈EΩ

h−1
E ‖w‖2

L2(E)

)1/2

.

The well-established trace inequality for each element T of diameter hT and its
boundary ∂T shows

h−1
T ‖w‖2

L2(∂T ) ≤ CT

(
h−2

T ‖w‖2
L2(T ) + ‖Dw‖2

L2(T )

)
with some size-independent constant CT (which solely depends on the shape of
the element domain). This allows an estimate of( ∑

E∈EΩ

h−1
E ‖w‖2

L2(E)

)1/2

≤ C
∑
T∈T

(
h−2

T ‖w‖2
L2(T ) + ‖Dw‖2

L2(T )

)
.

The localized first-order approximation and stability property of the Clément-
interpolation shows∑

T∈T

(
h−2

T ‖w‖2
L2(T ) + ‖Dw‖2

L2(T )

)
≤ C

∑
T∈T

‖Dv‖2
L2(T ).

Altogether, it follows that

R(v) ≤ CηR |v|H1(Ω).

This proves reliability in the sense of (3.5) �

3.5. Error reduction and discrete residual control

Different norms of the residual play an important role in the design of convergent
adaptive meshes. Suppose Vh ≡ V� is the finite element space with a discrete
solution uh ≡ u� and its residual R ≡ R� := b − a(u�, ·). The design task in
adaptive finite element methods is to find a superspace V�+1 ⊃ V� associated with
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some finer mesh such that the discrete solution u�+1 in V�+1 ⊂ V is strictly more
accurate. To make this precise suppose that 0 < � < 1 and 0 ≤ δ satisfy error
reduction in the sense that

‖u − u�+1‖2
a ≤ � ‖u − u�‖2

a + δ. (3.6)

The interpretation is that the error is reduced by a factor at most �1/2 < 1 up to
the terms δ which describe small effects. The error reduction leads to discuss the
equivalent discrete residual control

(1 − �) ‖R‖2
V ∗ ≤ ‖R‖2

V ∗
�+1

+ δ. (3.7)

Therein, ‖R‖V ∗
�+1

denotes the dual norm of the restricted functional R|V�+1 , namely

‖R‖V ∗
�+1

:= sup
v∈V�+1\{0}

R(v)/‖v‖a.

The point is that (3.6)⇔(3.7). The proof follows from (3.1) which leads to

‖R‖V ∗ = ‖u − u�‖a and ‖R‖V ∗
�+1

= ‖u�+1 − u�‖a.

This plus the Galerkin orthogonality and the Pythagoras theorem

‖u − u�‖2
a = ‖u − u�+1‖2

a + ‖u�+1 − u�‖2
a

show that (3.7) reads

(1 − �) ‖u − u�‖2
a ≤ ‖u − u�‖2

a − ‖u − u�+1‖2
a + δ

and this is (3.6). Altogether, (3.6)⇔(3.7) and one needs to study the discrete
residual control.

One standard technique is the bulk criterion for the explicit error estimator
ηR followed by local discrete efficiency. The latter involves proper mesh-refinement
rules and hence this is not included in this paper.

3.6. Remarks

This subsection lists a few short comments on various tasks in the a posteriori
error analysis.

3.6.1. Dominating edge contributions. For first-order finite element methods in
simple situations of the Laplace, Lamé problem, or the primal formulation of
elastoplasticity, the volume term rT = f can be substituted by the higher-order
term of oscillations, i.e.,

‖e‖2
a ≤ C

(
osc(f)2 +

∑
E∈EΩ

hE ‖rE‖2
L2(E)

)
. (3.8)

Therein, for each node z ∈ N with nodal basis function ϕz and patch ωz := {x ∈
Ω : ϕz(x) �= 0} of diameter hz and the source term f ∈ L2(Ω)m with integral mean
fz := |ωz|−1

∫
ωz

f(x) dx ∈ Rm the oscillations of f are defined by

osc(f) :=
(∑

z∈N
h2

z ‖f − fz‖2
L2(ωz)

)1/2

.
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Notice for f ∈ H1(Ω)m and the mesh-size hT ∈ P0(T ) there holds

osc(f) ≤ C ‖h2
T Df‖L2(Ω)

and so osc(f) is of quadratic and hence of higher order. We refer to [10, 9, 16], [22],
[6], and [24] for further details on and proofs of (3.8). The proof in [16] is based on
Theorem 2.6. In fact, the arguments of Subsection 3.4 are combined with rT = f
for the lowest-order finite element method at hand. Then, Theorem 2.6 shows∫

Ω

fw dx ≤ c4‖Dv‖L2(Ω) osc(f)

and leads to the announced higher-order term.
Dominating edge contributions lead to efficiency of averaging schemes [10, 11].

3.6.2. Reliability constants. The global constants in the approximation and sta-
bility properties of Clément-type operators enter the reliability constants. The
estimates of [14] illustrate some numbers as local eigenvalue problems. Based on
numerical calculations, there is proof that, for all meshes with right-isosceles tri-
angles and the Laplace equation with right-hand side f ∈ L2(Ω), there holds
reliability in the sense of

‖D(u − uh)‖L2(Ω) ≤
(∑

T∈T
h2

T ‖f‖2
L2(T )

)1/2

+

(∑
E∈E

hE

∫
E

[∂uh/∂νE]2 ds

)1/2

with an undisplayed constant Crel < 1 in the upper bound [15].
The aspect of upper bounds with constants and corresponding overestimation

is empirically discussed in [13].

3.6.3. Coarsening. One actual challenging detail is coarsening. Reason number
one is that coarsening cannot be avoided for time evolving problems to capture
moving singularities. Reason number two is the design of algorithms which are
guaranteed to convergence in optimal complexity [8].

Any coarsening excludes the Pythagoras theorem (which assumes V� ⊂ V�+1)
and so perturbations need to be controlled which leads to the estimation of

min
v�+1∈V�+1

‖v�+1 − u�‖a.

Ongoing research investigates the effective estimation of this term.

3.6.4. Other norms and goal functionals. The previous sections concern estima-
tions of the error in the energy norm. Other norms are certainly of some interest
as well as the error with respect to a certain goal functional. The later is some
given bounded and linear functional � : V → R with respect to which one aims to
monitor the error. That is, one wants to find computable lower and upper bounds
for the (unknown) quantity

|�(u) − �(uh)| = |�(e)|.
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Typical examples of goal functionals are described by L2 functions, e.g.,

�(v) =
∫

Ω

� v dx ∀v ∈ V

for a given � ∈ L2(Ω) or as contour integrals. To bound or approximate J(e) one
considers the dual problem

a(v, z) = �(v) ∀v ∈ V (3.9)

with exact solution z ∈ V (guaranteed by the Lax-Milgram lemma) and the dis-
crete solution zh ∈ Vh of

a(vh, zh) = �(vh) ∀vh ∈ Vh.

Set f := z − zh. Based on the Galerkin orthogonality a(e, zh) = 0 one infers

�(e) = a(e, z) = a(e, z − zh) = a(e, f). (3.10)

Cauchy inequalities lead to the a posteriori estimate

|�(e)| ≤ ‖e‖a ‖f‖a ≤ ηuηz .

Indeed, utilizing the primal and dual residual Ru and Rz in V ∗, defined by

Ru := b − a(uh, ·) and Rz := � − a(·, zh),

computable upper error bounds for ‖e‖V ≤ ηu and ‖f‖V ≤ ηz can be found by
the arguments of the energy error estimators [1, 3]. Indeed, the parallelogram rule
shows

2 �(e) = 2 a(e, f) = ‖e + f‖2
a − ‖e‖2

a − ‖f‖2
a.

This right-hand side can be written in terms of residuals, in the spirit of (3.1),
namely ‖e‖a = ‖Ru‖V ∗ , ‖f‖a = ‖Rz‖V ∗ , and

‖e + f‖a = ‖Ru+z‖V ∗

for

Ru+z := b + � − a(uh + zh, ·) = Ru + Rz ∈ V ∗.

Therefore, the estimation of �(e) is reduced to the computation of lower and upper
error bounds for the three residuals Ru, Rz , and Ru+z with respect to the energy
norm. This illustrates that the energy error estimation techniques of the previous
sections may be employed for goal-oriented error control [1, 3].

Alternatively, Rannacher et al. investigated the weighted residual technique
where the Clément interpolation operator is employed as well. The reader is re-
ferred to [4].
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Ergodic Properties of Reaction-diffusion
Equations Perturbed by a Degenerate
Multiplicative Noise

Sandra Cerrai

A Philippe con stima e affetto

Abstract. We extend to a more general class of diffusion coefficients the results
proved in the previous work [6] on uniqueness, ergodicity and strongly mix-
ing property of the invariant measure for some stochastic reaction-diffusion
equations, in which the diffusion term is possibly vanishing and the determin-
istic part is not asymptotically stable. We obtain our results by random time
changes and some comparison arguments with Bessel processes.

Keywords. Invariant measures, ergodicity, Bessel process, random time change.

1. Introduction

In our previous paper [6] we have studied the ergodic properties of the following
class of stochastic reaction-diffusion equations⎧⎨⎩

∂u

∂t
(t, ξ) = Au(t, ξ) + f(ξ, u(t, ξ)) + g(ξ, u(t, ξ))

∂2w

∂t∂ξ
(t, ξ), t ≥ 0, ξ ∈ [0, L],

u(0, ξ) = x(ξ), ξ ∈ [0, L], Bu(t, 0) = Bu(t, L) = 0, t ≥ 0,
(1.1)

where w(t, ξ) is a Brownian sheet on [0,∞) × [0, L], defined on some underly-
ing complete stochastic basis (Ω,F ,Ft, P), A is a second-order uniformly-elliptic
operator given in divergence form, that is

Ah = (ah′)′, h ∈ C2[0, L],

for some a ∈ C1[0, L] such that a(ξ) ≥ ε > 0, for any ξ ∈ [0, L], and B is an
operator acting on the boundary, either of Dirichlet or of general Neumann type,
that is

Bh = α (h′ − β) + (1 − α)h,
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for some β ∈ R and α = 0, 1 (but with the same method it is even easier to treat
the case of periodic boundary conditions).

In [6] we have assumed that the reaction term f : [0, L]×R → R is continuous
and locally-Lipschitz continuous with polynomial growth and some dissipation
property with respect to the second variable. For the diffusion coefficient g : [0, L]×
R → R we have assumed that it is continuous and Lipschitz continuous with respect
to the second variable. Moreover, we have assumed that for any R > 0

inf
ξ∈ [0,L]

|g(ξ, σ) − g(ξ, ρ)| ≥ νR |σ − ρ|, σ, ρ ∈ [−R, R], (1.2)

for some positive constant νR. This means that we have taken g(ξ, ·) strictly mono-
tone and in the case g(ξ, ·) is differentiable we have assumed

inf
ξ∈ [0,L]

∣∣∣∣ ∂g

∂σ
(ξ, σ)

∣∣∣∣ ≥ ν := inf
R>0

νR, σ ∈ R.

In particular, if ν = 0 we have allowed ∂g(ξ, σ)/∂ξ to go to zero, as |σ| goes to
infinity. But it is important to stress that, as νR is strictly positive for any R > 0,
g(ξ, ·) had no critical points, that is

∂g

∂σ
(ξ, σ) �= 0, (ξ, σ) ∈ [0, L] × R.

Under these assumptions on the coefficients f and g and under other suitable
conditions, by developing a method introduced by Mueller in [15] we have proved
that if ux and uy denote the solutions of equation (1.1), starting respectively from
x and y, then

lim
t→∞

|ux(t) − uy(t)|L1(0,L) = 0, P − a.s. (1.3)

In particular we have seen how this implies that if there exists an invariant measure
for (1.1), then such an invariant measure is unique, ergodic and strongly mixing.

Our aim in the present paper is to prove that the limit (1.3) holds also in the
more general case of a diffusion coefficient g which is still Lipschitz continuous and
strictly monotone with respect to the second variable, but can have several critical
points. Namely we are going to replace condition (1.2) with the more general
assumption that for any R > 0 there exists µR > 0 such that

inf
ξ∈ [0,L]

|g(ξ, σ) − g(ξ, ρ)| ≥ µR |σ − ρ|γ , σ, ρ ∈ [−R, R], (1.4)

for some constant γ ≥ 1 independent of R > 0 (for more details see Hypothesis 2
and Remark 2.1 below).

It is important to notice that, as g is possibly vanishing, it is not possible to
prove any smoothing effect of the transition semigroup associated with equation
(1.1), so that it is not possible to apply the Doob theorem in order to prove the
uniqueness of the invariant measure (for all proofs and details see [7, Chapter 4]).
To this purpose, notice that the case of exponential mixing properties of some
PDEs perturbed by a degenerate noise of additive type has been studied also by
using the coupling method (see [8], [13] and [11] and more recently [9]).
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Moreover, as we are not assuming f to be strictly dissipative, the stochastic
term is not just a perturbation of a deterministic equation which already shows
a stable behavior, unlike what happens in the important paper by Sowers [19].
This means that, without any non-degeneracy assumption on the noise, here as
in [6] the stochastic part is playing a crucial role in stabilizing an equation which
was not necessarily asymptotically stable, trying to extend in some sense to an
infinite-dimensional setting some results on stabilization by noise proved in finite
dimension (see, e.g., [1], [2], [16] and [17]; see also [3], [4], [10] and [12] for some
results in infinite dimension).

It is important to stress that in the present paper we have to pay for the more
general assumption (1.4) on the diffusion g with a more restrictive assumption on
the reaction term f . Actually, while in [6] we have assumed

sup
ξ∈ [0,L]

f(ξ, σ) − f(ξ, ρ) ≤ λ (σ − ρ), σ, ρ ∈ R, (1.5)

for some λ ∈ R such that

λ <
ν2

R

2L
, R > 0, (1.6)

here we assume that f(ξ, ·) is non-increasing, for any ξ ∈ [0, L], so that λ = 0 and
in particular the inequality above is always satisfied. In any case, notice that, at
least in the case of Neumann boundary conditions, the fact that λ = 0 does not
mean that the deterministic part of equation (1.1) is asymptotically stable.

As we have said above, all results proved both in [6] and in the present article
follow from the limiting result (1.3). In [6] we have proved (1.3) by showing that
if we fix x, y ∈ C[0, L], with x ≥ y, and if we set

X(t) := Z(T (t)), t ≥ 0,

where

Z(t) :=
∫ L

0

[ux(t, ξ) − uy(t, ξ)] dξ, t ≥ 0,

and T (t) is a suitable random time change such that T (t) → ∞, P-a.s. as t → ∞,
then the process X(t) satisfies

X(t) ≤
∫ L

0

[x(ξ) − y(ξ)] dξ + λ

∫ t

0

X(s)
U(T (s))

ds +
∫ t

0

X(s) dB(s), t ≥ 0, (1.7)

where B(t) is a standard Brownian motion, λ is the constant in (1.5) and U(t) is
a process related to T (t) by

V (t) :=
∫ t

0

U(s) ds, T (t) := V −1(t), t ≥ 0.

Actually, as U(t) is strictly positive P-a.s. (this follows mainly from condition
(1.6)), by comparing X(t) with a geometric Brownian motion we have shown that

lim
t→∞

Z(t) = lim
t→∞

X(t) = 0, P − a.s.

and hence we have got (1.3).
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In the present paper, due to condition (1.4), instead of (1.7) we obtain

X(t) ≤ 〈x − y〉 +
∫ t

0

X(s)γ dB(s), t ≥ 0.

Thus, in the case γ > 1 we cannot use comparison with the geometric Brownian
motion, but with the process I(t), t ≥ 0, obtained from a Bessel process Y (t) of
parameter δ := 1 + γ/(γ − 1) by the formula

Y (t) =
1

γ − 1
I1−γ(t), t ≥ 0.

This forces us to use results on the asymptotic behavior and on the set of polar
points of Bessel processes.

2. Preliminaries and hypotheses

Throughout the paper we shall assume that the reaction term f satisfies the fol-
lowing conditions.

Hypothesis 1. The function f : [0, L] × R → R is continuous. Moreover,

1. there exist m ≥ 1 and c ≥ 0 such that

sup
ξ∈ [0,L]

|f(ξ, σ)| ≤ c (1 + |σ|m), σ ∈ R; (2.1)

2. if m > 1, there exist a > 0 and c ≥ 0 such that

sup
ξ∈ [0,L]

(f(ξ, σ + ρ) − f(ξ, σ))ρ ≤ −a |ρ|m+1 + c
(
1 + |σ|m+1

)
, σ, ρ ∈ R;

3. for any fixed ξ ∈ [0, L], the mapping σ �→ f(ξ, σ) is non-increasing.

To have an idea of a class of functions f fulfilling the conditions above,
assume that h : [0, L] × R → R is continuous and h(ξ, ·) : R → R is locally
Lipschitz continuous with linear growth, uniformly with respect to ξ ∈ [0, L] and
assume that

k(ξ, σ) := −c(ξ)σ2n +
2n∑

j=1

cj(ξ)σj ,

for some continuous coefficients c, cj : [0, L] → R such that c(ξ) ≥ c0 > 0, for any
ξ ∈ [0, L]. Then, it is immediate to check that the mapping

f(ξ, σ) := h(ξ, σ) + k(ξ, σ), (ξ, σ) ∈ [0, L] × R,

satisfies conditions 1. and 2. of Hypothesis 1.
As far as the diffusion coefficient g is concerned we assume the following

conditions.
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Hypothesis 2. The function g : [0, L] × R → R is continuous. Moreover,
1. there exists L > 0 such that

sup
ξ∈ [0,L]

|g(ξ, σ) − g(ξ, ρ)| ≤ L |σ − ρ|, σ, ρ ∈ R; (2.2)

2. for any R > 0 there exists µR > 0 such that

inf
ξ∈ [0,L]

|g(ξ, σ) − g(ξ, ρ)| ≥ µR |σ − ρ|γ , σ, ρ ∈ [−R, R], (2.3)

for some γ > 1 independent of R > 0.

Remark 2.1. (1) The assumptions above imply that the mapping g(ξ, ·) is Lipschitz
continuous, uniformly with respect to ξ ∈ [0, L], and it is possibly vanishing, even
if there exists at most one zero, as g(ξ, ·) is either strictly increasing or decreasing.
(2) It is important to stress that (2.3) does not imply any particular growth condi-
tion of g at infinity. In particular we can also treat the case of diffusion coefficients
g which are bounded.
(3) Condition (2.3) is more general than condition (1.2) given in our previous
paper [6]. Actually, assume that (1.2) holds. Then, for any ξ ∈ [0, L] and R > 0,
if |t − s| ≤ 1 we have

|g(ξ, t) − g(ξ, s)| ≥ νR |t − s| ≥ νR |t − s|γ , t, s ∈ [−R, R],

and if |t − s| > 1 we have

|g(ξ, t) − g(ξ, s)| ≥ νR |t − s| = νR
|t − s|γ

|t − s|γ−1 ∨ 1

≥ νR

(2R)γ−1 ∨ 1
|t − s|γ , t, s ∈ [−R, R].

This means that (2.3) holds with

µR =
νR

(2R)γ−1 ∨ 1
.

Moreover, as g(ξ, ·) is Lipschitz continuous, we have that

lim
R→∞

µR = 0.

(4) Condition (2.3) in Hypothesis 2 is strictly more general than condition (1.2)
given in our previous paper [6]. An example of a function which does satisfy Hy-
pothesis 2 and does not satisfy condition (1.2) is given by

g(σ) :=

{
σ3 if |σ| ≤ 1,

σ if |σ| > 1.

The function g is clearly Lipschitz continuous and strictly increasing and has a
zero at σ = 0. But g′(0) = 0, so that it is not possible to find any ν1 > 0 such that

|g(σ) − g(ρ)| ≥ ν1 |σ − ρ|, σ, ρ ∈ [−1, 1].
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On the other side it is possible to check that there exists some µ > 0 such that

|g(σ) − g(ρ)| ≥ µ
|σ − ρ|3

|σ − ρ|2 ∨ 1
, σ, ρ ∈ R,

so that (2.3) is fulfilled with γ = 3.

In what follows we shall denote by A the realization in C [0, L] of the second
order operator A endowed with the boundary condition B and by etA, t ≥ 0, the
semigroup generated by A. Moreover, we shall denote by F and G the composi-
tion/multiplication operators associated with f and g respectively, that is

F (x)(ξ) := f(ξ, x(ξ)), [G(x)y](ξ) := g(x(ξ))y(ξ), ξ ∈ [0, L],

for any x, y : [0, L] → R. Finally we shall set

w(t) =
∞∑

k=1

ekβk(t) =
∞∑

k=1

ek

∫ t

0

∫ L

0

ek(ξ)dw(t, ξ), t ≥ 0,

where {ek} is any complete orthonormal basis in L2(0, L) and {βk} is a sequence of
mutually independent standard Brownian motions defined on the stochastic basis
(Ω,F ,Ft, P).

With these notations equation (1.1) can be written as the following abstract
stochastic evolution equation

du(t) = [Au(t) + F (u(t))] dt + G(u(t))dw(t), u(0) = x. (2.4)

In [5] it has been proved that under Hypotheses 1 and 2-1. for any x ∈ C [0, L]
equation (1.1) admits a unique mild solution in Lp(Ω; C([0, T ]; C [0, L])), for any
p ≥ 1 and T > 0. That is there exists a unique adapted process ux(t) having
continuous trajectories with values in C [0, L] such that

ux(t) = etAx +
∫ t

0

e(t−s)AF (ux(s)) ds +
∫ t

0

e(t−s)AG(ux(s)) dw(s).

Notice that as proved in [6, Theorem 3.1] a comparison result holds for the solutions
of equation (2.4). Namely, for any x, y ∈ C [0, L] such that x ≥ y it holds

P (ux(t) ≥ uy(t), t ≥ 0) = 1. (2.5)

Moreover, we have shown that in the case m > 1 for any p ≥ 1

E sup
t≥0

|ux(t)|pC[0,L] ≤ cp

(
1 + |x|pC[0,L]

)
(2.6)

and
sup
t≥t0

E |ux(t)|Cθ
 [0,L] < ∞,

for some θ� > 0 and for any t0 > 0. In particular, the family of probability measures
{L(ux(t))}t≥t0 is tight in (C[0, L],B(C [0, L])) and due to the Krylov-Bogoliubov
theorem the semigroup Pt associated with equation (1.1) and defined by

Ptϕ(x) = E ϕ(ux(t)), t ≥ 0, x ∈ C [0, L],
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for any function ϕ ∈ Bb(C [0, L]), the Banach space of Borel bounded functions
from C [0, L] with values in R, admits an invariant measure µ. As it is well known
this means that ∫

C[0,L]

Ptϕ(x) dµ(x) =
∫

C[0,L]

ϕ(x) dµ(x),

for any ϕ ∈ Bb(C[0, L]) and t ≥ 0.
The main result of this paper is that, under Hypotheses 1 and 2, for any

x, y ∈ C [0, L] it holds

lim
t→∞

|ux(t) − uy(t)|L1(0,L) = 0, P − a.s. (2.7)

This implies that for any ϕ ∈ Cb(C [0, L]), the Banach space of uniformly con-
tinuous and bounded functions from C [0, L] with values in R, and for any x, y ∈
C [0, L]

lim
t→∞

Ptϕ(x) − Ptϕ(y) = 0, (2.8)

which on its turn by standard arguments implies that there exists at most one
invariant measure and it is ergodic and strongly mixing.

Actually, if ϕ ∈ Cb(L1(0, L)) then (2.7) immediately implies (2.8). If ϕ be-
longs to the larger space Cb(C [0, L]), as proved in [6, Lemma 5.1] there exists a
sequence {ϕn} ⊂ Cb(L1(0, L)) such that

sup
n∈N

‖ϕn‖Cb(L1(0,L)) ≤ ‖ϕ‖Cb(C [0,L]), lim
n→∞

ϕn(x) = ϕ(x), x ∈ L1(0, L).

Thanks to the dominated convergence theorem this implies that (2.8) is valid also
for ϕ ∈ Cb(C [0, L]).

3. The main convergence result

In the present section we prove the main result of the paper.

Theorem 3.1. Assume that for any x ∈ C [0, L]

P

(
sup
t≥0

|ux(t)|C[0,L] < ∞
)

= 1. (3.1)

Then under Hypotheses 1 and 2 for any x, y ∈ C [0, L] we have

lim
t→+∞

|ux(t) − uy(t)|L1(0,L) = 0, P − a.s.

where ux and uy denote the solutions of (1.1), starting respectively from x and y.
In particular, if equation (1.1) admits an invariant measure (supported on

C [0, L]) it is unique, ergodic and strongly mixing.

Remark 3.2.
1. As recalled above, in [5] we have proved that if the constant m in Hypothesis

1 is strictly greater than 1, then estimate (2.6) holds, so that condition (3.1)
is always satisfied.
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2. In [6] we have assumed that there exists some λ ∈ R such that

sup
ξ∈ [0,L]

f(ξ, σ) − f(ξ, ρ) ≤ λ (σ − ρ), σ, ρ ∈ R,

and in the case m > 1 we have taken

λ <
µ2

R

2L
, R > 0. (3.2)

In the present paper, as f(ξ, ·) is non-increasing, we have that λ = 0 so that
condition (3.2) is always satisfied.

3. We give a proof of the theorem above in the case of Neumann boundary
conditions, as the case of Dirichlet boundary conditions can be obtained
from the Neumann case as in [6, Subsection 4.2].

Let x, y ∈ C [0, L] and let ux and uy be the unique mild solutions of equation
(1.1) starting from the initial data x and y. If we set ρ(t) := ux(t) − uy(t) and if
we fix ϕ ∈ C1,2 ([0,∞) × [0, L]) such that

∂ϕ

∂ξ
(t, 0) =

∂ϕ

∂ξ
(t, L) = 0,

as ρ(t) fulfills homogeneous Neumann boundary conditions we have∫ L

0

[ρ(t, ξ)ϕ(t, ξ) − ρ(0, ξ)ϕ(0, ξ)] dξ =
∫ t

0

∫ L

0

ρ(s, ξ)
(

∂ϕ

∂t
+ Aϕ

)
(s, ξ) dξ ds

+
∫ t

0

∫ L

0

[f(ξ, ux(s, ξ)) − f(ξ, uy(s, ξ))] ϕ(s, ξ) dξ ds

+
∫ t

0

∫ L

0

[g(ξ, ux(s, ξ)) − g(ξ, uy(s, ξ))] ϕ(s, ξ)w(ds, dξ),

(for a proof see [20, Chapter 3]). Hence, if we take ϕ ≡ 1 we have∫ L

0

ρ(t, ξ) dξ =
∫ L

0

(x − y)(ξ) dξ +
∫ t

0

∫ L

0

[f(ξ, ux(s, ξ)) − f(ξ, uy(s, ξ))] dξ ds

+
∫ t

0

∫ L

0

[g(ξ, ux(s, ξ)) − g(ξ, uy(s, ξ))] w(ds, dξ).

Thus, by setting for any t ≥ 0

Z(t) :=
∫ L

0

ρ(t, ξ) dξ, C(t) :=
∫ L

0

[f(ξ, ux(t, ξ)) − f(ξ, uy(t, ξ))] dξ

and

M(t) :=
∫ t

0

∫ L

0

[g(ξ, ux(s, ξ)) − g(ξ, uy(s, ξ))] w(ds, dξ),

we have

Z(t) = 〈x − y〉 +
∫ t

0

C(s) ds + M(t), (3.3)

where 〈x − y〉 denotes the mean value of x − y in the interval [0, L].
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Next, we analyze the term M(t). It is clear that {M(t)}t≥0 is a Gt-martingale,
where {Gt}t≥0 is the filtration defined by

Gt := σ

(∫ ∞

0

∫ L

0

v(s, ξ)w(ds, dξ), v ∈ L2([0,∞) × [0, L]), supp v ⊆ [0, t] × [0, L]

)
,

for any t ≥ 0. In the next lemma we describe the quadratic variation of M(t).

Lemma 3.3. Under Hypotheses 1 and 2 there exists an adapted process U(t) such
that

d 〈M〉t
dt

= Z2γ(t)U(t), t ≥ 0, (3.4)

and
P
(
L1−2γ Λ ≤ U(t) < +∞, t ≥ 0

)
= 1, (3.5)

where Λ is the random variable defined by

Λ :=
∞∑

n=1

µ2
n IAn ,

and An is defined for each n ∈ N by

An :=
{

sup
t≥0

|ux(t)|C[0,L] ∨ sup
t≥0

|uy(t)|C[0,L] ∈ [n − 1, n)
}

. (3.6)

Proof. We have

〈M〉t =
∫ t

0

∫ L

0

[g(ξ, ux(s, ξ)) − g(ξ, uy(s, ξ))]2 dξ ds

and hence
d 〈M〉t

dt
=
∫ L

0

[g(ξ, ux(t, ξ)) − g(ξ, uy(t, ξ))]2 dξ.

According to condition (2.3) in Hypothesis 2, if

sup
t≥0

|ux(t)|C[0,L] ∨ sup
t≥0

|uy(t)|C[0,L] ∈ [n − 1, n),

this yields

d 〈M〉t
dt

≥ µ2
n

∫ L

0

ρ(t, ξ)2γ dξ ≥ L1−2γµ2
n

(∫ L

0

ρ(t, ξ) dξ

)2γ

= L1−2γ Z2γ(t),

so that, if An is the event defined in (3.6)

d 〈M〉t
dt

≥ L1−2γ
∞∑

n=1

µ2
n IAn Z2γ(t) = L1−2γΛ Z2γ(t) t ≥ 0.

Moreover, according to condition (2.2) in Hypothesis 2 we have

d 〈M〉t
dt

≤ L2

∫ L

0

ρ2(t, ξ) dξ = L2 |ρ(t)|2L2(0,L). (3.7)
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Since ρ(t, ξ) ≥ 0 for any t ≥ 0 and ξ ∈ [0, L], P-a.s. (see the comparison result
(2.5)), this means

Z(t) =
∫ L

0

ρ(t, ξ) dξ = |ρ(t)|L1(0,L) = 0 =⇒ d 〈M〉t
dt

= 0.

Then, if we set

U(t) :=

⎧⎨⎩Z(t)−2γ d 〈M〉t
dt

if Z(t) �= 0,

L1−2γ Λ if Z(t) = 0,

we have that U(t) is an adapted process which fulfills (3.4) and such that

P
(
U(t) ≥ L1−2γ Λ, t ≥ 0

)
= 1.

Now, we conclude the proof of the lemma by noticing that thanks to (3.4)
and (3.7)

{∃ t ≥ 0 : U(t) = +∞} =
{
∃ t ≥ 0 :

d 〈M〉t
dt

= +∞
}

⊆
{
∃ t ≥ 0 : |ρ(t)|L2(0,L) = +∞

}
,

and then, since ρ ∈ Lp(Ω; C([0, T ]; C[0, L])), for any T > 0, we have

P (U(t) < +∞, t ≥ 0) = 1. �

Due to (3.1) and (3.5) we have that

P (U(t) > 0, t ≥ 0) ≥ P

(
sup
t≥0

|ux(t)|C[0,L] ∨ sup
t≥0

|uy(t)|C[0,L] < ∞
)

= 1. (3.8)

Hence, if we define

ϕ(t) :=
∫ t

0

U(s) ds, t ≥ 0,

we have that ϕ(t) is a P-a.s. strictly increasing adapted process with continuous
trajectories, such that ϕ(0) = 0. Moreover, if

ω ∈
∞⋃

n=1

An = { sup
t≥0

|ux(t)|C[0,L] ∨ sup
t≥0

|uy(t)|C[0,L] < ∞},

we have that there exists n̄ ∈ N such that U(t)(ω) ≥ L1−2γ µ2
n̄, for any t ≥ 0, so

that

lim
t→∞

ϕ(t)(ω) = lim
t→∞

∫ t

0

U(s)(ω) ds ≥ lim
t→∞

L1−2γ µ2
n̄ t = ∞.

This means that
lim

t→∞
ϕ(t) = ∞, P − a.s.,

and hence it is possible to define the inverse of ϕ

T (t) := ϕ−1(t), t ≥ 0.
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In this way T (t) defines a good random time change, so that the process X(t) :=
Z(T (t)) is well defined for any t ≥ 0 and

lim
t→∞

Z(t) = lim
t→∞

X(t), P − a.s. (3.9)

In particular we have that Z(t) converges P-a.s. to zero as t goes to ∞, if and
only if the process X(t) = Z(T (t)) converges P-a.s. to zero as t goes to ∞.

Lemma 3.4. Fix x, y ∈ C [0, L], with x ≥ y. Then, under the same conditions of
Theorem 3.1 we have that there exists a Brownian motion B(t) on (Ω,F , P) such
that

X(t) = 〈x − y〉 +
∫ t

0

C(T (s))
U(T (s))

ds +
∫ t

0

X(s)γ dB(s).

Proof. We substitute t with T (t) in (3.3) and obtain

X(t) = Z(T (t)) = 〈x − y〉 +
∫ T (t)

0

C(s) ds + M(T (t)), t ≥ 0.

If we set r = T−1(s) = ϕ(s), we have dr = dϕ(s) = U(s)ds = U(T (r))ds and
hence ∫ T (t)

0

C(s) ds =
∫ t

0

C(T (r))
U(T (r))

dr, t ≥ 0.

Concerning the martingale term, from (3.4) with an analogous change of
variable we have

〈M〉T (t) =
∫ T (t)

0

Z2γ(s)U(s) ds =
∫ t

0

Z2γ(T (s)) ds, t ≥ 0.

Now, as we have recalled in [6], the process N(t) := M(T (t)), t ≥ 0, is a
{
GT (t)

}
t≥0

martingale (for a proof see, e.g., [18, Proposition V.1.5]) such that

d 〈N〉t = d 〈M〉T (t) = Z2γ(T (t)), t ≥ 0.

Therefore, as proved, e.g., in [18, Proposition V.3.8 and following remarks], it is
possible to fix a standard Brownian motion B(t) such that

M(T (t)) = N(t) =
∫ t

0

Zγ(T (s)) dB(s) =
∫ t

0

Xγ(s) dB(s), t ≥ 0.

Collecting all terms we conclude the proof of the lemma. �
Now, for any γ > 1 we denote by I(t) the solution of the stochastic equation

dI(t) = Iγ(t) dB(t), I(0) > 0,

where B(t) is some standard Brownian motion. Notice that if one defines

Y (t) :=
1

γ − 1
I1−γ(t), t ≥ 0,

by Itô’s formula Y (t) solves the problem

dY (t) =
γ

2(γ − 1)
1

Y (t)
dt − dB(t), Y (0) =

1
γ − 1

I1−γ(0),
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so that Y (t) is a Bessel process of dimension δ := 1 + γ/(γ − 1) > 2 (for all details
see [18, Chapter 11]). In particular, if δ ∈ N

Y (t) = |W (t)|Rδ , t ≥ 0,

for some δ-dimensional Brownian motion W (t). Note that for any δ ≥ 2 the set
{0} is polar for the Bessel process of dimension δ and then

P

(
sup
t≥0

I(t) < ∞
)

= P

(
inf
t≥0

Y (t) > 0
)

= 1. (3.10)

As shown in [14, Theorem 3.1], with this scale change we have

lim sup
t→∞

t
1

2(γ−1)

(log t)1+ε
I(t) = 0, P − a.s.

for any ε > 0. As

lim
t→∞

t
1

2(γ−1)

(log t)1+ε
= ∞,

this implies that
lim sup

t→∞
I(t) = 0, P − a.s. (3.11)

In the next lemma we compare the processes X(t) = Z(T (t)) and I(t), in
order to describe the asymptotic behavior of X(t) by means of the asymptotic
behavior of I(t) which we have just described. For this purpose, if we set

C̃(t) :=
C(T (t))
U(T (t))

, t ≥ 0, (3.12)

due to (3.1) and (3.8) we have that under the same conditions of Lemma 3.4

P

(
sup
t≥0

|C̃(t)| < ∞
)

= 1.

Moreover, according to the comparison estimate (2.5), as x ≥ y and f(ξ, ·) is
non-increasing for any fixed ξ ∈ [0, L],

P

(∫ L

0

[f(ξ, ux(t)) − f(ξ, uy(t))] dξ ≤ 0, t ≥ 0

)
= 1.

Hence, recalling how we have defined C(t), we get

P
(

C̃(t) ≤ 0, t ≥ 0
)

= 1. (3.13)

Lemma 3.5. Let us fix x, y ∈ C [0, L], with x ≥ y. Then

P (X(t) ≤ I(t), t ≥ 0 ) = 1.
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Proof. Assume by contradiction that there exists some T > 0 such that

P

(
sup

t∈ [0,T ]

X(t) − I(t) > 0

)
> 0.

As X(t) = Z(T (t)) = |ρ(T (t))|L1(0,L), due to (3.1) we have

P

(
sup
t≥0

X(t) < ∞
)

= 1.

Then, thanks to (3.10) we have

lim
R→∞

P

(
sup
t≥0

X(t) ∨ sup
t≥0

I(t) ≤ R

)
= 1,

so that we can fix R̄ < 0 such that

P

(
sup

t∈ [0,T ]

X(t) − I(t) > 0, sup
t≥0

|X(t)| ∨ sup
t≥0

|I(t)| ≤ R̄

)
> 0. (3.14)

Now, as the function σ(x) = xγ is locally Lipschitz continuous, there exists a
sequence of Lipschitz continuous mappings {σR}R>0 such that σR ≡ σ on [−R, R].
If for any R > 0 we denote by XR the solution of the problem

dXR(t) = C̃(t) dt + σR(XR(t)) dB(t), XR(0) = 〈x − y〉 ,

and denote by IR the solution of the problem

dIR(t) = σR(IR(t)) dB(t), IR(0) = 〈x − y〉 ,

since the coefficients are Lipschitz and (3.13) holds, as proved for example in [18,
Theorem 3.7]

P (XR(t) ≤ IR(t), t ≥ 0) = 1. (3.15)

On the other hand, since for any R > 0

sup
t≥0

|X(t)| ∨ sup
t≥0

|I(t)| ≤ R =⇒ XR ≡ X, IR ≡ I,

due to (3.14) we have

P

(
sup

t∈ [0,T ]

XR̄(t) − IR̄(t) > 0

)

≥ P

(
sup

t∈ [0,T ]

XR̄(t) − IR̄(t) > 0, sup
t≥0

|X(t)| ∨ sup
t≥0

|I(t)| ≤ R̄

)

= P

(
sup

t∈ [0,T ]

X(t) − I(t) > 0, sup
t≥0

|X(t)| ∨ sup
t≥0

|I(t)| ≤ R̄

)
> 0,

and this contradicts (3.15). �
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As a consequence of the previous lemma and of (3.9) and (3.11) it follows
that for any x, y ∈ C [0, L], with x ≥ y,

lim
t→∞

|ux(t) − uy(t)|L1(0,L) = lim
t→∞

Z(t) = lim
t→∞

X(ϕ(t)) = 0, P − a.s.

As for any x, y ∈ C [0, L]

|ux(t) − uy(t)|L1(0,L) ≤ |ux(t) − ux∧y(t)|L1(0,L) + |ux∧y(t) − uy(t)|L1(0,L),

we can conclude that Theorem 3.1 holds for any x, y ∈ C[0, L].
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Kolmogorov Operators of Hamiltonian Systems
Perturbed by Noise

Giuseppe Da Prato and Alessandra Lunardi

A Philippe avec nos amitiées sincères

Abstract. We consider a second-order elliptic operator K arising from Hamil-
tonian systems with friction in R2n perturbed by noise. An invariant mea-
sure for this operator is µ(dx, dy) = exp(−2H(x, y))dx dy, where H is the
Hamiltonian. We study the realization K : H2(R2n, µ) �→ L2(R2n, µ) of K in
L2(R2n, µ), proving that it is m-dissipative and that it generates an analytic
semigroup.

1. Introduction

We consider a Hamiltonian system perturbed by noise,{
dX(t) = DyH(X(t), Y (t))dt +

√
α dW1(t),

dY (t) = −DxH(X(t), Y (t))dt +
√

β dW2(t),
(1)

where H : R2n → R is the Hamiltonian which we assume to be regular, nonnegative
but not necessarily Lipschitz continuous, W1, W2 are independent n-dimensional
Brownian motions and α, β are positive constants. The Kolmogorov operator
corresponding to (1) is

Kϕ =
α

2
∆xϕ +

β

2
∆yϕ + 〈DyH, Dxϕ〉 − 〈DxH, Dyϕ〉, (2)

where R2n = Rn
x × Rn

y , and ∆x, ∆y, Dx, Dy are the Laplacian and the gradient
with respect to the variables x, y only. It is easy to see that∫

R2n

Kϕdxdy = 0

for each test function ϕ, which means that the Lebesgue measure in R2n is invariant
for K. It is well known that, in order that an invariant probability measure exists,
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some friction term must be added, see, e.g., [5]. In this paper we want to consider
the case that the probability measure has density (with respect to the Lebesgue
measure) proportional to e−2H(x,y). So, we assume that

Z :=
∫

R2n

exp(−2H)dx dy < +∞ (3)

and we set
µ(dx, dy) = Z−1e−2H(x,y)dxdy.

The simplest way to let µ be invariant is to consider the modified system{
dX(t) = DyH(X(t), Y (t))dt − αDxH(X(t), Y (t))dt +

√
α dW1(t),

dY (t) = −DxH(X(t), Y (t))dt − βDyH(X(t), Y (t))dt +
√

β dW2(t).
(4)

In this case the Kolmogorov operator is

Kϕ =
α

2
∆xϕ +

β

2
∆yϕ + 〈DyH − αDxH, Dxϕ〉 − 〈DxH + βDyH, Dyϕ〉, (5)

and ∫
R2n

Kϕe−2H(x,y)dxdy = 0,

for each test function ϕ. Therefore, the measure µ is invariant for K.
Our aim is to study the realization K of K in L2(R2n, µ). The main result is

that if the second-order derivatives of H are bounded, then

K : D(K) = H2(R2n, µ) �→ L2(R2n, µ), Kϕ = Kϕ

is an m-dissipative operator. Therefore, it generates a strongly continuous con-
traction semigroup in L2(R2n, µ).

Note that K is not symmetric, but we can show that for all ϕ ∈ H2(R2n, µ),
ψ ∈ H1(R2n, µ) we have∫

R2n

Kϕψ dµ = − 1
2

∫
R2n

(α〈Dxϕ, Dxψ〉 + β〈Dyϕ, Dyψ〉)dµ

+
1
2

∫
R2n

(〈2Hy − αHx, Dxϕ〉 + 〈−2Hx + βHy, Dyϕ〉)ψ dµ.

(6)

However, taking ψ = ϕ in (6) and manipulating the last integral (or else, inte-
grating the equality K(ϕ2) = 2ϕKϕ + α|Dxϕ|2 + β|Dyϕ|2 with respect to µ and
recalling that

∫
R2n K(ϕ2)dµ = 0), we get∫

R2n

Kϕϕdµ = −1
2

∫
R2n

(α|Dxϕ|2 + β|Dyϕ|2)dµ (7)

which is a crucial formula for our analysis. It implies immediately that K is dissi-
pative.

A typical procedure for showing m-dissipativity is to define a (dissipative)
realization K0 of K in L2(R2n, µ) with a small domain, say for instance C2

b (R2n)
(the space of the continuous bounded functions with continuous and bounded first-
and second-order derivatives), and to prove that the range of λI − K0 is dense in
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L2(R2n, µ) for some λ > 0. Then by the Lumer-Phillips theorem the closure K0

of K0 is an m-dissipative operator. But the problem of the characterization of the
domain of K0 still remains open. So, we take the stick from the other side. We
define the above realization K of K on H2(R2n, µ), and we show that K is m-
dissipative. Since the H2 norm is equivalent to the graph norm of K, from general
density results in weighted Sobolev spaces it follows that C2

b (R2n) and C∞
0 (R2n)

are cores for K.
From the point of view of the theory of elliptic PDE’s, we show that for each

λ > 0 and f ∈ L2(R2n, µ), the equation

λu − Ku = f

has a unique solution u ∈ H2(R2n, µ). So, we have a maximal regularity result in
weighted L2 spaces. In fact, we prove something more: if a function u ∈ H2

loc(R
2n)

satisfies λu − Ku = f ∈ L2(R2n, µ), then u ∈ H2(R2n, µ) and

‖u‖L2(R2n,µ) ≤ 1
λ
‖f‖L2(R2n,µ),

which is the dissipativity estimate,∫
R2n

(α|Dxϕ|2 + β|Dyϕ|2)dµ ≤ 2
λ
‖f‖2

L2(R2n,µ),

which comes from (7), ∫
R2n

|D2ϕ|2dµ ≤ C‖f‖2
L2(R2n,µ),

which is not obvious. Here C depends on λ and on the sup norm of the second
derivatives of H .

After the elliptic regularity result we prove also some properties of the semi-
group T (t) generated by K. First, we show that it is an analytic semigroup. In
general, elliptic operators with Lipschitz continuous unbounded coefficients do not
generate analytic semigroups in L2 spaces with respect to invariant measures. See
a counterexample in [9]. In our case we can prove that the L2 norm of the second-
order space derivatives of T (t)ϕ blows up as Ct−1‖ϕ‖L2(R2n,µ), as t → 0, and since
the graph norm of K is equivalent to the H2 norm, then ‖tKT (t)ϕ‖L2(R2n,µ) is
bounded by const. ‖ϕ‖L2(R2n,µ) near t = 0.

Second, we address to asymptotic behavior of T (t), proving that T (t)ϕ weakly
converges to the mean value ϕ as t → +∞ for each ϕ ∈ L2(R2n, µ) (strongly mixing
property).

2. m-dissipativity of K

Throughout this section we assume that H : R2n �→ R is a nonnegative C2 function
with bounded second-order derivatives, such that (3) holds.

The Hilbert spaces H1(R2n, µ), H2(R2n, µ) are defined as the sets of all u ∈
H1

loc(R
2n) (respectively, u ∈ H2

loc(R
2n)), such that u and its first-order derivatives
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(resp. u and its first- and second-order derivatives) belong to L2(R2n, µ). It is easy
to see that C∞

0 (R2n), the space of the smooth functions with compact support, is
dense in L2(R2n, µ), in H1(R2n, µ), and in H2(R2n, µ). A proof is in [4, Lemma 2.1].

The main result of this paper is that

K : D(K) := H2(R2n, µ) �→ L2(R2n, µ), Kϕ = Kϕ

is m-dissipative. To this aim we need an embedding lemma.

Lemma 2.1. For every ϕ ∈ H1(R2n, µ) and i = 1, . . . , n the functions ϕDxiH and
ϕDyiH belong to L2(R2n, µ). Moreover∫

R2n

(ϕDxiH)2dµ ≤
∫

R2n

(‖DxixiH‖∞ϕ2 + (Dxiϕ)2)dµ,∫
R2n

(ϕDyiH)2dµ ≤
∫

R2n

(‖DyiyiH‖∞ϕ2 + |Dyiϕ|2)dµ,

for all ϕ ∈ H1(R2n, µ).

Proof. Let ϕ ∈ C∞
0 (R2n). For every i = 1, . . . , n we have∫

R2n

(ϕDxiH)2dµ =
1

2Z

∫
R2n

ϕ2DxiH(−Dxie
−2H)dx dy

=
1

2Z

∫
R2n

(ϕ2DxixiH + 2ϕDxiϕDxiH)e−2Hdx dy

≤ ‖DxixiH‖∞
2

‖ϕ‖2
L2(R2n,µ) + ‖ϕDxiH‖L2(R2n,µ)‖Dxiϕ‖L2(R2n,µ)

≤ ‖DxixiH‖∞
2

‖ϕ‖2
L2(R2n,µ) +

1
2
‖ϕDxiH‖2

L2(R2n,µ) +
1
2
‖Dxiϕ‖2

L2(R2n,µ)

so that

‖ϕDxiH‖2
L2(R2n,µ) ≤ ‖DxixiH‖∞‖ϕ‖2

L2(R2n,µ) + ‖Dxiϕ‖2
L2(R2n,µ).

Similarly,

‖ϕDyiH‖2
L2(R2n,µ) ≤ ‖DyiyiH‖∞‖ϕ‖2

L2(R2n,µ) + ‖Dyiϕ‖2
L2(R2n,µ),

and since C∞
0 (R2n) is dense in H1(R2n, µ) the statement follows. �

The lemma has several important consequences. It implies that for every
ϕ ∈ H2(R2n, µ) the drift 〈DyH, Dxϕ〉 − 〈DxH, Dyϕ〉 belongs to L2(R2n, µ). It
implies also (taking ϕ ≡ 1) that |DH | ∈ L2(R2n, µ). Moreover, in the case that
|DH | → +∞ as |(x, y)| → +∞, the estimate∫

R2n

ϕ2|DH |2dµ ≤ C‖ϕ‖H1(R2n,µ), ϕ ∈ H1(R2n, µ),

implies easily that H1(R2n, µ) is compactly embedded in L2(R2n, µ). See, e.g., [7,
Prop. 3.4].
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The integration formula (7) implies immediately that K is dissipative. What
is not trivial is m-dissipativity. To prove m-dissipativity we have to solve the
resolvent equation

λϕ − Kϕ = f (8)

for each f ∈ L2(R2n, µ) and λ > 0, and show that the solution ϕ belongs to
H2(R2n, µ). That is, we have to prove an existence and maximal regularity result
for an elliptic equation with unbounded coefficients. Of course it is enough to
prove that for each f ∈ C∞

0 (R2n) the resolvent equation has a unique solution ϕ
in H2(R2n, µ), and ‖ϕ‖H2(R2n,µ) ≤ C‖f‖L2(R2n,µ).

Since the coefficients of K are regular enough, existence of a solution may
be proved in several ways. For instance, the problem in the whole R2n may be
approached by a sequence of Dirichlet problems in the balls B(0, k), and using
classical interior estimates for solutions of second-order elliptic problems we arrive
at a solution ϕ ∈ H2

loc(R
2n). See, e.g., [8, Theorem 3.4]. Or else, we may use the

stochastic characteristics method, that gives a solution to (8) as

ϕ =
∫ +∞

0

e−λtE[f(X(t), Y (t))]dt

where (X(t), Y (t)) is the solution to (4) with initial data X(0) = x, Y (0) = y. See,
e.g., [3, Thms. 1.2.5, 1.6.6]. The assumptions of [3] are satisfied because the second-
order derivatives of H are bounded, and consequently the first-order derivatives
of H have at most linear growth.

Uniqueness of the solution in H2(R2n, µ) follows immediately from dissipa-
tivity. Estimates for the second-order derivatives in L2(R2n, µ) are less obvious.
They are proved in the next theorem.

Theorem 2.2. Let ϕ ∈ H2
loc(R

2n) satisfy (8), with f ∈ L2(R2n, µ). Then

‖ϕ‖L2(R2n,µ) ≤ 1
λ
‖f‖L2(R2n,µ) (9)

∫
R2n

(α|Dxϕ|2 + β|Dyϕ|2)dµ ≤ 2
λ
‖f‖2

L2(R2n,µ) (10)

∫
R2n

|D2ϕ|2dµ ≤ C‖f‖2
L2(R2n,µ) (11)

where C does not depend on f and ϕ.

Proof. Without loss of generality we may assume that f ∈ C∞
0 (R2n). Then ϕ ∈

H3
loc(R

2n), by local elliptic regularity. Moreover by the Schauder estimates of [6],
ϕ and its first- and second-order derivatives are bounded and Hölder continuous.
In particular, ϕ ∈ H2(R2n, µ).
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Estimates (9) and (10) follow in a standard way, multiplying both sides of
(8) by ϕ and using the integration formula (7). To get (11) we differentiate (8)
with respect to xi and yi, obtaining

λDxiϕ − KDxiϕ −
n∑

k=1

(Dxiyk
H − αDxixk

H)Dxk
ϕ

+
n∑

k=1

(Dxixk
H + βDxiyk

H)Dyk
ϕ = Dxif,

λDyiϕ − KDyiϕ −
n∑

k=1

(Dyiyk
H − αDyixk

H)Dxk
ϕ

+
n∑

k=1

(Dyixk
H + βDyiyk

H)Dyk
ϕ = Dyif.

Replacing the expressions of the derivatives of f in the equality∫
R2n

Kϕf dµ = − 1
2

∫
R2n

(α〈Dxϕ, Dxf〉 + β〈Dyϕ, Dyf〉)dµ

+
∫

R2n

(〈DyH, Dxϕ〉 − 〈DxH, Dyϕ〉)f dµ

that follows from (6), we obtain∫
R2n

Kϕf dµ =
∫

R2n

(λϕ − f)fdµ

=
∫

R2n

−λ

2
(α|Dxϕ|2 + β|Dyϕ|2)

+
1
2

n∑
i=1

(αDxiϕKDxiϕ + βDyiϕKDyiϕ)dµ

+
1
2

∫
R2n

−〈SDϕ, Dϕ〉 + (〈DyH, Dxϕ〉 − 〈DxH, Dyϕ〉)f dµ,

where the 2n × 2n matrix S has entries

Si,k = −α

2
(Dxiyk

H − αDxixk
H),

Si,n+k = Sn+i,k =
α

2
Dxixk

H − β

2
Dyiyk

H + αβDxiyk
H,

Sn+i,n+k =
β

2
(Dyixk

H + βDyiyk
H),

for i, k = 1, . . . , n.
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Using formula (6) in the integrals
∫

R2n Kϕf dµ,
∫

R2n DxiϕKDxiϕdµ, and∫
R2n DyiϕKDyiϕdµ we get

λ

∫
R2n

(α|Dxϕ|2 + β|Dyϕ|2)dµ

+
∫

R2n

(α2
∑
i,k

(Dxixk
ϕ)2 + 2αβ

∑
i,k

(Dxiyk
ϕ)2 + β2

∑
i,k

(Dyiyk
ϕ)2)dµ

+
∫

R2n

(〈SDϕ, Dϕ〉 + 2(〈DyH, Dxϕ〉 − 〈DxH, Dyϕ〉)f dµ

= 2
∫

R2n

(f − λϕ)fdµ ≤ 4‖f‖2.

(We have used (9) in the last inequality.) Since the second-order derivatives of H
are bounded, there is c > 0 such that∣∣∣∣ ∫

R2n

〈SDϕ, Dϕ〉dµ

∣∣∣∣ ≤ c

∫
R2n

|Dϕ|2dµ ≤ 2c

λ
‖f‖2.

By Lemma 2.1, the function 〈DyH, Dxϕ〉 − 〈DxH, Dyϕ〉 belongs to L2(R2n, µ),
and its norm does not exceed (C‖ |Dϕ|2 ‖2 + ‖ |D2ϕ| ‖2)1/2. Therefore,∣∣∣∣ ∫

R2n

(〈DyH, Dxϕ〉 − 〈DxH, Dyϕ〉)f dµ

∣∣∣∣ ≤ (C‖ |Dϕ|2 ‖2 + ‖ |D2ϕ| ‖2)1/2‖f‖

≤ ε

2
(C‖ |Dϕ|2 ‖2 + ‖ |D2ϕ| ‖2) +

1
2ε

‖f‖2,

for every ε > 0 (we have used (10) in the last inequality). Choosing ε small enough,
in such a way that

ε‖ |D2ϕ| ‖2 ≤
∫

R2n

(α2
∑
i,k

(Dxixk
ϕ)2 + 2αβ

∑
i,k

(Dxiyk
ϕ)2 + β2

∑
i,k

(Dyiyk
ϕ)2)dµ

estimate (11) follows. �

Remark 2.3. In the estimate of the second-order derivatives of ϕ we have not used
the full assumption that H has bounded second-order derivatives, but only its
consequence 〈Sξ, ξ〉 ≥ κ|ξ|2, for some κ ∈ R and all ξ ∈ R2n. This shows that
the assumption that all the second-order derivatives of H could be weakened if we
only want to prove that the domain of K is contained in H2(R2n, µ).

3. Further properties of K and T (t)

The operator K belongs to a class of elliptic operators with unbounded coefficients
recently studied in [1, 2],

ϕ �→ Tr(QD2ϕ) + 〈F, Dϕ〉.
In our case the coefficients of the matrix Q are constant, and the derivatives of
every component of F are bounded. Therefore, the assumptions of [1, Prop. 4.3]
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are satisfied, and it yields pointwise estimates of the space derivatives of T (t)ϕ.
Precisely,

|DT (t)ϕ(x, y)|2 ≤ σ

2ν(1 − e−σt)
(T (t)ϕ2)(x, y), ϕ ∈ L2(R2n, µ), t > 0,

where σ = 2 supξ∈R2n\{0}〈DF · ξ, ξ〉/|ξ|2, DF being the Jacobian matrix of F , and
ν is the ellipticity constant which is the minimum between α/2 and β/2 in our
case. Integrating over R2n we get, for each t > 0,

‖ |DT (t)ϕ| ‖2
L2(R2n,µ) ≤ σ

2ν(1 − e−σt)

∫
R2n

T (t)ϕ2dµ =
σ

2ν(1 − e−σt)
‖ϕ‖2

L2(R2n,µ),

(12)
which implies

(i) ‖ |DT (t)ϕ| ‖L2(R2n,µ) ≤ C√
t
‖ϕ‖L2(R2n,µ), 0 < t ≤ 1,

(ii) ‖ |DT (t)ϕ| ‖L2(R2n,µ) ≤ C‖ϕ‖L2(R2n,µ), t ≥ 1.

(13)

An important consequence of the gradient estimates (13) and of Lemma 2.1
is analyticity of T (t).

Proposition 3.1. T (t) maps L2(R2n, µ) into H2(R2n, µ) for every t > 0, and there
is C > 0 such that

‖KT (t)ϕ‖L2(R2n,µ) ≤ C

t
‖ϕ‖L2(R2n,µ), 0 < t ≤ 1, ϕ ∈ L2(R2n, µ).

Proof. Let ϕ ∈ H2(R2n, µ). Then u(t, ·) := T (t)ϕ satisfies ut = Ku for t ≥ 0. By
general regularity results for parabolic equations, ut and the second-order space
derivatives of u have first-order space derivatives in L2

loc(R
2n), and for i = 1, . . . , n,

Dxiut = DtDxiu = KDxiu + 〈DyDxiH, Dxu〉 − 〈DxDxiH, Dyu〉,

Dyiut = DtDyiu = KDyiu + 〈DyDyiH, Dxu〉 − 〈DxDyiH, Dyu〉.
Therefore, denoting by zi either xi or yi, we have

Dt(Dziu−T (t)Dziϕ) = K(Dziu−T (t)Dziϕ) + 〈DyDziH, Dxu〉 − 〈DxDziH, Dyu〉

so that

DziT (t)ϕ − T (t)Dziϕ

=
∫ t

0

T (t − s)〈DyDziH, DxT (s)ϕ〉 − 〈DxDziH, DyT (s)ϕ〉ds := Jziϕ(t).

Let C be the constant in (13), and let C1 be the maximum of the sup norm of all
the second-order derivatives of H . Then for 0 < t ≤ 1 we have

‖Jziϕ(t)‖L2(R2n,µ) ≤ C1

∫ t

0

C√
s

ds ‖ϕ‖L2(R2n,µ) = 2C1C
√

t‖ϕ‖L2(R2n,µ),
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and, more important,

‖ |DJziϕ(t)| ‖L2(R2n,µ) ≤ C1

∫ t

0

C√
t − s

C√
s

ds ‖ϕ‖L2(R2n,µ),

= C1C
2

∫ 1

0

1
(1 − σ)1/2σ1/2

dσ ‖ϕ‖L2(R2n,µ) := C2‖ϕ‖L2(R2n,µ).

(14)

From the equality

DzjziT (t)ϕ = Dzj DziT (t/2)T (t/2)ϕ

= Dzj T (t/2)DziT (t/2)ϕ + DzjJzi(T (t/2)ϕ)(t/2)

we get, using (13)(i) and (14),

‖DzjziT (t)ϕ‖L2(R2n,µ) ≤
(

C√
t/2

)2

‖ϕ‖L2(R2n,µ) + C2‖ϕ‖L2(R2n,µ).

This estimate and Lemma 2.1 yield

‖KT (t)ϕ‖L2(R2n,µ) ≤ C

t
‖ϕ‖L2(R2n,µ), 0 < t ≤ 1.

Since H2(R2n, µ) is dense in L2(R2n, µ), the statement follows. �

We can improve estimate (13)(ii), showing that ‖ |DT (t)ϕ| ‖L2(R2n,µ) goes to
0 as t → +∞.

Lemma 3.2. For all ϕ ∈ L2(R2n, µ), limt→+∞ ‖ |DT (t)ϕ| ‖L2(R2n,µ) = 0.

Proof. Let ϕ ∈ H2(R2n, µ). From the equality

d

dt
‖T (t)ϕ‖2 = 2

∫
R2n

T (t)ϕKT (t)ϕdµ

we obtain

‖T (t)ϕ‖2 − ‖ϕ‖2 = 2
∫ t

0

∫
R2n

T (s)ϕKT (s)ϕdµ ds

and using (7) we get

‖T (t)ϕ‖2 +
∫ t

0

∫
R2n

(α|DxT (s)ϕ|2 + β|DyT (s)ϕ|2)dµ ds = ‖ϕ‖2, t > 0. (15)

Therefore, the function

χϕ(s) :=
∫

R2n

(α|DxT (s)ϕ|2 + β|DyT (s)ϕ|2)dµ, s ≥ 0,

is in L1(0, +∞), and its L1 norm does not exceed ‖ϕ‖2. Its derivative is

χ′
ϕ(s) =

∫
R2n

(2α〈DxT (s)ϕ, DxT (s)Kϕ〉 + 2β〈DyT (s)ϕ, DyT (s)Kϕ〉)dµ
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so that

|χ′
ϕ(s)| ≤ 2

(∫
R2n

α|DxT (s)ϕ|2dµ

)1/2(∫
R2n

α|DxT (s)Kϕ|2dµ

)1/2

+ 2
(∫

R2n

β|DyT (s)ϕ|2)dµ

)1/2(∫
R2n

β|DyT (s)Kϕ|2)dµ

)1/2

≤ χϕ(s) + χKϕ(s).

Therefore, also χ′
ϕ is in L1(0, +∞). This implies that lims→+∞ χϕ(s) = 0, and

the statement holds for every ϕ ∈ H2(R2n, µ). For general ϕ ∈ L2(R2n, µ) the
statement follows approaching ϕ by a sequence of functions in H2(R2n, µ) and
using estimate (13)(ii). �

The lemma has some interesting consequences.
First, the kernel of K consists of constant functions. This is because if ϕ ∈

Ker K then T (t)ϕ = ϕ for each t > 0, so that Dϕ = DT (t)ϕ goes to 0 as t goes
to +∞, hence Dϕ = 0 and ϕ is constant. So, we have a sort of Liouville theorem
for K.

Second, for each ϕ ∈ L2(R2n, µ), T (t)ϕ converges weakly to the mean value
ϕ of ϕ as t → +∞. This is because T (t)ϕ is bounded, hence there is a sequence
tn → +∞ such that T (tn)ϕ converges weakly to some limit g ∈ L2(R2n, µ), each
derivative DziT (tn)ϕ converges strongly to 0, and since the derivatives are closed
with respect to the weak topology too, then Dzig = 0 and g is constant. The
constant has to be equal to the mean value of ϕ because µ is invariant, and hence

g =
∫

R2n

g dµ = lim
n→∞

∫
R2n

T (tn)ϕdµ = lim
n→∞

∫
R2n

ϕdµ = ϕ.

Strong convergence is not obvious in general. Of course if 0 is isolated in the
spectrum of K (for instance, if H2(R2n, µ) is compactly embedded in L2(R2n, µ))
then T (t)ϕ converges exponentially to the spectral projection of ϕ on the kernel
of K, which is just ϕ.
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Dirichlet Forms and
Degenerate Elliptic Operators

A.F.M. ter Elst, Derek W. Robinson, Adam Sikora and Yueping Zhu

Dedicated to Philippe Clément on the occasion of his retirement

Abstract. It is shown that the theory of real symmetric second-order elliptic
operators in divergence form on Rd can be formulated in terms of a regular
strongly local Dirichlet form irregardless of the order of degeneracy. The be-
havior of the corresponding evolution semigroup St can be described in terms
of a function (A,B) �→ d(A ; B) ∈ [0,∞] over pairs of measurable subsets

of Rd. Then
|(ϕA, StϕB)| ≤ e−d(A;B)2(4t)−1‖ϕA‖2‖ϕB‖2

for all t > 0 and all ϕA ∈ L2(A), ϕB ∈ L2(B). Moreover StL2(A) ⊆ L2(A)
for all t > 0 if and only if d(A ; Ac) = ∞ where Ac denotes the complement
of A.

Mathematics Subject Classification (2000). 35Hxx, 35J70, 47A52, 31C25.

1. Introduction

The usual starting point for the analysis of second-order divergence-form elliptic
operators with measurable coefficients is the precise definition of the operator by
quadratic form techniques. Let cij = cji ∈ L∞(Rd : R), the real-valued bounded
measurable functions on Rd, and assume that the d×d-matrix C = (cij) is positive-
definite almost-everywhere. Then define the quadratic form h by

h(ϕ) =
d∑

i,j=1

(∂iϕ, cij∂jϕ) (1)

where ∂i = ∂/∂xi and ϕ ∈ D(h) = W 1,2(Rd). It follows that h is positive and the
corresponding sesquilinear form h(· , ·) is symmetric. Therefore if h is closed there is
a canonical construction which gives a unique positive self-adjoint operator H such

This work was supported by an Australian Research Council (ARC) Discovery Grant DP 0451016.
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that D(h) = D(H1/2), h(ϕ) = ‖H1/2ϕ‖2
2 for all ϕ ∈ D(h) and h(ψ, ϕ) = (ψ, Hϕ)

if ψ ∈ D(h) and ϕ ∈ D(H). Here and in the sequel ‖ · ‖p denotes the Lp-norm.
Formally one has

H = −
d∑

i,j=1

∂i cij ∂j .

The critical point in the form approach is that h must be closed. But h is closed if
and only if there is a µ > 0 such that C ≥ µI (see, for example, [13], Proposition 2),
i.e., if and only if the operator H is strongly elliptic. Therefore the construction
of H is not directly applicable to degenerate elliptic operators. Nevertheless re-
finements of the theory of quadratic forms allow a precise definition of the elliptic
operator. There are two distinct cases.

First, it is possible that h is closable on W 1,2(Rd). Then one can repeat the
previous construction to obtain the self-adjoint elliptic operator associated with the
closure h of h. For example, let Ω be an open subset of Rd with |∂Ω| = 0. Suppose
supp C = Ω and C(x) ≥ µI > 0 uniformly for all x ∈ Ω. Then h is closable. Indeed
the restriction of h to W 1,2(Ω) is closed as a form on the subspace L2(Ω) and the
corresponding self-adjoint operator HΩ can be interpreted as the strongly elliptic
operator with coefficients C acting on L2(Ω) with Neumann boundary conditions.
Then the form corresponding to the operator HΩ ⊕ 0 on L2(Rd), where HΩ acts
on the subspace L2(Ω), is the closure of h.

Secondly, it is possible that h is not closable. There are many sufficient con-
ditions for closability of the form (1) (see, for example, [14], Section 3.1, or [22],
Chapter II) and if d = 1 then necessary and sufficient conditions are given by
[14], Theorem 3.1.6. The latter conditions restrict the possible degeneracy. But
Simon [30], Theorems 2.1 and 2.2, has shown that a general positive quadratic
form h can be decomposed as a sum h = hr + hs of two positive forms with
D(hr) = D(h) = D(hs) with hr the largest closable form majorized by h. Simon
refers to hr as the regular part of h. Then one can construct the operator H0 as-
sociated with the closure h0 = hr of the regular part of h. Note that if h is closed
then h0 = h and if h is closable then h0 = h so in both cases H0 coincides with
the previously defined elliptic operator. Therefore this method can be considered
as the generic method of defining the operator associated with the form (1).

There is an alternative method of constructing H0 which demonstrates more
clearly its relationship with the formal definition of the elliptic operator. Introduce
the form l by D(l) = D(h) = W 1,2(Rd) and

l(ϕ) =
d∑

i=1

‖∂iϕ‖2
2 .

Then l is closed and the corresponding positive self-adjoint operator is the usual
Laplacian ∆. Furthermore for each ε > 0 the form hε = h + ε l with domain
D(hε) = D(h) is closed. The corresponding positive self-adjoint operators Hε

are strongly elliptic operators with coefficients cij + ε δij . These operators form a
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decreasing sequence which, by a result of Kato [21], Theorem VIII.3.11, converges
in the strong resolvent sense to a positive self-adjoint operator. The limit is the
operator H0 associated with the form h0 by [30], Theorem 3.2. The latter method
of construction of H0 as a limit of the Hε was used in [13] and [12] and motivated
the terminology viscosity operator for H0 and viscosity form for h0. The form hr

constructed by Simon also occurs in the context of nonlinear phenomena and
discontinuous media and is variously described as the regularization or relaxation
of h (see, for example, [5], [11], [20], [8], [23] and references therein).

Although the viscosity form provides a basis for the analysis of degener-
ate elliptic operators its indirect definition makes it difficult to deduce even the
most straightforward properties. Simon, [29], Theorem 2, proved that D(h0) con-
sists of those ϕ ∈ L2(Rd) for which there is a sequence ϕn ∈ D(h) such that
limn→∞ ϕn = ϕ in L2 and lim infn→∞ h(ϕn) < ∞. Moreover, h0(ϕ) equals the
minimum of all lim infn→∞ h(ϕn), where the minimum is taken over all ϕ1, ϕ2, . . . ∈
D(h) such that limn→∞ ϕn = ϕ in L2. (See [29], Theorem 3.) It was observed in
[13] that this characterization allows one to deduce that h0 is a Dirichlet form.
The first purpose of this note is to use the theory of Dirichlet forms (see [14],
[6] for background material) to strengthen the earlier conclusion. Specifically we
establish the following result in Section 2.

Theorem 1.1. The viscosity form h0 is a regular local Dirichlet form.

The regularity is straightforward but the locality is not so evident and re-
quires some control of the dissipativity of the semigroup S(0) generated by the
viscosity operator H0. Note that we adopt the terminology of [6] which differs
from that of [14]. Locality in [6] corresponds to strong locality in [14] if the form
is regular. (See [26] for a detailed study of the different forms of locality (in the
sense of [14]).)

Our second purpose is to extend earlier results on L2 off-diagonal bounds for
the semigroup S(0) generated by the viscosity operator H0. These bounds, which
are also referred to as Davies-Gaffney estimates, integrated Gaussian estimates or
an integrated maximum principle (see, for example, [2], [7], [10], [16], [31], [32]),
give upper bounds on the cross-norm ‖S(0)

t ‖A→B of the semigroup S
(0)
t between

subspaces L2(A) and L2(B) of the form

‖S(0)
t ‖A→B ≤ e−d(A;B)2(4t)−1

(2)

where d(A ; B) is an appropriate measure of distance between the subsets A and B
of Rd. In the case of strongly elliptic operators there is an essentially unique
distance, variously referred to as the Riemannian distance, the intrinsic distance
or the control distance, suited to the problem. But for degenerate elliptic operators,
which exhibit phenomena of separation and isolation [12], the Riemannian distance
is not necessarily appropriate.

We will establish estimates in terms of a set-theoretic function which is not
strictly a distance since it can take the value infinity. The function is defined
by a version of a standard variational principle which has been used widely in
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the analysis of strongly elliptic operators and which was extended to the general
theory of Dirichlet forms by Biroli and Mosco [3], [4]. In the case of strongly elliptic
operators or subelliptic operators with smooth coefficients this method gives a
distance equivalent to the Riemannian distance obtained by path methods (see,
for example, [18], Section 3). In the degenerate situation we make a choice of the
set of variational functions which gives a distance compatible with the separation
properties. In particular d(A ; Ac) = ∞ if and only if S

(0)
t L2(A) ⊆ L2(A), where Ac

is the complement of A. Our choice is aimed to maximize the distance and thereby
optimize the bounds (2). We carry out the analysis in a general setting of local
Dirichlet forms which is applicable to degenerate elliptic operators defined as above
but has a wider range of applicability.

Let X be a topological Hausdorff space equipped with a σ-finite Borel mea-
sure µ. Further let E be a local Dirichlet form on L2(X) in the sense of [6]. First,
for all ψ ∈ D(E) ∩ L∞(X :R) define I(E)

ψ : D(E) ∩ L∞(X :R) → R by

I(E)
ψ (ϕ) = E(ψ ϕ, ψ) − 2−1E(ψ2, ϕ) .

If no confusion is possible we drop the suffix and write Iψ(ϕ) = I(E)
ψ (ϕ). If ϕ ≥ 0 it

follows that ψ �→ Iψ(ϕ) ∈ R is a Markovian form with domain D(E) ∩ L∞(X :R)
(see [6], Proposition I.4.1.1). This form is referred to as the truncated form by
Roth [25], Theorem 5.

Secondly, define D(E)loc as the vector space of (equivalent classes of) all
measurable functions ψ : X → C such that for every compact subset K of X

there is a ψ̂ ∈ D(E) with ψ|K = ψ̂|K . Since E is local one can define Î(E)
ψ =

Îψ : D(E) ∩ L∞,c(X :R) → R by

Îψ(ϕ) = Iψ̂(ϕ)

for all ψ ∈ D(E)loc ∩ L∞(X : R) and ϕ ∈ D(E) ∩ L∞,c(X : R) where ψ̂ ∈ D(E) ∩
L∞(X :R) is such that ψ|suppϕ = ψ̂|supp ϕ. Here L∞,c(X :R) = {ϕ ∈ L∞(X :R) :
supp ϕ is compact} and (suppϕ)c is the union of all open subsets U ⊆ X such
that ϕ|U = 0 almost everywhere. Thirdly, for all ψ ∈ D(E)loc ∩ L∞(X :R) define

|||Îψ ||| = sup{|Îψ(ϕ)| : ϕ ∈ D(E) ∩ L∞,c(X :R), ‖ϕ‖1 ≤ 1} ∈ [0,∞] .

Fourthly, for all ψ ∈ L∞(X :R) and measurable sets A, B ⊂ X introduce

dψ(A ; B) = sup{M ∈ R : ψ(a) − ψ(b) ≥ M for a.e. a ∈ A and a.e. b ∈ B}

= ess inf
x∈A

ψ(x) − ess sup
y∈B

ψ(y) ∈ 〈−∞,∞] .

(Recall that ess supy∈B ψ(y) = inf{m ∈ R : |{y ∈ B : ψ(y) > m}| = 0} ∈ [−∞,∞〉
and ess infx∈A ψ(x) = − ess supx∈A −ψ(x).) Finally define the set theoretic dis-
tance

d(A ; B) = d(E)(A ; B) = sup{dψ(A ; B) : ψ ∈ D0(E)} ,
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where
D0(E) = {ψ ∈ D(E)loc ∩ L∞(X :R) : |||Îψ||| ≤ 1} .

A similar definition was given by Hino and Ramirez [17], but since they consider
probability spaces the introduction of D(E)loc is unnecessary in [17]. If, however,
we were to replace D(E)loc by D(E) in the definition of d(A ; B) then, since ψ ∈
L2(X), one would obtain dψ(A ; B) ≤ 0 for all measurable sets A, B ⊂ X with
|A| = |B| = ∞ and this would give d(A ; B) = 0. On the other hand the definition
with D(E)loc is not useful unless D(E) contains sufficient bounded functions of
compact support.

Theorem 1.2. Let E be a local Dirichlet form on L2(X) with 1 ∈ D(E)loc and such
that D(E) ∩ L∞,c(X) is a core for E. Further let d(· ; ·) denote the corresponding
set-theoretic distance. If S denotes the semigroup generated by the self-adjoint
operator H on L2(X) associated with E and if A and B are measurable subsets
of X then

|(ϕA, StϕB)| ≤ e−d(A ;B)2(4t)−1‖ϕA‖2‖ϕB‖2

for all ϕA ∈ L2(A), ϕB ∈ L2(B) and t > 0 with the convention e−∞ = 0.

This applies in particular to the viscosity operator H0. One has D(l) =
D(h) ⊆ D(h0). Hence 1 ∈ D(l)loc ⊆ D(h0)loc.

Theorem 1.2 will be proved in Section 3.
If h is closed, i.e., if the corresponding operator is strongly elliptic, then

d(h)(· ; ·) is finite-valued. Nevertheless for degenerate operators one can have
d(h)(A ; B) = ∞ with A, B non-empty open subsets of Rd and the action of the
semigroup S(0) can be non-ergodic [12].

Specifically we establish the following result in Section 4.

Theorem 1.3. Let E be a local Dirichlet form on L2(X) with 1 ∈ D(E)loc and such
that D(E) ∩ L∞,c(X) is a core for E. Further let d(· ; ·) denote the corresponding
set-theoretic distance. If S denotes the semigroup generated by the self-adjoint
operator H on L2(X) associated with E and A ⊂ X is measurable then the following
conditions are equivalent.
I. StL2(A) ⊆ L2(A) for one t > 0.
II. StL2(A) ⊆ L2(A) for all t > 0.
III. d(A ; Ac) = ∞.
IV. d(A ; Ac) > 0.

We conclude by deriving alternate characterizations of the distance and de-
riving some of its general properties in Section 5.

2. Dirichlet forms

In this section we prove that the form h0 defined in the introduction is a regular
strongly local Dirichlet form. First we recall the basic definitions.



78 A.F.M. ter Elst, D.W. Robinson, A. Sikora and Yueping Zhu

A Dirichlet form E on L2(X) is called regular if there is a subset of D(E) ∩
Cc(X) which is a core of E , i.e., which is dense in D(E) with respect to the natural
norm ϕ �→ (E(ϕ) + ‖ϕ‖2

2)
1/2, and which is also dense in C0(X) with respect to

the supremum norm. There are three kinds of locality for Dirichlet forms [6], [14].
For locality we choose the definition of [6]. A Dirichlet form E is called local if
E(ψ, ϕ) = 0 for all ϕ, ψ ∈ D(E) and a ∈ R such that (ϕ + a1)ψ = 0. Alternatively,
the Dirichlet form E is called [14]-local if E(ψ, ϕ) = 0 for all ϕ, ψ ∈ D(E) with
supp ϕ and suppψ compact and supp ϕ ∩ supp ψ = ∅. Moreover, it is called [14]-
strongly local if E(ψ, ϕ) = 0 for all ϕ, ψ ∈ D(E) with suppϕ and suppψ compact
and ψ constant on a neighborhood of suppϕ. Every [14]-strongly local Dirichlet
form is [14]-local and if X satisfies the second axiom of countability then every
local Dirichlet form (in the sense of [6]) is [14]-strongly local. If X is a locally
compact separable metric space and µ is a Radon measure such that suppµ = X ,
then a regular [14]-strongly local Dirichlet form is local (in the sense of [6]) by [6]
Remark I.5.1.5 and Proposition I.5.1.3 (L0) ⇒ (L2).

Lemma 2.1. The form h0 is regular. Moreover, every core for the form l of the
Laplacian is a core for h0.

Proof. Let hr be the regular part of h as in [30]. Then D(hr) = D(h) and h0 is
the closure of hr by definition. So D(l) = D(h) = D(hr) is a core for h0. Since
h0 ≤ h ≤ ‖C‖ l, where ‖C‖ denotes the essential supremum of the matrix norms
‖C(x)‖, it follows that any core for l is also a core for h0.

Finally, since C∞
c (Rd) ⊂ W 1,2(Rd) = D(h) ⊂ D(h0) the set C∞

c (Rd) ⊂
D(h0) ∩ Cc(Rd) is a core of h0 and is dense in C0(Rd). �

Next we examine the locality properties.

Proposition 2.2. The form h0 is local.

Proof. First note that the [14]-locality of h0 is an easy consequence of Lemma 3.5
in [12]. Fix ϕ, ψ ∈ D(h0) with suppϕ∩ supp ψ = ∅. If D is the Euclidean distance
between the support of ϕ and the support of ψ then

|h0(ψ, ϕ)| = lim
t→0

t−1|(ψ, S
(0)
t ϕ)| ≤ lim

t→0
t−1e−D2(4‖C‖t)−1‖ψ‖2‖ϕ‖2 = 0

where we have used (ψ, ϕ) = 0 and the statement of [12], Lemma 3.5. The proof
of [14]-strong locality is similar but depends on the estimates derived in the proof
of Lemma 3.5.

Fix ϕ, ψ ∈ D(h0) with suppϕ and suppψ compact and ψ = 1 on a neighbor-
hood U of supp ϕ. It suffices, by the remark preceding Lemma 2.1, to prove that
h0(ψ, ϕ) = 0. We may assume the support of ψ is contained in the Euclidean ball
BR centred at the origin and with radius R > 0. Set χR = 1BR . Since S

(0)
t 1 = 1,

by Proposition 3.6 of [12], one has (ψ, ϕ) = (1, ϕ) = (1, S
(0)
t ϕ). Therefore

t−1(ψ, (I − S
(0)
t )ϕ) = t−1((χR − ψ), S(0)

t ϕ) − t−1((χR − 1), S(0)
t ϕ) . (3)
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Now let D denote the Euclidean distance from suppϕ to U c. It follows by assump-
tion that D > 0. Then by Lemma 3.5 of [12] there is a c > 0 such that

t−1|((χR − ψ), S(0)
t ϕ)| ≤ t−1e−D2(4‖C‖t)−1‖χR − ψ‖2‖ϕ‖2

≤ c Rd/2 t−1e−D2(4‖C‖t)−1
(4)

uniformly for all large R and all t > 0. The factor Rd/2 comes from the L2-
norm of χR. Alternatively the estimate used in the proof of Proposition 3.6 in [12]
establishes that there are a, b > 0 such that

|((1 − χR), S(0)
t ϕ)| ≤ a

∞∑
n=2

nd/2Rd/2e−bn2R2t−1‖ϕ‖2

uniformly for all R, t > 0 such that supp ϕ ⊂ B2−1R. Next there is a c′ > 0 such
that

∑∞
n=2 nd/2 e−αn2 ≤ c′ α−(d+2)/4e−α uniformly for all α > 0. Hence there is a

c′′ > 0 such that

t−1|((1 − χR), S(0)
t ϕ)| ≤ c′′ R−1t(d−2)/4e−bR2t−1

.

Combining this with (3) and (4) one has

t−1|(ψ, (I − S
(0)
t )ϕ)| ≤ c Rd/2t−1e−D2(4‖C‖t)−1

+ c′′ R−1t(d−2)/4e−bR2t−1

for all large R and all t > 0. Taking the limit t → 0 establishes that h0(ψ, ϕ) = 0.
Since h0 is regular it follows that h0 is local. �

3. L2 off-diagonal bounds

In this section we prove the L2 off-diagonal bounds of Theorem 1.2. Initially we
assume that E is a local Dirichlet form on L2(X) without assuming any kind of
regularity. The proof of the theorem follows by standard reasoning based on an
exponential perturbation technique used by Gaffney [15] and subsequently devel-
oped by Davies [9] in the proof of pointwise Gaussian bounds. It is essential to
establish that the perturbation of the Dirichlet form is quadratic. But this is a
general consequence of locality. To exploit the latter property we use a result of
Andersson [1] and [25].

Proposition 3.1. Let E be a local Dirichlet form on L2(X) and ϕ1, . . . , ϕn ∈ D(E)∩
L∞(X :R). Then for all i, j ∈ {1, . . . , n} there exists a unique real Radon measure
σ

(E,ϕ1,...,ϕn)
ij = σ

(ϕ1,...,ϕn)
ij on Rn such that σ

(ϕ1,...,ϕn)
ij = σ

(ϕ1,...,ϕn)
ji for all i, j ∈

{1, . . . , n} and

E(F0(ϕ1, . . . , ϕn), G0(ϕ1, . . . , ϕn)) =
n∑

i,j=1

∫
Rn

dσ
(ϕ1,...,ϕn)
ij

∂F

∂xi

∂G

∂xi
(5)

for all F, G ∈ C1(Rn) where F0 = F − F (0) and G0 = G − G(0). Let K be a
compact subset of Rn such that (ϕ1(x), . . . , ϕn(x)) ∈ K for a.e. x ∈ X. Then
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supp σ
(ϕ1,...,ϕn)
ij ⊆ K for all i, j ∈ {1, . . . , n}. In particular, if i ∈ {1, . . . , n} then

σ
(ϕ1,...,ϕn)
ii is a finite (positive) measure.

Moreover, if F is a second local Dirichlet form with E ≤ F then∫
dσ

(E,ϕ1,...,ϕn)
ii χ ≤

∫
dσ

(F ,ϕ1,...,ϕn)
ii χ (6)

for all ϕ1, . . . , ϕn ∈ D(F)∩L∞(X :R), i ∈ {1, . . . , n} and χ ∈ Cc(Rd) with χ ≥ 0.

Proof. Theorem I.5.2.1 of [6], which elaborates a result of Andersson [1], establishes
that there exist unique real Radon measures σ

(ϕ1,...,ϕn)
ij such that σ

(ϕ1,...,ϕn)
ij =

σ
(ϕ1,...,ϕn)
ji for all i, j ∈ {1, . . . , n} and (5) is valid for all F, G ∈ C1

c (Rd). Moreover,∑n
i,j=1 ξi ξj σ

(ϕ1,...,ϕn)
ij is a (positive) measure for all ξ ∈ Rn. Let ξ ∈ Rn and

χ ∈ C1
c (Rn). For all λ > 0 define Fλ ∈ C1

c (Rn) by Fλ(x) = eiλx·ξ χ(x). Then it
follows from (5) that

lim
λ→∞

λ−2 E(Fλ,0(ϕ1, . . . , ϕn)) =
∫ n∑

i,j=1

ξi ξj dσ
(E,ϕ1,...,ϕn)
ij |χ|2 . (7)

So if suppχ ⊂ Kc then the left-hand side of (7) vanishes. Hence suppσ
(ϕ1,...,ϕn)
ij ⊆

K. But then (5) extends to all F, G ∈ C1(Rn). Moreover the measure σ
(ϕ1,...,ϕn)
ii

is finite for all i ∈ {1, . . . , n} since σ
(ϕ1,...,ϕn)
ii is regular.

Finally, if F is a second local Dirichlet form with E ≤ F then it follows from
(7), applied to E and F , that∫ n∑

i,j=1

ξi ξj dσ
(E,ϕ1,...,ϕn)
ij |χ|2 ≤

∫ n∑
i,j=1

ξi ξj dσ
(F ,ϕ1,...,ϕn)
ij |χ|2

for all χ ∈ C1
c (Rn) and ξ ∈ Rn. Setting ξ = ei gives (6) by a density argument. �

Now we are prepared to prove the essential perturbation result for elements
in D(E) ∩ L∞(X :R).

Proposition 3.2. If E is a local Dirichlet form then

E(ϕ, ϕ) − E(e−ψϕ, eψϕ) = I(E)
ψ (ϕ2)

for all ϕ, ψ ∈ D(E) ∩ L∞(X : R). Moreover, if F is a second local Dirichlet form
with E ≤ F then

I(E)
ψ (ϕ) ≤ I(F)

ψ (ϕ)
for all ϕ, ψ ∈ D(F) ∩ L∞(X :R) with ϕ ≥ 0.

Proof. Observe that

E(ϕ, ϕ) − E(e−ψϕ, eψϕ) = −E((e−ψ − 1)ϕ, (eψ − 1)ϕ)

− E((e−ψ − 1)ϕ, ϕ) − E(ϕ, (eψ − 1)ϕ) .

Now we can apply Proposition 3.1 with n = 2 to each term on the right-hand side.
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First, one has

− E((e−ψ − 1)ϕ, (eψ − 1)ϕ)

=
∫

dσ
(ψ,ϕ)
1,1 (x1, x2)x2

2

+
∫

dσ
(ψ,ϕ)
1,2 (x1, x2) (e−x1(ex1 − 1) − ex1(e−x1 − 1))x2

−
∫

dσ
(ψ,ϕ)
2,2 (x1, x2) (e−x1 − 1)(ex1 − 1) .

Secondly,

− E((e−ψ − 1)ϕ, ϕ) − E(ϕ, (eψ − 1)ϕ)

=
∫

dσ
(ψ,ϕ)
1,2 (x1, x2) (e−x1 − ex1)x2

−
∫

dσ
(ψ,ϕ)
2,2 (x1, x2) ((e−x1 − 1) + (ex1 − 1)) .

Therefore, by addition,

E(ϕ, ϕ) − E(e−ψϕ, eψϕ) =
∫

dσ
(ψ,ϕ)
1,1 (x1, x2)x2

2 .

Thirdly, two more applications of Proposition 3.1 give

E(ψϕ2, ψ) =
∫

dσ
(ψ,ϕ)
1,1 (x1, x2)x2

2 + 2
∫

dσ
(ψ,ϕ)
1,2 (x1, x2)x1x2

and

2−1E(ψ2, ϕ2) = 2
∫

dσ
(ψ,ϕ)
1,2 (x1, x2)x1 x2 .

Therefore, by subtraction,

Iψ(ϕ2) = E(ψϕ2, ψ) − 2−1E(ψ2, ϕ2) =
∫

dσ
(ψ,ϕ)
1,1 (x1, x2)x2

2

which gives the identity in the proposition.
Finally suppose ϕ ≥ 0. Then one calculates similarly that

Iψ(ϕ) =
∫

dσ
(ψ,ϕ)
1,1 (x1, x2)x2 .

But suppσ
(ψ,ϕ)
1,1 ⊆ [−‖ψ‖∞, ‖ψ‖∞] × [0, ‖ϕ‖∞] by Proposition 3.1. Hence

Iψ(ϕ) =
∫

dσ
(ψ,ϕ)
1,1 (x1, x2) (x2 ∨ 0) .

Then the inequality follows immediately from the last part of Proposition 3.1. �
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The following lemma is useful.

Lemma 3.3. Let E be a local Dirichlet form.

I. If ψ1, ψ2, ϕ ∈ D(E) ∩ L∞(X :R) with ϕ ≥ 0 then

Iψ1+ψ2(ϕ)1/2 ≤ Iψ1(ϕ)1/2 + Iψ2(ϕ)1/2 .

II. If χ, ψ, ϕ ∈ D(E) ∩ L∞(X :R) then

|Iχ ψ(ϕ)|1/2 ≤ Iψ(χ2 |ϕ|)1/2 + Iχ(ψ2 |ϕ|)1/2 .

Proof. For all ψ1, ψ2, ϕ ∈ D(E) ∩ L∞(X :R) set

Iψ1,ψ2(ϕ) = 2−1E(ψ1 ϕ, ψ2) + 2−1E(ψ2 ϕ, ψ1) − 2−1E(ψ1 ψ2, ϕ) .

Then (
(ψ1, ϕ1), (ψ2, ϕ2)

)
�→ Iψ1,ψ2(ϕ1 ϕ2)

is a positive symmetric bilinear form on (D(E) ∩ L∞(X : R))2 by [6] Proposi-
tion I.4.1.1. Hence Statement I follows by the corresponding norm triangle in-
equality applied to the vectors (ψ1, ϕ

1/2) and (ψ2, ϕ
1/2).

It follows as in the proof of Proposition 3.2 that the bilinear form satisfies
the Leibniz rule

Iψ1ψ3,ψ2(ϕ) = Iψ1,ψ2(ψ3 ϕ) + Iψ3,ψ2(ψ1 ϕ)

for all ψ1, ψ2, ψ3, ϕ ∈ D(E)∩L∞(X :R). But the Cauchy-Schwarz inequality states
that

|Iψ1,ψ2(ϕ1 ϕ2)| ≤ Iψ1(ϕ
2
1)

1/2 Iψ2(ϕ
2
2)

1/2

for all ψ1, ψ2, ϕ1, ϕ2 ∈ D(E) ∩ L∞(X : R). Now let χ, ψ, ϕ ∈ D(E) ∩ L∞(X : R).
Then

|Iχ ψ(ϕ)| ≤ Iχ ψ(|ϕ|) = Iχ(ψ2 |ϕ|) + 2 Iχ,ψ(χ ψ |ϕ|) + Iψ(χ2 |ϕ|)

≤
(
Iψ(χ2 |ϕ|)1/2 + Iχ(ψ2 |ϕ|)1/2

)2

and Statement II follows. �

We assume from now on in this and the next section that the Dirichlet form E
is local, 1 ∈ D(E)loc and D(E) ∩ L∞,c(X) is a core for E . These assumptions are
valid if X is a locally compact separable metric space and µ is a Radon measure
such that suppµ = X , the Dirichlet form is regular and [14]-strongly local.

Lemma 3.4. If ϕ ∈ D(E) and ψ ∈ D(E)loc ∩ L∞(X : R) with |||Îψ ||| < ∞ then
ψ ϕ ∈ D(E) and

E(ψ ϕ)1/2 ≤ |||Îψ|||1/2 ‖ϕ‖2 + ‖ψ‖∞ E(ϕ)1/2 .
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Proof. First assume that ϕ ∈ D(E)∩L∞,c(X :R). Since 1 ∈ D(E)loc there exists a
χ ∈ D(E) ∩ L∞(X :R) such that 0 ≤ χ ≤ 1 and χ|supp ϕ = 1. Moreover, there is a
ψ̂ ∈ D(E) such that ψ|supp ϕ = ψ̂|supp ϕ. We may assume that ψ̂ ∈ L∞(X :R) and
‖ψ̂‖∞ ≤ ‖ψ‖∞. Then it follows from locality and Lemma 3.3.II that

E(ψ ϕ)1/2 = E(ψ̂ ϕ)1/2 = Iψ̂ ϕ(χ)1/2

≤ Iψ̂(ϕ2 χ)1/2 + Iϕ(ψ̂2 χ)1/2 = Îψ(ϕ2 χ)1/2 + Iϕ(ψ̂2 χ)1/2

≤ Îψ(ϕ2)1/2 + ‖ψ̂2 χ‖1/2
∞ E(ϕ)1/2 ≤ |||Îψ|||1/2 ‖ϕ‖2 + ‖ψ‖∞ E(ϕ)1/2 .

Now let ϕ ∈ D(E). There exists a sequence ϕ1, ϕ2, . . . ∈ D(E) ∩ L∞,c(X :R) such
that limn→∞ ‖ϕ−ϕn‖2 = 0 and limn→∞ E(ϕ−ϕn) = 0. Then limn→∞ ψ ϕn = ψ ϕ
in L2(X). Moreover, it follows from the above estimates that n �→ ψ ϕn is a Cauchy
sequence in D(E). Since E is closed one deduces that ψ ϕ ∈ D(E) and the lemma
is established. �
Corollary 3.5. If ϕ ∈ D(E) and ψ ∈ D(E)loc ∩ L∞(X : R) with |||Îψ ||| < ∞ then
eψϕ ∈ D(E) and

E(eψϕ)1/2 ≤ e‖ψ‖∞
(
|||Îψ|||1/2 ‖ϕ‖2 + E(ϕ)1/2

)
.

Proof. It follows by induction from Lemma 3.4 that

E(ψn ϕ)1/2 ≤ n |||Îψ|||1/2 ‖ψ‖n−1
∞ ‖ϕ‖2 + ‖ψ‖n

∞ E(ϕ)1/2

for all n ∈ N, ϕ ∈ D(E) and ψ ∈ D(E)loc ∩ L∞(X : R) with |||Îψ ||| < ∞. Since
E(τ)1/2 = ‖H1/2τ‖2 for all τ ∈ D(E) = D(H1/2) and H1/2 is self-adjoint it follows
that eψϕ ∈ D(E) and

E(eψϕ)1/2 ≤
∞∑

n=0

n!−1
(
n |||Îψ|||1/2 ‖ψ‖n−1

∞ ‖ϕ‖2 + ‖ψ‖n
∞ E(ϕ)1/2

)
= e‖ψ‖∞

(
|||Îψ |||1/2 ‖ϕ‖2 + E(ϕ)1/2

)
as required. �

Lemma 3.6. If ψ ∈ D(E)loc ∩ L∞(X :R) with |||Îψ ||| < ∞ then

−E(e−ψϕ, eψϕ) ≤ |||Îψ ||| ‖ϕ‖2
2 (8)

for all ϕ ∈ D(E).

Proof. It follows by definition together with Proposition 3.2 that

Iψ(ϕ2) = E(ϕ2ψ, ψ) − 2−1E(ϕ2, ψ2) = E(ϕ) − E(e−ψϕ, eψϕ)

for all ϕ, ψ ∈ D(E) ∩ L∞(X :R). Therefore

−E(e−ψϕ, eψϕ) = −E(ϕ) + Îψ(ϕ2) ≤ Îψ(ϕ2)

and (8) is valid for all ψ ∈ D(E)loc ∩ L∞(X : R) and ϕ ∈ D(E) ∩ L∞,c(X : R).
But if ψ ∈ D(E)loc ∩ L∞(X : R) with |||Îψ ||| < ∞ then the maps ϕ �→ eψϕ
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and ϕ �→ e−ψϕ are continuous from D(E) into D(E) by Corollary 3.5. Moreover,
D(E) ∩ L∞,c(X) is dense in D(E). Hence the bounds (8) extend to all ϕ ∈ D(E)
and ψ ∈ D(E)loc ∩ L∞(X :R) with |||Îψ ||| < ∞. �

Next for all ψ ∈ L∞(X) define the multiplication operator Mψ : L2(X) →
L2(X) by Mψϕ = eψϕ.

Proposition 3.7. If ψ ∈ D(E) ∩ L∞(X :R) and |||Îψ||| < ∞ then

‖Mψ St M−1
ψ ‖2→2 ≤ e|||Îψ|||t

for all t > 0.

Proof. Let t > 0. It follows from Lemma 3.6 that

‖eψStϕ‖2
2 − ‖eψϕ‖2

2 = −2
∫ t

0

ds E(Ssϕ, e2ψSsϕ) ≤ 2
∫ t

0

ds |||Îψ ||| ‖eψSsϕ‖2
2

for all ϕ ∈ L2(X). Then it follows from Gronwall’s lemma that

‖eψStϕ‖2 ≤ e|||Îψ|||t‖eψϕ‖2

for all t > 0. �
Since ψ �→ Iψ(ϕ) is a quadratic form one has |||Îρψ ||| = ρ2|||Îψ ||| for all

ρ ∈ R. It is now easy to complete the proof of the second theorem.

Proof of Theorem 1.2. Let ψ ∈ D0(E). Then |||Îψ||| ≤ 1 and

|(ϕA, StϕB)| ≤ ‖e−ρψϕA‖2 ‖Mρψ St M−1
ρψ ‖2→2 ‖eρψϕB‖2

≤ e|||Îρψ|||t e−dρψ(A;B) ‖ϕA‖2 ‖ϕB‖2 ≤ eρ2t e−ρdψ(A;B) ‖ϕA‖2 ‖ϕB‖2

for all ρ > 0. Minimizing over ψ gives

|(ϕA, StϕB)| ≤ eρ2t e−ρd(A;B) ‖ϕA‖2 ‖ϕB‖2

for all ρ > 0. If d(A ; B) = ∞ then (ϕA, StϕB) = 0 and the theorem follows.
Finally, if d(A ; B) < ∞ choose ρ = (2t)−1d(A ; B). �

One immediate corollary of the theorem is that the corresponding wave equa-
tion has a finite speed of propagation by the reasoning of [27].

Corollary 3.8. Let H be the positive self-adjoint operator associated with a local
Dirichlet form E on L2(X) such that 1 ∈ D(E)loc and D(E) ∩ L∞,c(X) is a core
for E. If A, B are measurable subsets of X then

(ϕA, cos(tH1/2)ϕB) = 0

for all ϕA ∈ L2(A), ϕB ∈ L2(B) and t ∈ [−d(A ; B), d(A ; B)].

Proof. This follows immediately from Theorem 1.2 and Lemma 3.3 of [12]. �
We have already remarked in the introduction that Theorem 1.2 applies

directly to the second-order viscosity operators. Alternatively one may deduce
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off-diagonal bounds for operators on open subsets of Rd satisfying Dirichlet or
Neumann boundary conditions. As an illustration consider the Laplacian.

Example 3.9. Let X be an open subset of Rd. Define E on L2(X) by D(E) =
W 1,2

0 (X) and E(ϕ) = ‖∇ϕ‖2
2. In particular D(E) is the closure of C∞

c (X) with
respect to the norm ϕ �→ (‖∇ϕ‖2

2 + ‖ϕ‖2
2)

1/2. It follows that E is a regular local
Dirichlet form and the assumptions of Theorem 1.2 are satisfied. Therefore Theo-
rem 1.2 gives off-diagonal bounds. The self-adjoint operator corresponding to E is
the Dirichlet Laplacian on L2(X).

Example 3.10. Let Ω be an open subset of Rd with |∂Ω| = 0. Set X = Ω. Define
the form E on L2(X) = L2(Ω) by D(E) = W 1,2(Ω) and E(ϕ) = ‖∇ϕ‖2

2. Then E is
a local Dirichlet form. Fix τ ∈ C∞

c (Rd) with 0 ≤ τ ≤ 1 and τ |Be(0;1) = 1, where
Be(0 ; 1) is the Euclidean unit ball. For all n ∈ N define τn ∈ C∞

c (Rd) by τn(x) =
τ(n−1x). Then τn|Ω ∈ D(E) for all n ∈ N and therefore 1 ∈ D(E)loc. The space
D(E)∩L∞(X) is dense in D(E) by [14] Theorem 1.4.2.(iii). If ϕ ∈ D(E)∩L∞(X)
then limn→∞ τn|Ω ϕ = ϕ in W 1,2(Ω) = D(E). But for all n ∈ N the support of the
function τn|Ω ϕ, viewed as an almost everywhere defined function on X , is closed in
X , and therefore also closed in Rd. Hence this support is compact in Rd and then
also compact in X . So τn|Ω ϕ ∈ D(E)∩L∞,c(X) and the space D(E)∩L∞,c(X) is
dense in D(E). Therefore Theorem 1.2 gives off-diagonal bounds. The self-adjoint
operator corresponding to E is the Neumann Laplacian on L2(Ω).

Note that we do not assume that Ω has the segment property. In general the
Dirichlet form E is not regular on X .

4. Separation

In this section we give the proof of Theorem 1.3. In [12] we established that for
degenerate elliptic operators phenomena of separation can occur. In particular the
corresponding semigroup S is reducible, i.e., it has non-trivial invariant subspaces.
The theorem shows that such subspaces can be characterized by the set-theoretic
distance d(· ; ·).

For the proof of the implication I⇒II in Theorem 1.3 we need a variation of
an argument used to prove Theorem XIII.44 in [24] (see also [28]). The essence of
the argument is contained in the following lemma.

Lemma 4.1. Let A,B be measurable subsets of Xwith finite measure.If (St1A,1B) =
0 for one t > 0 then (St1A,1B) = 0 for all t > 0.

Proof. Set P = {t ∈ 〈0,∞〉 : (St1A,1B) > 0}. Let t ∈ P and τ > 0. Since
(St1A,1B) > 0 it follows that the product (St1A) · (1B) is not identically zero.
Let ϕ = St1A ∧ 1B. Then ϕ �= 0. Moreover,

(St+τ1A,1B) = (Sτ (St1A),1B) ≥ (Sτϕ, ϕ) = ‖Sτ/2ϕ‖2
2 > 0

because S is Markovian. Thus t + τ ∈ P and [t,∞〉 ⊂ P for all t ∈ P .
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Set N = 〈0,∞〉\P = {t ∈ 〈0,∞〉 : (St1A,1B) = 0}. If N �= ∅ then there is an
a > 0 such that 〈0, a〉 ⊂ N . But the map z �→ (Sz1A,1B) is analytic in the open
right half-plane. Hence if N �= ∅ then (St1A,1B) = 0 for all t ∈ 〈0,∞〉. �

Before we prove Theorem 1.3 we need one more lemma. Recall that we assume
throughout this section that the Dirichlet form E is local, 1 ∈ D(E)loc and D(E)∩
L∞,c(X) is a core for E . A normal contraction on R is a function F : R → R such
that |F (x) − F (y)| ≤ |x − y| for all x, y ∈ R and F (0) = 0.

Lemma 4.2.

I. If ψ ∈ D(E)loc ∩ L∞(X :R) and λ ∈ R then ψ + λ1 ∈ D(E)loc ∩ L∞(X :R)
and Îψ+λ1 = Îψ. In particular |||Îψ+λ1||| = |||Îψ |||.

II. If ψ ∈ D(E)loc ∩ L∞(X : R) and F is a normal contraction then F ◦ ψ ∈
D(E)loc ∩ L∞(X :R) and |||ÎF◦ψ||| ≤ |||Îψ |||.

III. If A, B are measurable subsets of X, M ∈ [0, d(A ; B)] ∩ R and ε > 0 then
there is a ψ ∈ D0(E) such that 0 ≤ ψ ≤ M , ψ(b) = 0 for a.e. b ∈ B and
ψ(a) ≥ M − ε for a.e. a ∈ A.

Proof. Let ϕ ∈ D(E) ∩ L∞,c(X : R). There exist ψ̂, χ ∈ D(E) ∩ L∞(X : R) such
that ψ̂|supp ϕ = ψ|supp ϕ and χ|supp ϕ = 1. Then the locality of E implies that

Îψ+λ1(ϕ) = Iψ̂+λχ(ϕ) = E((ψ̂ + λχ)ϕ, ψ̂ + λχ) − 2−1E(ϕ, (ψ̂ + λχ)2)

= E(ψ̂ ϕ, ψ̂) + λ E(ϕ, ψ̂) − 2−1
(
E(ϕ, ψ̂2) − 2E(ϕ, λ ψ̂ χ)

)
= E(ψ̂ ϕ, ψ̂) − 2−1E(ϕ, ψ̂2) = Iψ̂(ϕ) = Îψ(ϕ) .

This proves Statement I.
If F is a normal contraction on R then IF◦ψ(ϕ) ≤ Iψ(ϕ) for all ϕ, ψ ∈

D(E) ∩ L∞(X :R) with ϕ ≥ 0 by [6], Proposition I.4.1.1. Then Statement II is an
easy consequence.

Finally, there exists a ψ ∈ D0(E) such that dψ(A ; B) ≥ M − ε. We may
assume that |B| > 0. Then the truncation 0 ∨ (ψ + ‖1B ψ‖∞) ∧ M satisfies the
required conditions. �

Proof of Theorem 1.3. The implication I⇒II is now immediate. Let B ⊂ Ac,
A′ ⊂ A and suppose that A′ and B have finite measure. Then (St1A′ ,1B) = 0
for one t > 0 by assumption and for all t > 0 by Lemma 4.1. Hence (Stϕ, ψ) = 0
for all t > 0, ϕ ∈ L2(A) and ψ ∈ L2(Ac). Thus StL2(A) ⊆ L2(A) for all t > 0.

The converse implication II⇒I is obvious.
Next we prove the implication II⇒III. For all ϕ : X → C set ϕ̃ = 1A ϕ. Then

ϕ̃ ∈ D(E) and E(ψ, ϕ̃) = E(ψ̃, ϕ) = E(ψ̃, ϕ̃) for all ϕ, ψ ∈ D(E) by [12], Lemma 6.3.
Hence

Iψ̃(ϕ) = E(ψ̃ ϕ, ψ̃) − 2−1E(ϕ, ψ̃2) = Iψ(ϕ̃)
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for all ϕ, ψ ∈ D(E) ∩ L∞(X : R). Therefore, if ψ ∈ D(E)loc ∩ L∞(X : R) and
ϕ ∈ D(E) ∩ L∞,c(X : R) then ψ̃ ∈ D(E)loc ∩ L∞(X : R) and Îψ̃(ϕ) = Îψ(ϕ̃). But
Î1 = 0 by Lemma 4.2.I since E is local. So Î1A(ϕ) = Î1̃(ϕ) = Î1(ϕ̃) = 0 for all
ϕ ∈ D(E) ∩ L∞,c(X :R). So |||Î1A ||| = 0. Then d(A ; Ac) = ∞.

The implication III⇒IV is trivial.
Finally suppose that IV is valid. Let δ ∈ 〈0,∞〉 such that 2δ < d(A ; Ac).

By Lemma 4.2.III there exists a ψ ∈ D(E)loc ∩ L∞(X : R) such that ψ(b) = 0
for a.e. b ∈ Ac and ψ(a) ≥ δ for a.e. a ∈ A. Then 1A = 0 ∨ (δ−1ψ2) ∧ 1 and
since x �→ 0 ∨ x ∧ 1 is a normal contraction it follows from Lemma 4.2.II that
1A ∈ D(E)loc ∩ L∞(X :R) and |||Î1A ||| ≤ δ−2 < ∞.

Now let ϕ ∈ D(E). It follows from Lemma 3.4 that 1A ϕ ∈ D(E). Then also
1Ac ϕ ∈ D(E). For all t > 0 one has by Theorem 1.2 that

t−1 |(1A ϕ, (I − St)(1Ac ϕ))| = t−1 |(1A ϕ, St(1Ac ϕ))|

≤ t−1 e−δ2t−1‖1A ϕ‖2 ‖1Ac ϕ‖2 .

Hence
E(1A ϕ,1Ac ϕ) = lim

t↓0
t−1 (1A ϕ, (I − St)(1Ac ϕ)) = 0

and
E(ϕ) = E(1A ϕ) + E(1Ac ϕ) .

Then [12], Lemma 6.3, implies that II is valid. �

Note that the above proof shows that the equivalent statements of Theo-
rem 1.3 are also equivalent with the statement 1A ∈ D(E)loc ∩ L∞(X : R) and
|||Î1A ||| < ∞.

Example 4.3. Let δ ∈ [0, 1〉 and consider the viscosity form h on Rd with d = 1
and coefficient c11 = cδ where

cδ(x) =
( x2

1 + x2

)δ

.

Then h(ϕ) =
∫
|ϕ′(x)|2 cδ(x) for all ϕ ∈ C∞

c (R), the form h is closable and its
closure is a Dirichlet form. If S is the semigroup generated by the operator as-
sociated with the closure and if δ ∈ [1/2, 1〉 then StL2(−∞, 0) ⊆ L2(−∞, 0) and
StL2(0,∞) ⊆ L2(0,∞) for all t > 0 by [12], Corollary 2.4 and Proposition 6.5.
The assumptions of Theorems 1.2 and 1.3 are satisfied and d(A ; B) = ∞ for each
pair of measurable subsets A ⊆ 〈−∞, 0〉 and B ⊆ 〈0,∞〉. Note, however, that the
corresponding Riemannian distance

d(x ; y) =
∣∣∣ ∫ x

y

ds cδ(s)−1/2
∣∣∣

is finite for all x, y ∈ R. Therefore the Riemannian distance does not reflect the
behavior of the semigroup.
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5. Distances

In this section we derive various general properties of the distance d(E)(· ; ·) and
give several examples.

Let E be a local Dirichlet form on L2(X). If A1 ⊆ A2 and B are measurable
then dψ(A1 ; B) ≥ dψ(A2 ; B) for all ψ ∈ L∞(X). Hence d(A1 ; B) ≥ d(A2 ; B). Also
dψ(B ; A) = d−ψ(A ; B) for all ψ ∈ L∞(X). So d(A ; B) = d(B ; A) and d(A ; B1) ≥
d(A ; B2) whenever B1 ⊆ B2 are measurable. Next we consider monotonicity of
the distance as a function of the form.

If h1 and h2 are two strongly elliptic forms on Rd and h1 ≥ h2 then the
corresponding matrices of coefficients satisfy C(1) ≥ C(2). Therefore (C(1))−1 ≤
(C(2))−1. Hence the corresponding Riemannian distances satisfy d1(x ; y) ≤
d2(x ; y) for all x, y ∈ Rd. Thus the order of the forms gives the inverse order for
the distances. One can establish a similar result for general Dirichlet forms and
the set-theoretic distance under subsidiary regularity conditions.

Proposition 5.1. Let E and F be local Dirichlet forms with E ≤ F . Assume 1 ∈
D(F)loc, the space D(F) ∩ L∞,c(X) is a core for D(E) and for each compact
K ⊂ X there is a χ ∈ D(F) ∩ L∞,c(X : R) such that 0 ≤ χ ≤ 1, χ|K = 1 and
|||Î(F)

χ ||| < ∞. Then

d(F)(A ; B) ≤ d(E)(A ; B)

for all measurable A, B ⊆ X.

Proof. It suffices to prove that |||Î(E)
ψ ||| ≤ |||Î(F)

ψ ||| for all ψ ∈ D(F)loc∩L∞(X :R)
because the statement of the proposition then follows from the definition of the
distance.

If ψ, ϕ ∈ D(F) ∩ L∞(X : R) with ϕ ≥ 0 then I(E)
ψ (ϕ) ≤ I(F)

ψ (ϕ) by Propo-

sition 3.2. Therefore Î(E)
ψ (ϕ) ≤ Î(F)

ψ (ϕ) for all ψ ∈ D(F)loc ∩ L∞(X : R) and
ϕ ∈ D(F) ∩ L∞,c(X :R) with ϕ ≥ 0.

Fix ψ ∈ D(F)loc ∩ L∞(X :R). If |||Î(F)
ψ ||| = ∞ there is nothing to prove, so

we may assume that |||Î(F)
ψ ||| < ∞. It follows as in the proof of Lemma 3.4 that

E(ψϕ)1/2 ≤ Î(E)
ψ (ϕ2)1/2 + ‖ψ‖∞ E(ϕ)1/2

≤ Î(F)
ψ (ϕ2)1/2 + ‖ψ‖∞ E(ϕ)1/2 ≤ |||Î(F)

ψ ||| ‖ϕ‖2 + ‖ψ‖∞ E(ϕ)1/2

for all ϕ ∈ D(F) ∩ L∞,c(X :R). Since E is closed and D(F) ∩ L∞,c(X) is a core it
then follows that ψϕ ∈ D(E) for all ϕ ∈ D(E) and

E(ψϕ)1/2 ≤ |||Î(F)
ψ ||| ‖ϕ‖2 + ‖ψ‖∞ E(ϕ)1/2

for all ϕ ∈ D(E).
Let ϕ0 ∈ D(E) ∩ L∞,c(X : R). By assumption there exists a χ ∈ D(F) ∩

L∞,c(X : R) such that 0 ≤ χ ≤ 1, χ|supp ϕ0 = 1 and |||Î(F)
χ ||| < ∞. Then by the
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above argument with ψ replaced by χ one deduces that

E(χϕ)1/2 ≤ |||Î(F)
χ ||| ‖ϕ‖2 + E(ϕ)1/2

for all ϕ ∈ D(E). There exists a ψ̂ ∈ D(E)∩L∞(X :R) such that ψ̂|supp χ = ψ|supp χ.
Then there is a c > 0 such that

|Î(E)
ψ (χ ϕ)| = |I(E)

ψ̂
(χ ϕ)| ≤ E(ψ̂)1/2E(ψ̂ χ ϕ)1/2 + 2−1E(ψ̂2)1/2 E(χ ϕ)1/2

= E(ψ̂)1/2E(ψ χ ϕ)1/2 + 2−1E(ψ̂2)1/2 E(χ ϕ)1/2

≤ E(ψ̂)1/2
(
|||Î(F)

ψ ||| ‖χ ϕ‖2+‖ψ‖∞ E(χ ϕ)1/2
)

+ 2−1E(ψ2)1/2 E(χ ϕ)1/2

≤ c
(
E(ϕ)1/2 + ‖ϕ‖2

)
uniformly for all ϕ ∈ D(E) ∩ L∞,c(X : R). Since the space D(F) ∩ L∞,c(X : R)
is dense in the space D(E) there are ϕ1, ϕ2, . . . ∈ D(F) ∩ L∞,c(X : R) such that
limn→∞(‖ϕ0 − ϕn‖2 + E(ϕ0 − ϕn)) = 0. Then

lim
n→∞

Î(E)
ψ (χϕn) = Î(E)

ψ (χϕ0) = Î(E)
ψ (ϕ0) .

On the other hand,

|Î(E)
ψ (χϕn)| ≤ |||Î(F)

ψ ||| ‖χϕn‖1 ≤ |||Î(F)
ψ ||| ‖ϕ0‖1 + |||Î(F)

ψ ||| ‖χ‖2 ‖ϕ0 − ϕn‖2

for all n ∈ N. Taking the limit n → ∞ gives |Î(E)
ψ (ϕ0)| ≤ |||Î(F)

ψ ||| ‖ϕ0‖1. The
required monotonicity of the norms is immediate. �

One can apply the proposition to a general elliptic form h as in (1) to obtain
a lower bound on the distance. Then the viscosity form h0 satisfies h0 ≤ h ≤ ‖C‖ l
where l is the form associated with the Laplacian. Therefore

d(h0)(A ; B) ≥ ‖C‖−1/2d(l)(A ; B)

for all measurable A, B ⊆ Rd. Alternatively if h is a strongly elliptic form then
there is a µ > 0 such that C ≥ µI and µ l ≤ h ≤ ‖C‖ l. It then follows that
d(h)(· ; ·) is equivalent to the distance d(l)(· ; ·). Specifically,

‖C‖−1/2d(l)(A ; B) ≤ d(h)(A ; B) ≤ µ−1/2d(l)(A ; B)

for all measurable sets A and B.
In the case of the Laplacian one can explicitly identify the distance.

Example 5.2. If A and B are non-empty open subsets of Rd then

d(l)(A ; B) = inf
x∈A

inf
y∈B

|x − y| . (9)

First, observe that if ϕ, ψ ∈ D(l) ∩ L∞(Rd :R) = W 1,2 ∩ L∞(Rd :R) then

I(l)
ψ (ϕ) = (∇(ϕψ),∇ψ) − 2−1(∇ϕ,∇(ψ2)) =

∫
Rd

dxϕ(x) |(∇ψ)(x)|2 .
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Secondly, let ψ ∈ W 1,2
loc ∩L∞(Rd :R) and K ⊂ Rd compact. Choose ψ̂ ∈ W 1,2 ∩L∞

such that ψ|K = ψ̂|K . If |||Î(l)
ψ ||| ≤ 1 then∣∣∣ ∫

K

dxϕ(x) |(∇ψ)(x)|2
∣∣∣ =

∣∣∣ ∫
K

dxϕ(x) |(∇ψ̂)(x)|2
∣∣∣ = |I(l)

ψ̂
(ϕ)| = |Î(l)

ψ (ϕ)| ≤ ‖ϕ‖1

for all ϕ ∈ W 1,2 ∩ L∞(Rd :R) ∩ L1 with supp ϕ ⊆ K.
Therefore one has supx∈K |(∇ψ)(x)| ≤ 1 uniformly for all K and ψ ∈ W 1,∞.

Thus D0(l) = {ψ ∈ W 1,∞(Rd :R) : ‖∇ψ‖∞ ≤ 1}. But it is well known that

|x − y| = sup{|ψ(x) − ψ(y)| : W 1,∞(Rd :R) , ‖∇ψ‖∞ ≤ 1}
(see, for example, [19], Proposition 3.1). Then (9) follows immediately.

The next proposition compares forms under a rather different regularity as-
sumption. We define D(F) to be an ideal of D(E) if D(F) ⊆ D(E) and(

D(F)loc ∩ L∞(X :R)
)(

D(E) ∩ L∞;c(X :R)
)
⊆
(
D(F)loc ∩ L∞(X :R)

)
.

Note that if 1 ∈ D(F)loc and if D(F) is an ideal of D(E) then

ψ = 1ψ ∈
(
D(F)loc∩L∞(X :R)

)(
D(E)∩L∞;c(X :R)

)
⊆
(
D(F)loc∩L∞;c(X :R)

)
for all ψ ∈ D(E)∩L∞;c(X :R). So D(F)loc ∩L∞;c(X :R) = D(E)loc ∩L∞;c(X :R).

Proposition 5.3. Let E and F be local Dirichlet forms such that E ≤ F . Assume
1 ∈ D(F)loc, the space D(F) is an ideal of D(E) and D(F) ∩ L∞,c(X) is dense
in L1. Then d(F)(A ; B) ≤ d(E)(A ; B) for all measurable A, B ⊂ X.

Proof. It follows from the definition of the distance and Lemma 4.2 that it suffices
to prove that |||Î(E)

ψ ||| ≤ |||Î(F)
ψ ||| for all positive ψ ∈ D(F)loc ∩ L∞(X :R).

First, one has again Î(E)
ψ (ϕ) ≤ Î(F)

ψ (ϕ) for all ψ ∈ D(F)loc ∩ L∞(X :R) and
ϕ ∈ D(F) ∩ L∞,c(X :R) with ϕ ≥ 0.

Fix a positive ψ ∈ D(F)loc ∩ L∞(X :R). If |||Î(F)
ψ ||| = ∞ there is nothing to

prove. So we may assume |||Î(F)
ψ ||| < ∞.

Since 1 ∈ D(F)loc it follows that 1 ∈ D(E)loc. It then follows from Lemma 4.2
that

Î(E)
ψ (ϕ) = Î(E)

1+ψ(ϕ) = 4 Î(E)

(1+ψ)1/2((1 + ψ)ϕ)

for all ϕ ∈ D(E) ∩ L∞;c(X : R) by the Leibniz rule. But (1 + ψ)ϕ ∈ D(F)loc ∩
L∞;c(X :R) by the ideal property. Therefore

Î(E)
ψ (ϕ) ≤ 4 Î(F)

(1+ψ)1/2((1 + ψ)ϕ)

for all positive ϕ ∈ D(E) ∩ L∞,c(X :R). Hence

|||Î(E)
ψ ||| ≤ 4 (1 + ‖ψ‖∞) |||Î(F)

(1+ψ)1/2 ||| ≤ 4 (1 + ‖ψ‖∞) |||Î(F)
ψ |||

where the last inequality follows from Lemma 4.2.II. In particular |||Î(E)
ψ ||| < ∞.
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Finally, since |||Î(E)
ψ ||| < ∞ one has

|Î(E)
ψ (ϕ)| ≤ Î(E)

ψ (|ϕ|) ≤ |||Î(E)
ψ ||| ‖ϕ‖1

for all ϕ ∈ D(E) ∩ L∞,c(X : R). But then there is a Γ ∈ L∞ such that ‖Γ‖∞ =
|||Î(E)

ψ ||| and

Î(E)
ψ (ϕ) =

∫
Γ ϕ

for all ϕ ∈ D(E) ∩ L∞,c(X :R). Therefore∣∣∣ ∫ Γ ϕ
∣∣∣ = |Î(E)

ψ (ϕ)| ≤ |Î(E)
ψ (|ϕ|)| ≤ |Î(F)

ψ (|ϕ|)| ≤ |||Î(F)
ψ ||| ‖ϕ‖1

for all ϕ ∈ D(F) ∩ L∞,c(X : R). Since the latter space is dense in L1(X : R)
one deduces that ‖Γ‖∞ ≤ |||Î(F)

ψ |||. Hence |||Î(E)
ψ ||| ≤ |||Î(F)

ψ |||. The required
monotonicity of the distances is immediate. �

The proposition allows comparison of elliptic operators with different bound-
ary conditions.

Example 5.4. Let X be an open subset of Rd. Define the forms of the Neumann and
Dirichlet Laplacians on L2(X) by hN (ϕ) = ‖∇ϕ‖2

2 with D(hN ) = W 1,2(X) and
hD(ϕ) = ‖∇ϕ‖2

2 with D(hD) = W 1,2
0 (X). Then hN ≤ hD, 1 ∈ D(hD)loc, D(hD) is

an ideal of D(hN ) and D(hD)∩L∞,c(X) is dense in L1(X). Therefore one deduces
from Proposition 5.3 that d(hD)(A ; B) ≤ d(hN )(A ; B) for all measurable A, B ⊆ X .
Note that Proposition 5.1 does not apply to this example since W 1,2

0 (X)∩L∞,c(X)
is not a core for D(hN ).

The argument used in Example 5.2 allows one to identify the distances as-
sociated with hN and hD with the geodesic distance in the Euclidean metric. In
particular the distance is independent of the boundary conditions.

Example 5.5. Let X be an open subset of Rd and A, B non-empty open subsets
of X . If X is disconnected then d(hN )(A ; B) = ∞ = d(hD)(A ; B) whenever A
and B are in separate components by Theorem 1.3. Hence we may assume X is
connected.

Next if ψ, ϕ ∈ W 1,2(X) ∩ L∞(X :R) then by direct calculation

I(hN )
ψ (ϕ) = (∇(ϕψ),∇ψ) − 2−1(∇ϕ,∇(ψ2)) =

∫
X

dxϕ(x) |(∇ψ)(x)|2 .

Therefore if ψ ∈ W 1,2(X)loc ∩ L∞(X : R) and |||Î(hN )
ψ ||| ≤ 1 one finds as in

Example 5.2 that ψ ∈ W 1,∞(X : R) and ‖∇ψ‖∞ ≤ 1. Hence d(hN )(A ; B) =
infx∈A,y∈B d(x ; y) where

d(x ; y) = sup{|ψ(x) − ψ(y)| : W 1,∞(X :R) , ‖∇ψ‖∞ ≤ 1} .

But this is the geodesic distance, with the usual Euclidean metric, from x to y. A
similar conclusion follows for d(hD) by replacing W 1,2 by W 1,2

0 in the argument.



92 A.F.M. ter Elst, D.W. Robinson, A. Sikora and Yueping Zhu

This replacement does not affect the identification with the geodesic distance.
Therefore in both cases the set-theoretic distance between the sets is the geodesic
distance in X equipped with the Euclidean Riemannian metric.

The definition of the distance in terms of the space D(E)loc gives good off-
diagonal bounds but it is somewhat complicated. One could ask whether it has
any simpler characterization in terms of D(E). One obvious choice is to set

d′1(A ; B) = sup{dψ(A ; B) : ψ ∈ D1(E)} ,

for all measurable A, B ⊆ X with A, B compact, where

D1(E) = {ψ ∈ D(E) ∩ L∞(X :R) : |||Îψ ||| ≤ 1} .

Then one sets

d
(E)
1 (A ; B) = d1(A ; B)

= inf{d′1(A0 ; B0) : A0 ⊆ A, B0 ⊆ B and A0, B0 are compact}

for all measurable A, B ⊆ X . Note that d1(A ; B) = d′1(A ; B) if A, B are com-
pact. It follows that in general d(E)(A ; B) ≥ d

(E)
1 (A ; B) but one can have a strict

inequality.

Example 5.6. Let E be the form associated with the second-order operator −d2/dx2

with Dirichlet boundary conditions on the interval 〈0, 1〉. If A = 〈0, a〉 and B =
〈b, 1〉 with 0 < a < b < 1 then the boundary conditions ensure that dψ(Aε ; Bε) ≤
2ε for all ψ ∈ D(E) ∩ L∞(〈0, 1〉 : R) and small ε > 0, where Aε = 〈ε, a〉 and
Bε = 〈b, 1 − ε〉. Therefore d1(A ; B) = 0. But if ψ(x) = 0 ∨ (x − a) ∧ (b − a) then
ψ ∈ D0(E) and d(A ; B) ≥ dψ(A ; B) = b − a.

The two distances are, however, often equal.

Proposition 5.7. Let E be a local Dirichlet form on L2(X). Suppose that for all
compact K and ε > 0 there exists a χ ∈ D(E) ∩ L∞,c(X :R) such that 0 ≤ χ ≤ 1,
χ|K = 1 and |||Îχ||| < ε. Then d(A ; B) = d1(A ; B) for all measurable A, B ⊆ X

with A, B compact.

Proof. We have to show that d(A ; B) ≤ d1(A ; B). Let M ∈ [0,∞〉 and suppose
that M ≤ d(A ; B). Let ε ∈ 〈0, 1]. By Lemma 4.2.III there exists a ψ ∈ D0(E)
such that dψ(A ; B) ≥ M − ε and ‖ψ‖∞ ≤ M . By assumption there exists a
χ ∈ D(E) ∩ L∞,c(X : R) such that 0 ≤ χ ≤ 1, χ|A∪B = 1 and |||Îχ||| < ε2. Then
χψ ∈ D(E) ∩ L∞(X :R) and it follows from Lemma 3.3.II that

|||Îχψ ||| ≤ (1 + δ) ‖χ‖2
∞ |||Îψ ||| + (1 + δ−1) ‖ψ‖2

∞ |||Îχ|||
for all δ > 0. Choosing δ = ε gives

|||Îχψ ||| ≤ (1 + ε) + (1 + ε−1)M2ε2 ≤ 1 + ε(1 + 2M2) .

But dχψ(A ; B) = dψ(A ; B) ≥ M − ε. So d1(A ; B) ≥ (1 + ε(1 + 2M2))−1(M − ε).
Hence d1(A ; B) ≥ M and the proposition follows. �
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On R-boundedness of
Unions of Sets of Operators

Onno van Gaans

Dedicated to Philippe Clément on the occasion of his retirement

Abstract. It is shown that the union of a sequence T1, T2, . . . of R-bounded
sets of operators from X into Y with R-bounds τ1, τ2, . . ., respectively, is R-
bounded if X is a Banach space of cotype q, Y a Banach space of type p,
and

∑∞
k=1 τ r

k < ∞, where r = pq/(q − p) if q < ∞ and r = p if q = ∞. Here
1 ≤ p ≤ 2 ≤ q ≤ ∞ and p �= q. The power r is sharp. Each Banach space
that contains an isomorphic copy of c0 admits operators T1, T2, . . . such that
‖Tk‖ = 1/k, k ∈ N, and {T1, T2, . . .} is not R-bounded. Further it is shown
that the set of positive linear contractions in an infinite-dimensional Lp is
R-bounded only if p = 2.

1. Introduction

During the past few years a theory of Lp-multipliers for operator valued functions
has been developed by means of the notion of R-boundedness of sets of operators,
see for example [1, 2, 3, 4, 5, 6, 7, 8, 10, 12, 13, 17, 18, 19]. This theory has been
applied to study maximal regularity of certain abstract evolution equations. For
instance, L. Weis has shown in [18] that maximal Lp-regularity of the abstract
Cauchy problem

u′(t) = Au(t) + f(t) for a.e. t ≥ 0,
u(0) = 0,

(1.1)

in a Banach space X is equivalent to R-boundedness of the operator set

{λn(λI − A)−n : λ ∈ iR}

for some n ∈ N = {1, 2, . . .}, whenever A is the generator of a bounded analytic
semigroup on X and X is a UMD-space. Similarly, Arendt and Bu have shown in
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[1] that maximal Lp-regularity of the problem

u′′(t) + Au(t) = f(t) for a.e. t ∈ [0, π]
u(0) = u(π) = 0 (1.2)

comes down to R-boundedness of

{k2(k2I − A)−1 : k ∈ N}.
Whether or not these sets of operators are R-bounded depends on the space X and
the operator A that are considered. In order to be able to establish R-boundedness
in specific cases, it seems useful to have a rich theory on manipulations with R-
bounded sets at one’s disposal.

This paper concerns unions of R-bounded sets in the Banach spaces X =
Lq(µ), where (A,A, µ) is an arbitrary measure space, and 1 ≤ q < ∞. More
generally, Banach spaces X and Y are considered where X has cotype q and Y
has type p. It will be shown in Section 3 that the union of a sequence T1, T2, . . .
of R-bounded sets of operators in L(X, Y ) with R2-bounds τ1, τ2, . . ., respectively,
is R-bounded if

∑∞
k=1 τr

k < ∞, where r = pq/(q − p) and 1 ≤ p ≤ 2 ≤ q ≤ ∞,
p �= q. In particular, a sequence of operators {T1, T2, . . .} on Lp(µ), 1 ≤ p < ∞, is
R-bounded whenever

∑∞
k=1 ‖Tk‖2 < ∞. In Section 4 it is shown that the power

r in the union theorem of Section 3 is sharp for X = �q(N) and Y = �p(N).
It is also shown that Banach spaces that contain a copy of c0 admit operators
T1, T2, . . . such that ‖Tk‖ = 1/k, k ∈ N, and {T1, T2, . . .} is not R-bounded. The
ideas of Section 4 yield a characterization of L2(µ) among Lp(µ), 1 ≤ p ≤ ∞, by
means of R-boundedness of positive contractions and isometries. This is discussed
in Section 6. Section 7, finally, presents two examples related to resolvent families.

2. Preparations

Let X and Y be a real vector spaces with norms ‖ ·‖X and ‖ ·‖Y , respectively, and
let L(X, Y ) denote the space of bounded linear operators that map X into Y . Let
1 ≤ r < ∞. A subset T of L(X, Y ) is called Rr-bounded if there exists a number
τr ≥ 0 such that⎛⎝2−n

∑
ε∈{−1,1}n

∥∥∥∥∥
n∑

k=1

εkTkxk

∥∥∥∥∥
r

Y

⎞⎠1/r

≤ τr

⎛⎝2−n
∑

ε∈{−1,1}n

∥∥∥∥∥
n∑

k=1

εkxk

∥∥∥∥∥
r

X

⎞⎠1/r

for every n ∈ N, every x1, . . . , xn ∈ X and every T1, . . . , Tn ∈ T . The number
τr is called an Rr-bound of T . We always assume that the spaces (X, ‖ · ‖X) and
(Y, ‖ ·‖Y ) are Banach spaces. Kahane’s inequality (see [15, Theorem 1.e.13, p. 74])
says that for every p, q ∈ [1,∞) there exists a constant Kp,q(X) ≥ 0 such that⎛⎝2−n

∑
ε∈{−1,1}n

∥∥∥∥∥
n∑

k=1

εkxk

∥∥∥∥∥
p

X

⎞⎠1/p

≤ Kp,q(X)

⎛⎝2−n
∑

ε∈{−1,1}n

∥∥∥∥∥
n∑

k=1

εkxk

∥∥∥∥∥
q

X

⎞⎠1/q
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for every n ∈ N and every x1, . . . , xn ∈ X . Thus a set T ⊂ L(X, Y ) is Rr-bounded
for every r ∈ [1,∞) as soon as it is Rr-bounded for some r ∈ [1,∞) and therefore
it is then simply called R-bounded.

We will focus on Banach spaces X that have cotype q ∈ [2,∞] and Banach
spaces Y that have type p ∈ [1, 2], that is, there exist constants MX , MY ≥ 0 such
that for every n ∈ N, x1, . . . , xn ∈ X , and y1, . . . , yn ∈ Y the inequalities(

n∑
k=1

‖xk‖q
X

)1/q

≤ MX

⎛⎝2−n
∑

ε∈{−1,1}n

∥∥∥∥∥
n∑

k=1

εkxk

∥∥∥∥∥
2

X

⎞⎠1/2

and ⎛⎝2−n
∑

ε∈{−1,1}n

∥∥∥∥∥
n∑

k=1

εkyk

∥∥∥∥∥
2

Y

⎞⎠1/2

≤ MY

(
n∑

k=1

‖yk‖p
Y

)1/p

hold, respectively. The expression (
∑n

k=1 ‖xk‖q
X)1/q should be replaced by

max
1≤k≤n

‖xk‖X

if q = ∞. The constants MX and MY are called a cotype q constant of X and a
type p constant of Y , respectively. Each Banach space is of type 1 and cotype ∞
with both type 1 and cotype ∞ constant equal to 1. If a Banach space is of type
p then it is of type r for any r ∈ [1, p] and if it is of cotype q then it is of cotype r
for any r ∈ [q,∞]. For an arbitrary measure space (A,A, µ) and 1 ≤ p < ∞, the
Banach space Lp(µ) is of type p ∧ 2 = min{p, 2} and of cotype q ∨ 2 = max{q, 2}.
See [15, p. 72–73] for proofs and more details.

Every R-bounded subset of L(X, Y ) is bounded. The converse is true if and
only if X is of cotype 2 and Y is of type 2 (see [1, Proposition 1.13]).

In order to abbreviate notations, we fix a probability space (Ω,F , P) and
independent identically distributed (i.i.d) random variables ε1, ε2, . . . defined on
(Ω,F , P) with P(ε1 = −1) = P(ε1 = 1) = 1/2. Expectation is denoted by �. Then,
for instance,

�

∥∥∥∥∥
n∑

k=1

εkxk

∥∥∥∥∥
r

X

= 2−n
∑

δ∈{−1,1}n

∥∥∥∥∥
n∑

k=1

δkxk

∥∥∥∥∥
r

X

=

∥∥∥∥∥
n∑

k=1

εkxk

∥∥∥∥∥
r

Lr(P,X)

.

The next proposition collects some preliminary results which are needed in
the sequel (see also [5, 7, 12, 19]).

Proposition 2.1. Let X, Y , and Z be Banach spaces, let 1 ≤ r < ∞, and let
S, T ⊂ L(X, Y ) and U ⊂ L(Y, Z) be Rr-bounded by σ, τ , and u, respectively.

1. {T } is Rr-bounded by ‖T ‖, for every T ∈ L(X, Y ).
2. If S ⊂ T , then S is Rr-bounded by τ .
3. US = {US : U ∈ U , S ∈ S} is Rr-bounded by uσ.
4. T ∪ {0} is Rr-bounded by τ .
5. S + T = {S + T : S ∈ S, T ∈ T } is Rr-bounded by σ + τ .
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6. S ∪ T is Rr-bounded by σ + τ .
7. If Λ is a directed partially ordered set and (Tλ)λ∈Λ is an increasing family

of subsets of L(X, Y ) such that Tλ is Rr-bounded by τ for every λ ∈ Λ, then⋃
λ∈Λ Tλ is Rr-bounded by τ .

It follows from 2 and 6 of Proposition 2.1 that the notion of R-boundedness
defines a bornology in L(X, Y ) and thus the word ‘boundedness’ is justified
(see [11]).

The Rr-bound for the union S ∪ T given in 6 of Proposition 2.1 may seem
rather large. It turns out, however, that this bound is the best bound that holds in
general. In particular, a countable set {T1, T2, . . .} need not be R-bounded if the
norms ‖T1‖, ‖T2‖, . . . are not summable (see Theorem 5.1). On the other hand,
in a Hilbert space a union of R-bounded sets is R-bounded if their R-bounds are
bounded. It may be expected that for X = Y = Lp the conditions providing R-
boundedness of a union of R-bounded sets is somewhere between boundedness and
summability of the R-bounds of the components. That is, more towards bound-
edness if p is close to 2 and more towards summability if p is large. Theorem 3.1
shows that this expectation is true.

3. R-boundedness of unions

The proof of the next theorem uses the following observation on type and cotype
of Bochner spaces. If (A,A, µ) is a measure space and X a Banach space of type
p, then Ls(µ, X) is of type p for each p ≤ s < ∞. If X is of cotype q, then so is
Ls(µ, X) for each 1 ≤ s ≤ q (see [16, Lemme 1.1, Lemme 2.1]). More specifically, if
X is of type p with type p constant M , then L2(µ, X) also has type p constant M ,
and if X is of cotype q with cotype q constant M , then also L2(µ, X) has cotype
q constant M . These facts can easily be proved by means of the inequality(

n∑
k=1

(∫
|fk(a)| dµ(a)

)p
)1/p

≤
∫ (

n∑
k=1

|fk(a)|p
)1/p

dµ(a),

which holds for p ≥ 1, and the reversed inequality, which holds for 0 < p ≤ 1,
n ∈ N, f1, . . . , fn ∈ L1(µ).

Theorem 3.1. Let 1 ≤ p ≤ 2 ≤ q ≤ ∞ be such that p �= q. Let (X, ‖ · ‖X) be a
Banach space of cotype q and (Y, ‖ ·‖Y ) a Banach space of type p. Let T1, T2, . . . be
subsets of L(X, Y ) such that for each k ∈ N the set Tk is R2-bounded by a number
τk > 0. Let T :=

⋃∞
k=1 Tk and denote

r := rp,q :=
pq

q − p
if q < ∞ and rp,q := p if q = ∞.

If R := (
∑∞

k=1 τr
k )1/r is finite, then T is R2-bounded by MY MXR, where MX is

a cotype q constant of X and MY a type p constant of Y .
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Proof. Let n ∈ N, T1, . . . , Tn ∈ T and let x1, . . . , xn ∈ X . Choose a partition
I1, . . . IK of {1, . . . , n} satisfying

Ti ∈ Tk for all i ∈ Ik, k = 1, . . . , K.

Here K is a finite number and some of the sets Ik may be empty. Let (Ω′,F ′, P′)
be a probability space and let ε′k,i, i ∈ Ik, k = 1, . . . , K, be i.i.d. random variables
on (Ω′,F ′, P′) with P′(ε′k,i = −1) = P′(ε′k,i = 1) = 1/2. Then also the products
εkε′k,i, i ∈ Ik, k = 1, . . . , K, (in the usual way extended to Ω×Ω′) are i.i.d. random
variables with uniform distribution on {−1, 1}. Denote expectation with respect
to P′ by �′.

Let us start the estimations. In the next sequence of inequalities we use
consecutively type p of L2(P′, Y ), R-boundedness, Hölder’s inequality, and cotype
q of L2(P′, X). We obtain for q < ∞,⎛⎝� ∥∥∥∥∥

n∑
k=1

εkTkxk

∥∥∥∥∥
2

Y

⎞⎠1/2

=

⎛⎝��′

∥∥∥∥∥
K∑

k=1

∑
i∈Ik

εkε′k,iTixi

∥∥∥∥∥
2

Y

⎞⎠1/2

=

⎛⎝� ∥∥∥∥∥
K∑

k=1

εk

∑
i∈Ik

ε′k,iTixi

∥∥∥∥∥
2

L2(P′,Y )

⎞⎠1/2

≤ MY

⎛⎝ K∑
k=1

∥∥∥∥∥∑
i∈Ik

ε′k,iTixi

∥∥∥∥∥
p

L2(P′,Y )

⎞⎠1/p

≤ MY

⎛⎝ K∑
k=1

τp
k

∥∥∥∥∥∑
i∈Ik

ε′k,ixi

∥∥∥∥∥
p

L2(P′,X)

⎞⎠1/p

≤ MY R

⎛⎝ K∑
k=1

∥∥∥∥∥∑
i∈Ik

ε′k,ixi

∥∥∥∥∥
q

L2(P′,X)

⎞⎠1/q

≤ MY RMX

⎛⎝� ∥∥∥∥∥
K∑

k=1

εk

∑
i∈Ik

ε′k,ixi

∥∥∥∥∥
2

L2(P′,X)

⎞⎠1/2

= MY RMX

⎛⎝��′

∥∥∥∥∥
K∑

k=1

∑
i∈Ik

εkε′k,ixi

∥∥∥∥∥
2

X

⎞⎠1/2

= MY RMX

⎛⎝� ∥∥∥∥∥
n∑

k=1

εkxk

∥∥∥∥∥
2

X

⎞⎠1/2

.



102 O. van Gaans

If q = ∞, we only have to replace⎛⎝ K∑
k=1

∥∥∥∥∥∑
i∈Ik

ε′k,ixi

∥∥∥∥∥
q

L2(P′,X)

⎞⎠1/q

by max1≤k≤K ‖
∑

i∈Ik
ε′k,ixi‖L2(P′,X) and recall that any Banach space is of co-

type ∞. �
The case p = q = 2, which is not treated in the previous theorem follows

directly from the definitions. If X is of cotype 2 and Y is of type 2, then every
bounded subset of L(X, Y ) is R-bounded. Moreover, if MX is a cotype 2 constant
of X and MY is a type 2 constant of Y and if T ⊂ L(X, Y ) and τ ∈ R are such
that ‖T ‖ ≤ τ for all T ∈ T , then MXMY τ is an R2-bound of T . Further notice
that the cases p > 2 and q < 2 are not of interest, since the only Banach space
with type p > 2 or cotype q < 2 is {0} (see[15, p. 73]).

Corollary 3.2. Let X be a Banach space of type 2 or cotype 2. Let T1, T2, . . .
be subsets of L(X) such that for each k the set Tk is R-bounded by τk > 0. If∑∞

k=1 τ2
k < ∞, then

⋃∞
k=1 Tk is R-bounded.

Corollary 3.3. Let 1 ≤ p ≤ 2 ≤ q ≤ ∞ be such that p �= q. Let X be a Banach
space of cotype q and let Y be a Banach space of type p. Let T1, T2, . . . ∈ L(X, Y ).
If
∑∞

k=1 ‖Tk‖rp,q < ∞, then {T1, T2, . . .} is R-bounded and an R2-bound of this set
is MY MX(

∑∞
k=1 ‖Tk‖rp,q)1/rp,q , where rp,q, MY , and MX are as in Theorem 3.1.

Example 3.4. (Cesaro means) Let 1 ≤ p ≤ 2 ≤ q ≤ ∞, p �= q, and either p > 1 or
q < ∞, and let X be a Banach space of type p and cotype q. Let M1 be a type p
constant and M2 be a cotype q constant. Let T ∈ L(X) be such that ‖T ‖ ≤ 1 and
1 ∈ ρ(T ). Let

Sm :=
1
m

m∑
k=1

T k, m = 1, 2, . . . .

Then the set {S1, S2, . . .} is R-bounded. More specifically, for each n ∈ N the set
{S1, . . . , Sn} is R2-bounded by

C sup
1≤m≤n

‖T (I − T m)(I − T )−1‖,

where C = M1M2(
∑∞

m=1(1/m)rp,q)1/rp,q . Indeed, it is clear that
1
m

(T + · · · + T m) =
1
m

T (I − T m)(I − T )−1.

Corollary 3.3 yields that the set {S1, . . . , Sn} is R2-bounded by

C sup
1≤m≤n

‖T (I − T m)(I − T )−1‖.

Since p > 1 or q < ∞, we have rp,q > 1 and C is finite. The proof is completed by
the observation that the sets {S1, . . . , Sn} are increasing in n and that for all m

‖T (I − T m)(I − T )−1‖ ≤ ‖T ‖(‖I‖ + ‖T ‖m)‖(I − T )−1‖ ≤ 2‖(I − T )−1‖.
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4. Sharpness of the powers

We will show next that the power rp,q in Theorem 3.1 is sharp. That means, if
1 ≤ p ≤ 2 ≤ q ≤ ∞, p �= q, and s > rp,q, then there are Banach spaces X and Y
such that X is of cotype q and Y of type p and there are sets T1, T2, . . . in L(X, Y )
with R2-bounds τ1, τ2, . . ., respectively, such that

∑∞
k=1 τs

k < ∞ but
⋃∞

k=1 Tk is
not R-bounded.

In fact we show more. If 1 ≤ p ≤ ∞, 1 ≤ q ≤ ∞, not q ≤ 2 ≤ p, and s > rp,q

where

rp,q :=
(p ∧ 2)(q ∨ 2)

(q ∨ 2) − (p ∧ 2)
if q < ∞ and rp,q := p ∧ 2 if q = ∞,

then there exist T1, T2, . . . ∈ L(�q(N), �p(N)) such that
∑∞

k=1 ‖Tk‖s < ∞ and
{T1, T2, . . .} not R-bounded.

The analysis is based on Khintchine’s inequality (see [14, Theorem 2.b.3, p.
66]), which says that for any 1 ≤ r < ∞ there exist constants cr and Cr in (0,∞)
such that

cr

(
n∑

k=1

|αk|2
)1/2

≤
(
�

∣∣∣∣∣
n∑

k=1

εkαk

∣∣∣∣∣
r)1/r

≤ Cr

(
n∑

k=1

|αk|2
)1/2

, (4.1)

for all n ∈ N and all α1, . . . , αn ∈ R.

Lemma 4.1. Let (A,A, µ) be a measure space, let 1 ≤ p ≤ ∞ and 1 ≤ q ≤ ∞,
let 1 ≤ r < ∞, n ∈ N, and α1, . . . , αn ∈ R. Suppose that there exist e1, . . . , en ∈
Lp(µ) ∩ Lq(µ) with

ek ≥ 0, ek �= 0, ek ∧ e� = 0 for all � �= k and k = 1, . . . , n.

Let T1, . . . , Tn ∈ L(Lq(µ), Lp(µ)) and let τ be an Rr-bound of {α1T1, . . . , αnTn}.
1. If Tkek = e1 and ‖ek‖q = 1 for k = 1, . . . , n, then

τ ≥ cr‖e1‖pn
−1/q‖(α1, . . . , αn)‖2

if q < ∞ and τ ≥ cr‖e1‖p‖(α1, . . . , αn)‖2 if q = ∞.
2. If Tke1 = ek and ‖ek‖p = 1 for k = 1, . . . , n, then

τ ≥ C−1
r ‖e1‖−1

q n−1/2‖(α1, . . . , αn)‖p.

3. If Tkek = ek and ‖ek‖q = 1 for k = 1, . . . , n, then

τ ≥ n−1/q‖(α1‖e1‖p, . . . , αn‖en‖p)‖p

if q < ∞ and τ ≥ ‖(α1‖e1‖p, . . . , αn‖en‖p)‖p if q = ∞ .
Here cr and Cr are constants that satisfy (4.1).

Proof. For any β1, . . . βn ∈ R and s = p or s = q, disjointness of the ek yields(
�

∥∥∥∥∥
n∑

k=1

εkβkek

∥∥∥∥∥
r

s

)1/r

=
{

(
∑n

k=1 |βk|s‖ek‖s
s)

1/s if s < ∞,
max1≤k≤n |βk|‖ek‖s if s = ∞.
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By (4.1), for any γ1, . . . , γn ∈ R and s = p or s = q,(
�

∥∥∥∥∥
n∑

k=1

εkγke1

∥∥∥∥∥
r

s

)1/r

=

(
�

∣∣∣∣∣
n∑

k=1

εkγk

∣∣∣∣∣
r

‖e1‖r
s

)1/r

≤ Cr

(
n∑

k=1

γ2
k

)1/2

‖e1‖s

and (� ‖
∑n

k=1 εkγke1‖r
s)

1/r ≥ cr(
∑n

k=1 γ2
k)1/2‖e1‖s.

To show 1., choose xk = ek, k = 1, . . . , n. Then Tkxk = e1, so⎛⎝� ∥∥∥∥∥
n∑

k=1

εkαkTkxk

∥∥∥∥∥
r

p

⎞⎠1/r

≥ cr

(
n∑

k=1

α2
k

)1/2

‖e1‖p.

Hence

cr‖e1‖p‖(α1, . . . , αn)‖2 ≤ τ

⎛⎝� ∥∥∥∥∥
n∑

k=1

εkxk

∥∥∥∥∥
r

q

⎞⎠1/r

=
{

n1/q if q < ∞
1 if q = ∞

and the lower bound for τ follows.
Similarly, 2. and 3. are shown by choosing xk = e1 and xk = ek for k =

1, . . . , n, respectively. �

Proposition 4.2. Let 1 ≤ p ≤ ∞ and 1 ≤ q ≤ ∞ be such that not p = q = 2. Define
for k ∈ N operators Sk, Tk, Uk ∈ L(�q(N), �p(N)) by

Skx := x(k)�{1}, Tkx := x(1)�{k}, Uk := x(k)�{k}, x ∈ �q(N).

1. If p ≥ 2, q > 2, and s > rp,q, then {(1/k)1/sSk : k ∈ N} is not R-bounded.
2. If p < 2, q ≤ 2, and s > rp,q, then {(1/k)1/sTk : k ∈ N} is not R-bounded.
3. If p ≤ 2 ≤ q and s > rp,q, then {(1/k)1/sUk : k ∈ N} is not R-bounded.

Proof. 1. For an n ∈ N, choose xk = �{k}, k = 1, . . . , n. According to Lemma 4.1.1,
an Rr-bound of {(1/k)1/sSk : k ∈ N} would be greater than cr

n1/q (
∑n

k=1 k−2/s)1/2

if q < ∞ and greater than cr(
∑n

k=1 k−2/s)1/2 if q = ∞, for every n ∈ N. As
(
∑n

k=1 k−2/s)1/2 ≥ n1/2−1/s, and 1/2 − 1/s − 1/q > 0, this is impossible.
2. For n ∈ N, choose xk = �{1}, k = 1, . . . , n. According to Lemma 4.1.2, an

Rr-bound of {(1/k)1/sTk : k ∈ N} would be at least C−1
r n−1/2(

∑n
k=1 k−p/s)1/p,

which is greater than C−1
r n−1/2+1/p−1/s. This is impossible, as −1/2 + 1/p −

1/s > 0.
3. For n ∈ N, choose xk = �{k}, k = 1, . . . , n. Lemma 4.1.3 yields that an

Rr-bound of {(1/k)1/sUk : k ∈ N} would majorize n−1/q(
∑n

k=1 k−p/s)1/p if q < ∞
and (

∑n
k=1 k−p/s)1/p if q = ∞, for all n. As (

∑n
k=1 k−p/s)1/p ≥ n1/p−1/s and

−1/q + 1/p − 1/s > 0, such an Rr-bound cannot exist. �
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It follows from the previous proposition that the power rp,q is sharp in The-
orem 3.1 for X = �q(N) and Y = �p(N). Indeed, observe first that the operators
Sk, Tk, and Uk are contractive from X into Y . In the case p ≥ 2 and q > 2, we
can choose for each s > rp,q a t ∈ (rp,q, s) and then (1/k)1/tSk are operators in
L(�q, �p) such that

∑∞
k=1 ‖(1/k)1/tSk‖s < ∞ and {(1/k)1/tSk : k ∈ N} is not R-

bounded, by Proposition 4.2.1. In the case p < 2 and q ≤ 2 we consider (1/k)1/tTk,
k ∈ N, and use Proposition 4.2.2. If p ≤ 2 ≤ q we use (1/k)1/tUk and Proposition
4.2.3. Observe that in the remaining case q ≤ 2 ≤ p the space X = �q(N) has
cotype 2 and Y = �p(N) has type 2, so that every bounded subset of L(X, Y ) is
R-bounded.

5. Banach spaces containing c0

Theorem 3.1 might raise questions about converse implications. For instance, for
which Banach spaces X is the following statement true: if T1, T2, . . . are bounded
linear operators on X and (‖Tk‖k)k ∈ �r(N) for some r > 1, then {Tk : k ∈ N} is
R-bounded. Corollary 3.3 yields that this property is true if X is of type p > 1
or of cotype q < ∞. We will show next that the above property does not hold for
Banach spaces containing an isomorphic copy of c0.

Theorem 5.1. Let X be a Banach space that contains an isomorphic copy of c0.
Then there are T1, T2, . . . ∈ L(X) such that ‖Tk‖ = 1/k and such that {T1, T2, . . .}
is not R-bounded. More specifically, one can arrange that there exists a constant
C > 0 such that the R-bound of {T1, . . . , Tn} is ≥ C

∑n
k=1 1/k for every n.

Proof. For clarity of the argument we first consider the case that X = c0. Define
for n ≥ 1 and 0 ≤ m ≤ n the blocks of indices

In
m,� := {i ∈ N : 2n + (� − 1)2n−m ≤ i < 2n + �2n−m}, � = 1, . . . , 2m,

and the elements

yn
m :=

2m∑
�=1

(−1)�
�In

m,�
.

Define for k = 1, 2, . . . the operators

Tkx :=
1
k

∞∑
n=0

x(2n + k)yn
k , x ∈ c0.

Since the elements yn
k , n ∈ N, have disjoint supports, we obtain Tk ∈ L(c0).

Further, for each n ∈ N, Tk�{2n+k} = (1/k)yn
k , and ‖Tk‖ = 1/k, k = 1, 2, . . ..

We claim that {T1, T2, . . .} is not R-bounded. Indeed, let n ∈ N and let
xk = �{2n+k}, k = 1, . . . , n. As the xk are disjointly supported and ‖xk‖∞ = 1,
we have

2−n
∑

ε∈{−1,1}n

∥∥∥∥∥
n∑

k=1

εkxk

∥∥∥∥∥
∞

= 1.
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On the other hand, if ε ∈ {−1, 1}n, then we can choose �1 such that ε1y
n
1 equals 1

on In
1,�1

, and we can choose inductively �m such that εmyn
m equals 1 on In

m,�m
and

In
m,�m

⊂ In
m−1,�m−1

, for m = 2, . . . , n. With i ∈ In
n,�n

we find that∥∥∥∥∥
n∑

m=1

εm(1/m)ym

∥∥∥∥∥
∞

≥
n∑

m=1

εm(1/m)ym(i) =
n∑

m=1

(1/m).

Thus,

2−n
∑

ε∈{−1,1}n

∥∥∥∥∥
n∑

k=1

εkTkxk

∥∥∥∥∥
∞

≥
n∑

k=1

1/k.

It follows that {T1, T2, . . .} is not R-bounded. Actually we have shown that the
smallest R1-bound of {T1, . . . , Tn} equals

∑n
k=1 1/k =

∑n
k=1 ‖Tk‖.

Next, let X be a Banach space such that there exists a linear injection i : c0 →
X and constants c, C > 0 such that

c‖i(x)‖X ≤ ‖x‖∞ ≤ C‖i(x)‖X , x ∈ c0.

For n, k ∈ N the map x �→ (i−1(x))(2n + k) is a bounded linear function on i(c0)
with norm ≤ C and according to Hahn-Banach’s theorem it can be extended to a
bounded linear functional ϕn,k on X with ‖ϕn,k‖ ≤ C. Now define the operators

Tkx := (1/k)i

( ∞∑
n=0

ϕn,k(x)yn
k

)
, x ∈ X, k = 1, 2, . . . .

Then Tk ∈ L(X) and ‖Tk‖ ≤ k−1c−1C for all k. Further, Tk(i(�{2n+k})) =
(1/k)i(yn

k ) for all k, n ∈ N. Rescale Tk to Sk := (1/k)Tk/‖Tk‖, so that ‖Sk‖ = 1/k
for all k. If we fix n ∈ N and let

xk := i(�{2n+k}), k = 1, . . . , n,

then ∥∥∥∥∥
n∑

k=1

εkSkxk

∥∥∥∥∥
X

≥ c−1
n∑

k=1

k−2‖Tk‖−1 ≥ cC−2
n∑

k=1

1/k.

The assertions now follow easily. �

6. Characterization of L2

Lemma 4.1 leads to a characterization of L2 among Lp be means of R-bounded-
ness of positive linear contractions and isometries. By a linear contraction on a
Banach space (X, ‖ · ‖) we mean a linear map T ∈ L(X) with ‖T ‖ ≤ 1. The
map T ∈ L(X) is an isometry if ‖Tx‖ = ‖x‖ for all x ∈ X . If X is a Banach
lattice, then we call a linear map T : X → X positive if Tx ≥ 0 for all x ≥ 0.
If (Ω,F , µ) is a measure space, 1 ≤ p ≤ ∞, and Ω1 ∈ F , then Lp(µ) decomposes
into Lp(µ) = Lp(µ1) ⊕ Lp(µ2), where Ω2 = Ω \ Ω1, Fi = {A ∩ Ωi : A ∈ F},
µi(A) = µ(A), A ∈ Fi, i = 1, 2, and the norm of Lp(µ1) ⊕ Lp(µ2) is given by
(‖f |Ω1‖p + ‖f |Ω2‖p)1/p if p < ∞ and ‖f |Ω1‖∞ ∨ ‖f |Ω2‖∞ if p = ∞. We further
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recall that an atom in a σ-finite measure space (Ω,F , µ) is a set A ∈ F with
µ(A) > 0 such that for every E ∈ F with µ(E \ A) = 0 either µ(E) = µ(A) or
µ(E) = 0.

Theorem 6.1. Let (Ω,F , µ) be a measure space, let 1 ≤ p ≤ ∞, and let X = Lp(µ).
Assume that X is infinite-dimensional.

1. The set of all positive linear contractions on X is R-bounded if and only if
p = 2.

2. If X is separable, then the set of all positive linear surjective isometries on
X is R-bounded if and only if p = 2.

Proof. 1. Since in a Hilbert space every uniformly bounded set of operators is R-
bounded, the ‘if’ part is clear. Suppose that p �= 2. Let n ∈ N be arbitrary. Since
Lp(µ) is infinite-dimensional, there exist mutually disjoint sets A1, . . . , An ∈ F
with µ(Ai) > 0 for i = 1, . . . , n. Define αi := µ(Ai)−1/p if p < ∞ and αi := 1 if
p = ∞, for i = 1, . . . , n. Further define

ei := αi�Ai and ϕi(f) := α−1
i µ(Ai)−1

∫
f�Ai dµ, f ∈ X,

i = 1, . . . , n, and

Tf := ϕ1(f)en + ϕ2(f)e1 + ϕ3(f)e2 + · · · + ϕn(f)en−1,

f ∈ X . It is easily checked that T is a positive linear contraction from X into
X . Further, Tei = ei−1 for i = 2, . . . , n and Te1 = en. Let Ti := T i−1, i =
1, . . . , n. Then Lemma 4.1 yields that any Rr-bound of {T1, . . . , Tn} is at least
crn

1/2−1/p ∨ C−1
r n1/p−1/2 if p < ∞ and at least crn

1/2 if p = ∞. It follows that
the set of positive linear contractions is not R-bounded.

2. As before, the ‘if’ part is well known. Suppose that p �= 2. Since Lp(µ)
is infinite-dimensional, there are mutually disjoint sets A1, A2, . . . ∈ F with 0 <
µ(Ai) < ∞ for all i. Then Ω1 :=

⋃∞
i=1 Ai with F1 = {A ∩ Ω1 : A ∈ F} and

µ1(A) = µ(A), A ∈ F1, is σ-finite. Consider the induced decomposition Lp(µ) =
Lp(µ1) ⊕ Lp(µ2). Any positive linear surjective isometry on Lp(µ1) extends (by
identity on Lp(µ2)) to a positive linear surjective isometry on Lp(µ). It therefore
suffices to show that the positive linear surjective isometries on Lp(µ1) are not
R-bounded.

It will be convenient and legitimate to interpret inclusions and equalities in
(Ω1,F1, µ1) modulo sets of measure zero. We adopt the formalism of [9] to view
(Ω1,F1, µ1) as a measure algebra rather than a measure space. If A and B are two
distinct atoms in the measure algebra, then A∩B = ∅. As (Ω1,F1, µ1) is σ-finite,
it contains at most countably many atoms, say Bi, i ∈ N , where N ⊂ N. The sets
Ω3 =

⋃
i∈N Bi and Ω4 = Ω1\Ω3 induce a decomposition Lp(µ1) = Lp(µ3)⊕Lp(µ4).

The space Lp(µ3) is isometrically isomorphic to �p(N) as a Banach lattice and the
measure µ4 has no atoms. If N is infinite, it is clear how to use Lemma 4.1 to show
that the set of positive linear surjective isometries on Lp(µ1) is not R-bounded.
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If N is finite, then µ4(Ω4) > 0, as Lp(µ1) is infinite-dimensional. Choose
an Ω5 ∈ F4 with 0 < µ4(Ω5) < ∞ and consider the induced decomposition
Lp(µ4) = Lp(µ5) ⊕ Lp(µ6). Since Lp(µ) is separable, also Lp(µ5) is separable and
hence the measure space (Ω5,F5, µ5) is separable (see for the definition [9, VIII.40,
p. 168] and for the implication [9, VIII.42, p. 177]). From [9, VIII.41 Theorem C, p.
173] it follows that (Ω5,F5, µ5) is as a measure algebra isomorphic to the interval
[0, µ5(Ω5)] with its Borel σ-algebra and Lebesgue measure. Thus, Lp(µ5) is as a
Banach lattice isometrically isomorphic to Lp[0, µ5(Ω5)]), and the proof can easily
be completed with aid of Lemma 4.1. �

7. Two examples

The purpose of this section is to indicate how the previous results can be used
for manipulations with resolvent families. We do not establish R-boundedness of
the resolvent families mentioned in the Introduction and the examples serve as
mere illustration. Let X be a Banach space of type p > 1 or of cotype q < ∞.
For instance, X = Lp(µ), where 1 ≤ p < ∞ and (Ω,F , µ) is a measure space. Let
(T (t))t≥0 be a strongly continuous semigroup on X with generator A such that
(0,∞) ⊂ ρ(A).

Example 7.1. The following two statements are equivalent:

(a) {λ(λI − A)−1 : λ ≥ 1} is R-bounded,
(b) {kn(knI − A)−1 : k ∈ N, k ≥ m} is R-bounded for some m, n ∈ N.

If we show the implication (b)⇒(a), then the equivalence is clear. We may assume
that m = 1. We use that for a map λ �→ S(λ) : [a, b] → L(X) with ‖S(λ)−S(µ)‖ ≤
L|λ−µ| for all λ, µ ∈ [a, b] and some constant L the set {S(λ)−S(a) : λ ∈ [a, b]} is
Rr-bounded by L(b−a) for every 1 ≤ r < ∞. This follows readily from Proposition
2.1.1, 4, 5, and 7 and the observation that

∑n
i=1 ‖S(λi)− S(λi−1)‖ ≤ L(b− a), so

that the vector sum of the sets {0, S(λi) − S(λi−1)}, 0 ≤ i ≤ n, is Rr-bounded by
L(b − a), for any a = λ0 ≤ λ1 ≤ · · · ≤ λn ≤ b.

Since there exists a constant M ≥ 0 such that

‖µ(µI − A)−1 − λ(λI − A)−1‖ ≤ (M/λ)|λ − µ|, λ, µ ≥ 1,

it follows that for each k ∈ N,

Tk := {λ(λI − A)−1 − kn(knI − A)−1 : λ ∈ [kn, kn+1]}

is Rr-bounded by (M/kn)((k+1)n −kn) ≤ Mn((k+1)/k)n−1/k. By Theorem 3.1,
it follows that

⋃∞
k=1 Tk is R-bounded, so that {λ(λI −A)−1 : λ ≥ 1} ⊂ {kn(knI −

A)−1 : k ∈ N} +
⋃∞

k=1 Tk is R-bounded.

Example 7.2. If ‖T (t)‖ ≤ 1 for all t ≥ 0 and if the set of Cesaro means

{n−1(T (1) + · · · + T (n)) : n ∈ N}
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is R-bounded, then the set {
∫∞
1 λe−λtT (t) dt : λ ≥ 0} is R-bounded. Here∫∞

1 λe−λtT (t) dt denotes the bounded linear operator x �→
∫∞
1 λe−λtT (t)xdt. For

a proof, denote Sn := n−1
∑n

k=1 T (1)k, n ∈ N.
We first show that the set {

∑n
k=1 λe−λkT (k) : λ ≥ 0, n ∈ N} is R-bounded.

Indeed, according to [19, Lemma 2.2.6], the convex hull of the set of Cesaro
means and the zero operator co{0, Sk : k ∈ N} is also R-bounded. Now use
that {

∑n
k=1 αkT (k) : n ∈ N, α1 ≥ α2 ≥ · · · ≥ αn ≥ 0,

∑n
k=1 αk ≤ 1} =

co{0, Sk : k ∈ N}. For a proof, notice for the less obvious inclusion that for
α1 ≥ α2 ≥ · · · ≥ αn ≥ 0 with α1 + · · · + αn ≤ 1 the choice βk := k(αk − αk+1),
1 ≤ k ≤ n, (αn+1 := 0) yields

n∑
k=1

βk

k∑
�=1

(1/k)T (�) =
n∑

�=1

(
n∑

k=�

(αk − αk+1)

)
T (�) =

n∑
�=1

α�T (�)

and
∑n

k=1 βk ≤ 1.
Next, we show that {

∫ n

1 λe−λtT (t) dt : λ ≥ 0, n ∈ N} is R-bounded. For
a proof, observe first that λ �→

∫ 1

0 e−λtT (t) dt is continuous and that for any
0 ≤ λ1 ≤ λ2 ≤ · · · ≤ λm+1,

m∑
k=1

∥∥∥∥∫ 1

0

e−λk+1tT (t) dt −
∫ 1

0

e−λktT (t) dt

∥∥∥∥
≤ ‖T (1)‖

m∑
k=1

∫ 1

0

(e−λkt − e−λk+1t) dt

≤ ‖T (1)‖
∫ 1

0

(e−λ1 − e−λm+1t) dt ≤ ‖T (1)‖.

Hence λ �→
∫ 1

0
e−λtT (t) dt is of bounded variation and thus {

∫ 1

0
e−λtT (t) dt : λ ≥

0} is R-bounded (use, e.g., [19, Theorem 2.2.8] or [7]). Further,
n−1∑
k=1

λe−λkT (k)
∫ 1

0

e−λtT (t) dt

=
n−1∑
k=1

∫ 1

0

λe−λ(t+k)T (t + k) dt

=
∫ n

1

λe−λtT (t) dt, λ ≥ 0, n ∈ N.

Due to Proposition 2.1.3 we obtain the asserted R-boundedness.
Finally, notice that {

∫∞
1

λe−λtT (t) dt : λ ≥ 0} is in the strong closure of
{
∫ n

1 λe−λtT (t) dt : λ ≥ 0, n ∈ N}, so that it is an R-bounded set (see [19, Theorem
2.2.8] or [7]).

If 1 ∈ ρ(T (1)), then the example of Section 3 yields that {Sk : k ∈ N} is
R-bounded.
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It remains to investigate whether the set {
∫ 1

0
λe−λtT (t) dt : λ ≥ 0} is R-

bounded, in order to establish R-boundedness of the set

{λ(λI − A)−1 =
∫ ∞

0

λe−λtT (t) dt : λ ≥ 1}.
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On the Equation div u = g and Bogovskĭı’s
Operator in Sobolev Spaces of Negative Order

Matthias Geißert, Horst Heck and Matthias Hieber

Dedicated to Philippe Clément on the occasion of his retirement

Abstract. Consider the divergence problem with homogeneous Dirichlet data
on a Lipschitz domain. Two approaches for its solutions in the scale of Sobolev
spaces are presented. The first one is based on Calderón-Zygmund theory,
whereas the second one relies on the Stokes equation with inhomogeneous
data.

Keywords. Divergence problem, Bogovskĭı’s operator.

1. Introduction

The solution of many problems in hydrodynamics requires a thorough understand-
ing of the structure of the solutions of the equation div u = g for a given scalar
valued function g. Hence, given a domain Ω ⊂ Rn, quite a few authors (see, e.g.,
[4, 12, 14, 18, 1, 2, 15, 17, 21, 3, 7, 8, 16]) dealt with the problem{

div u = g in Ω
u|∂Ω = 0 on ∂Ω.

(1.1)

There are several approaches to prove the existence of a solution to problem (1.1),
see [1, 8, 21, 15]. Observe also that the solution to this problem is not unique.

Bogovskĭı proved the existence and a-priori estimates for a solution to (1.1)
in the scale of Sobolev spaces of positive order provided Ω ⊂ Rn is a Lipschitz
domain, n ≥ 2 and g ∈ Lp(Ω) satisfies

∫
Ω

g = 0. Here 1 < p < ∞. His approach
is based on an explicit representation formula for u on star shaped domains. This
representation of u as a singular integral allows to apply Calderón-Zygmund theory
and estimates for u in Sobolev spaces of positive order follow thus by this theory.

In this paper we prove that Bogovskĭı’s solution operator B can be extended
continuously to an operator acting from W s,p

0 (Ω) to W s+1,p
0 (Ω)n provided s >

The first author was financially supported by the DFG-Graduiertenkolleg 853, TU Darmstadt.
The second author was financially supported by the JSPS.
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−2 + 1/p. Our approach is based on properties of the adjoint kernel of K, K
associated to B, see also [3, 13]. Results of this type are quite useful in the study
of the Navier-Stokes flow past rotating obstacles, see e.g [9]. Note that the case
s = −1 was already considered by Borchers and Sohr in [3]; see however [7] and
the footnote on page 180 of Galdi’s book [8].

A completely different approach to equation (1.1) is based on estimates for
the solution of the inhomogeneous Stokes system

−∆u + ∇p = f in Ω
div u = g in Ω

u = 0 on ∂Ω,
(1.2)

see Section 3. Setting f = 0 and Bg := u, where (u, p) is the solution to problem
(1.2), one obtains by this approach in particular estimates for the solution to
problem (1.1) provided g ∈ Ŵ 1,p(Ω) or g ∈ Ŵ−1,p(Ω). In Section 3 we extend
this approach to g ∈ Ŵ s,p(Ω) for all s ∈ [−1, 1]. For related problems as, e.g.,
groundwater flow we refer to [5].

2. Approach by an explicit representation formula

Let Ω ⊂ Rn be a domain and let 1 < p < ∞. For s ≥ 0 (W s,p(Ω), ‖ · ‖W s,p(Ω))
denote the usual Sobolev spaces, see, e.g., [20]. Furthermore, let W s,p

0 (Ω) :=

C∞
c (Ω)

‖·‖W s,p(Ω) . For s < 0 we set

W s,p(Ω) := (W−s,p′

0 (Ω))′ and W s,p
0 (Ω) := (W−s,p′

(Ω))′,

where 1
p + 1

p′ = 1. Note that C∞
c (Ω) is dense in W s,p

0 (Ω) for all s ∈ R.
Our first proposition relies on the fact that for bounded and star shaped

domains with respect to a ball K a solution to problem (1.1) can be written as a
singular integral. More precisely, choose ω ∈ C∞

c (K) with
∫

K
ω = 1 and define for

g ∈ C∞
c (Ω)

(Big)(x) :=
∫
Ω

g(y)
xi − yi

|x − y|n

∞∫
0

ω(x + r
x − y

|x − y| )(|x − y| + r)n−1 dr dy, (2.1)

where x = (x1, . . . , xn) and i = 1, . . . , n.
Then the following holds.

Proposition 2.1. Let 1 < p < ∞ and Ω ⊂ Rn be a bounded and star shaped domain
with respect to some ball. Let g ∈ Lp(Ω). Then B := (B1, . . . , Bn) satisfies

BC∞
c (Ω) ⊂ C∞

c (Ω)n

and

∇ · Bg = g − ω

∫
Ω

g for g ∈ Lp(Ω).
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Moreover, for s > −2 + 1
p , B can be continuously extended to a bounded operator

from W s,p
0 (Ω) to W s+1,p

0 (Ω)n.

Proof. The case s ≥ 0 was already treated by Bogovskĭı in [1]. There it is proved
that BiC

∞
c (Ω) ⊂ C∞

c (Ω)n. Moreover, by Calderón-Zygmund theory for the singu-
lar integral (2.1) one obtains the assertion for s ≥ 0. For a detailed proof see [8,
Lemma III.3.1].

In the following we prove the assertion for s < 0 by duality. In fact, the kernel
of the adjoint B∗

i of the operator Bi is given by

K∗
i (x, x − y) = − xi − yi

|x − y|n
∫ ∞

0

ω(y − r
x − y

|x − y|n )(|x − y| + r)n−1 dr

= −(xi − yi)
∫ ∞

1

ω(x − r(x − y))rn−1 dr

= −(xi − yi)
∫ ∞

0

ω(x − r(x − y))rn−1 dr +

+ (xi − yi)
∫ 1

0

ω(x − r(x − y))rn−1 dr

= − xi − yi

|x − y|n
∫ ∞

0

ω(x − r
x − y

|x − y|)r
n−1 dr +

+ (xi − yi)
∫ 1

0

ω(x − r(x − y))rn−1 dr

=: K∗
i,sing(x, x − y) + K∗

i,bdd(x, x − y).

Since
|∂xj K

∗
i,bdd(x, x − y)| ≤ C, i, j = 1, . . . , n, x ∈ Ω, y ∈ Rn,

it follows that the operator associated to the kernel K∗
i,bdd continuously maps

Lp(Ω) into W 1,p(Ω). We thus consider in the following the contribution of K∗
i,sing.

Similarly as in the proof of [8, Lemma III.3.1], the kernel ∂xj K
∗
i,sing can be de-

composed into a weakly singular kernel K∗
i,sing,w and a Calderón-Zygmund kernel

K∗
i,sing,CZ. More precisely, ∂xj K

∗
i,sing can be rewritten as

∂xj K
∗
i,sing = K∗

i,sing,w + K∗
i,sing,CZ,

with

K∗
i,sing,w(x, x − y) = − xi − yi

|x − y|n

∞∫
0

(∂xj ω)(x − r
x − y

|x − y| )r
n−1 dr,

K∗
i,sing,CZ(x, x − y) =

−δij

|x − y|n

∞∫
0

ω(x − r
x − y

|x − y|)r
n−1 dr

+
xi − yi

|x − y|n+1

∞∫
0

(∂xj ω)(x − r
x − y

|x − y| )r
n dr.
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Note that K∗
i,sing,CZ satisfies the following properties

(a) K∗
i,sing,CZ(x, z) = α−nK∗

i,sing,CZ(x, αz), x ∈ Ω, z ∈ Rn, α > 0,
(b)

∫
|z|=1 K∗

i,sing,CZ(x, z) dz = 0, x ∈ Ω,
(c) |K∗

i,sing,CZ(x, z)| ≤ C, x ∈ Ω, |z| = 1.
It follows from classical Calderón-Zygmund theory [6, 19] that

B∗
i ∈ L(Lp(Ω), W 1,p(Ω)).

Moreover,
B∗

i ∈ L(W s̃,p
0 (Ω), W s̃+1,p(Ω)), s̃ > 0

by [8, Remark III.3.1] and real interpolation. Since W s,p
0 (Ω) = W s,p(Ω) for −1 +

1
p < s < 1

p , we obtain

B ∈ L(W s,p
0 (Ω), W s+1,p

0 (Ω)n), −2 +
1
p

< s < −1.

The remaining cases finally follow by real interpolation. �
Remark 2.2.
(a) It should be emphasized that in the above proposition, the operator B is

defined for all g ∈ Lp(Ω) whereas Bogovskĭı [1], von Wahl [21] and Galdi
[8] constructed solutions to the problem (1.1). The latter is only possible if∫
Ω

g = 0. Hence, B may be regarded as extension of the solution operator to
problem (1.1). However, if

∫
Ω

g �= 0, then Bg is not a solution to (1.1).
(b) The idea of using the adjoint kernel to prove estimates for B in Sobolev

spaces of negative order is quite natural and was already used in [3] for the
case s = −1. More recently, this approach was also reconsidered by [13].

(c) There is a considerable difference between Bi and its adjoint B∗
i . As BiC

∞
c (Ω)

⊂ C∞
c (Ω), this does not hold true for its adjoint.

(d) The above proof shows that B ∈ L(W s,p
0 (Ω), W s+1,p(Ω)n) for s ≤ −1.

Bounded and locally Lipschitz domains have the remarkable property that
they can be written as a finite union of star shaped domains. This gives us the
possibility to carry over mapping properties of the operator B, originally defined
on star shaped domains, to locally Lipschitz domains. For convenience and to fix
notation we first state a result concerning the decomposition of Lipschitz domains
into star shaped domains. For a proof of this result we refer to [8, Lemma III.3.4].

Lemma 2.3. Let Ω ⊂ Rn be a bounded and locally Lipschitz domain. Then there
exist m ∈ N and an open cover G = {Gi : i ∈ {1, . . . , m}} of Ω such that for
1 ≤ i ≤ m the set Ωi = Ω ∩ Gi is star shaped with respect to some ball and
Ω =

⋃m
i=1 Ωi.

Moreover, there exist φi ∈ C∞
c (Gi), mi ∈ N, θi,k ∈ C∞

c (Ωi) and ψi,k ∈
C∞

c (Ω) (i ∈ {1, . . . , m}, k ∈ {1, . . . , mi}) such that

Pig := φig +
mi∑
k=1

θi,k

∫
Ω

ψi,kg, g ∈ C∞
c (Ω)
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satisfies Pig ∈ C∞
c (Ωi) and

∫
Ω Pig = 0. In addition, if

∫
Ω g = 0 we get a decom-

position of g by g =
∑m

i=1 Pig.

In order to define a solution operator to (1.1) for bounded, locally Lipschitz
domains we reconsider the operators Pi.

Lemma 2.4. Let 1 < p < ∞, s ∈ R and let Ωi and Pi be defined as in Lemma 2.3
for i = 1, . . . , m. Then

Pi ∈ L(W s,p
0 (Ω), W s,p

0 (Ωi)), s ∈ R, 1 < p < ∞.

Proof. Let i ∈ {1, . . . , m}. Consider first the case where s ≥ 0. Then there exists
C > 0 such that

‖Pig‖W s,p
0 (Ωi) ≤ C‖g‖W s,p

0 (Ω), g ∈ W s,p
0 (Ω).

In order to prove the remaining cases, let s > 0, g ∈ C∞
c (Ω) and v ∈ W s,p′

(Ωi),
1
p + 1

p′ = 1. Then

|〈Pig, v〉| =

∣∣∣∣∣
∫

Ωi

φi(x)g(x)v(x) +
m∑

k=1

θi,k(x)v(x)
∫

Ω

ψi,k(y)g(y) dy dx

∣∣∣∣∣
=

∣∣∣∣∣
∫

Ωi

g(x)φi(x)v(x) dx +
m∑

k=1

∫
Ω

ψi,k(y)g(y)
∫

Ω

θi,k(x)v(x) dx dy

∣∣∣∣∣
≤ ‖g‖W−s,p

0 (Ω)‖φiv‖W s,p′(Ω) + ‖g‖W−s,p
0 (Ω)

m∑
k=1

∥∥∥∥ψi,k

∫
Ω

θi,k(x)v(x) dx

∥∥∥∥
W s,p′ (Ωi)

≤ C‖g‖W−s,p
0 (Ω)‖v‖W s,p′(Ωi)

where C is some constant independent of g and v. �

The following theorem is the main result of this paper. Besides its interest in
its own, there are many applications of the use of Bogovskĭı’s operator in Sobolev
spaces of negative order; see, e.g., the recent paper [9].

Theorem 2.5. Let Ω ⊂ Rn be a bounded domain with a locally Lipschitz boundary.
Then there exists B : C∞

c (Ω) → C∞
c (Ω)n such that

∇ · Bg = g, g ∈ Lp(Ω) with
∫

Ω

g = 0.

Moreover, B can be extended continuously to a bounded operator from W s,p
0 (Ω) to

W s+1,p
0 (Ω)n provided s > −2 + 1

p .

Proof. Let g ∈ C∞
c (Ω). Consider the decomposition of Ω and the associated oper-

ators Pi defined as in Lemma 2.3. Then
m∑

i=1

Pig = g provided
∫

Ω

g(x) dx = 0. (2.2)
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Let Bi denote the operator defined in Proposition 2.1 acting on Ωi and set Bg :=∑m
i=1 BiPig. Then by Proposition 2.1 and Lemma 2.4,

B ∈ L(W s,p
0 (Ω), W s+1,p

0 (Ω)n) for all s ≥ 0

since BiPiC
∞
c (Ω) ⊂ C∞

c (Ωi)n.
Again, by Proposition 2.1 and Lemma 2.4

|〈Bg, v〉| =

∣∣∣∣∣
∫

Ω

m∑
i=1

BiPig(x)v(x) dx

∣∣∣∣∣ =

∣∣∣∣∣
m∑

i=1

∫
Ωi

BiPig(x)v(x) dx

∣∣∣∣∣
≤ C

m∑
i=1

‖Pig‖W−s,p
0 (Ωi)

‖v‖W s,p′(Ωi)

≤ C‖g‖W−s,p
0 (Ω)‖v‖W s,p′(Ω), g ∈ C∞

c (Ω), v ∈ W s,p′
(Ω).

Finally, by (2.2) we obtain

∇ · Bg =
m∑

i=1

∇ · BiPig =
m∑

i=1

Pig = g, g ∈ Lp(Ω),
∫

Ω

g(x) dx = 0. �

3. Approach by the inhomogeneous Stokes equation

We start this section by considering the problem

−∆u + ∇p = f in Ω
div u = g in Ω

u = 0 on ∂Ω
(3.1)

where Ω ⊂ Rn for n ≥ 2 is a bounded domain with boundary ∂Ω ∈ C2. Let
1 < p, p′ < ∞ such that 1 = 1

p + 1
p′ .

We then set Lp
0(Ω) := {f ∈ Lp(Ω) :

∫
Ω f = 0} and for s ∈ [0, 1] let Ŵ s,p(Ω) :=

W s,p(Ω) ∩ Lp
0(Ω) equipped with the norm in W s,p(Ω). Furthermore, we define

Ŵ−s,p(Ω) := (Ŵ s,p′
(Ω))′ equipped with the usual dual norm.

Note that for g ∈ Ŵ 1,p(Ω) we have

‖g‖
Ŵ−1,p(Ω)

= sup
v∈Ŵ 1,p(Ω)\{0}

|〈g, v〉|
‖v‖W 1,p′(Ω)

≤ ‖g‖W−1,p
0 (Ω).

The following proposition is due to Farwig and Sohr [7].

Proposition 3.1. Let Ω ⊂ Rn be a bounded domain with C2-boundary. Let 1 < p <

∞. Then there exists a bounded operator R : Ŵ 1,p(Ω) → W 2,p(Ω)n ∩ W 1,p
0 (Ω)n

such that div Rg = g. Moreover, R satisfies the following estimates:
(a) ‖Rg‖Lp(Ω) ≤ C‖g‖

Ŵ−1,p(Ω)
≤ C‖g‖W−1,p

0 (Ω),
(b) ‖Rg‖W 2,p(Ω) ≤ C‖g‖W 1,p(Ω).

Here C > 0 is a constant depending on Ω and p only.
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Setting f = 0 and Rg := u, where (u, p) is the solution of (3.1) the assertion
above is a direct consequence of the unique solvability of the problem (3.1) with
f ∈ (Lp(Ω))n and g ∈ Ŵ 1,p(Ω).

Similarly, we obtain the fact that R ∈ L(Lp
0(Ω), (W 1,p(Ω))n) from the unique

solvability of the problem (3.1) for f ∈ W−1,p(Ω)n and g ∈ Lp
0(Ω). In fact, since

(u, p) is the unique solution of (3.1), the operator R given in Proposition 3.1 may
be thus extended from Ŵ 1,p(Ω) to Lp

0(Ω). Unique solvability of (3.1) in the given
setting was first proved by Cattabriga [4] for the case n = 3 and by Galdi and
Simader [10] for general n ≥ 2. See also [11] for a different proof. We summarize
these facts in the next proposition.

Proposition 3.2. Let 1 < p < ∞ and let Ω ⊂ Rn be a bounded domain with C2-
boundary. Then for every f ∈ W−1,p(Ω)n and g ∈ Lp

0(Ω) there exists a unique
solution (u, p) ∈ W 1,p

0 (Ω)n × Lp
0(Ω) of (3.1) satisfying the inequality

‖∇u‖Lp(Ω) + ‖p‖Lp(Ω) ≤ C(‖f‖W−1,p(Ω)n + ‖g‖Lp(Ω))

for some constant C = C(Ω, n, p).

Noting that (Lp′

0 (Ω))′ = Lp
0(Ω), the following lemma implies that Lp

0(Ω) is
dense in Ŵ−1,p(Ω). The proof is standard and therefore omitted.

Lemma 3.3. Let X, Y be Banach spaces. Assume that X is densely embedded in Y
and that X is reflexive. Then the closure of Y ′ is X ′.

Combining the above results, we may define a solution operator for the di-
vergence problem (1.1) in the following spaces

R :

⎧⎪⎪⎨⎪⎪⎩
Ŵ 1,p(Ω) → W 2,p(Ω)n ∩ W 1,p

0 (Ω)n

Lp
0(Ω) → W 1,p

0 (Ω)n

Ŵ−1,p(Ω) → Lp(Ω)n

The following result gives additional mapping properties of R in the scale of
Sobolev spaces.

Theorem 3.4. Let 1 < p < ∞ and let Ω ⊂ Rn be a bounded domain with
C2-boundary. Let s ∈ [−1, 1]. Then there exists a bounded linear operator R :
Ŵ s,p(Ω) → W s+1,p(Ω)n such that div Rg = g for all g ∈ Ŵ s,p(Ω).

Proof. The cases s = 1 and s = −1 follow from Proposition 3.1. Consider next the
case where 0 ≤ s < 1. Let K denote the set of all constant functions over Ω. Then
we may identify the spaces Lp

0(Ω) with Lp(Ω)/K and Ŵ 1,p(Ω) with W 1,p(Ω)/K,
respectively. As K is a one-dimensional vector space, it follows from [20, Section
1.17.2, Remark 1] that

(Lp
0(Ω), Ŵ 1,p(Ω))s,p = (Lp(Ω)/K, W 1,p(Ω)/K)s,p

= (Lp(Ω), W 1,p(Ω))s,p/K = Ŵ s,p(Ω).

This implies the assertion provided 0 ≤ s < 1.
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In order to prove the remaining cases where −1 < s < 0, note that

(Lp′

0 (Ω), Ŵ 1,p′
(Ω))′s,p′ = (Lp

0(Ω), Ŵ−1,p(Ω))s,p;

see, e.g., [20, Section 1.11.2]. Hence,

Ŵ−s,p(Ω) = (Lp′

0 (Ω), Ŵ 1,p′
(Ω))′s,p′ = (Lp

0(Ω), Ŵ−1,p(Ω))s,p

and the proof is complete. �
Remark 3.5. The assertions of Theorems 2.5 and 3.4 remain valid also for the
complex interpolation spaces. In fact, the above mapping properties of B and R
in the scale of Sobolev spaces hold true also in the scale of the spaces Hs,p(Ω) and
Ĥs,p(Ω), respectively.
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c© 2006 Birkhäuser Verlag Basel/Switzerland

Renormalization of Interacting Diffusions:
A Program and Four Examples

F. den Hollander

Dedicated to Philippe Clément on the occasion of his retirement

Abstract. Systems of hierarchically interacting diffusions allow for a rigorous
renormalization analysis. By bringing into play the powerful machinery of sto-
chastic analysis, it is possible to obtain a complete classification of the large
space-time behavior of these systems into universality classes. The present
paper outlines a general renormalization program that is being pursued since
ten years and describes four examples where this program has been success-
fully carried through. The systems under consideration model the evolution
of multi-type populations subject to migration and resampling.

Mathematics Subject Classification (2000). 60J60, 60J70, 60K35.

Keywords. Interacting diffusions, hierarchical group, multi-type populations,
multi-scale block averages, renormalization transformation, fixed points and
fixed shapes, attracting orbits, universality classes.

1. Overview

1.1. Interacting diffusions

The systems that will be considered in this paper evolve according to the following
set of coupled one-dimensional SDE’s:

dXη(t) =
∑

ζ∈ΩN

aN (η, ζ) [Xζ(t)−Xη(t)] dt+
√

g(Xη(t)) dWη(t), η ∈ ΩN , t ≥ 0,

(1.1)
where
(1) Xη(t) ∈ S ⊆ R is the single-component state space.
(2) ΩN is the hierarchical group of order N ∈ N.
(3) aN (·, ·) is the interaction kernel on ΩN × ΩN .
(4) g(·) is the [0,∞)-valued diffusion function on S.
(5) {Wη(·)}η∈ΩN are independent standard Brownian motions on R.



124 F. den Hollander

We will also look at higher-dimensional versions of (1.1). In what follows we will
focus on one particular choice for aN (·, ·), but we will consider several choices of
S and g. As initial condition we take

Xη(0) = θ ∈ int(S) ∀ η ∈ ΩN . (1.2)

Equation (1.1) arises as the continuum limit of discrete models in population
dynamics. In these models, individuals of different types live in large colonies,
labelled by the hierarchical group. The state of a colony describes the composition
of the population at that colony (such as the fractions or the total masses of the
different types of individuals). Individuals migrate between colonies, i.e., they move
from one colony to another according to a random mechanism that depends on the
locations of the two colonies. This is described by the first term in the right-hand
side of (1.1). Moreover, individuals are subject to resampling within each colony,
i.e., they are replaced by new individuals according to a random mechanism that
depends on the state of the colony. This is described by the second term in the
right-hand side of (1.1). The system in (1.1) arises after letting the number of
individuals per colony tend to infinity and normalizing both the state and the
rate of evolution of the colony appropriately. For more background, the reader is
referred to Sawyer and Felsenstein [20] and Ethier and Kurtz [16], Chapter 10.

1.2. Hierarchical group and multi-scale block averages

The hierarchical group of order N is the set

ΩN =

{
ξ = (ξi)i∈N ∈ {0, 1, . . . , N − 1}N :

∑
i∈N

ξi < ∞
}

(1.3)

with addition modulo N . On ΩN , the hierarchical distance is defined as

d(η, ζ) = min{i ∈ N ∪ {0} : ηj = ζj ∀ j > i}, (1.4)

which is an ultrametric.
At first sight, the choice for ΩN as the index set for the colonies may seem a

bit artificial. However, it is completely natural within a genetics context. Indeed,
what ΩN does is organize the colonies according to their genetic location. The
population is divided into families, clans, neighborhoods, villages, regions, etc.
Site ξ contains all individuals that are in family ξ1, clan ξ2, neighborhood ξ3,
village ξ4, region ξ5, etc. The hierarchical distance between two colonies measures
the smallest level in the hierarchy to which both colonies belong.

Our goal will be to study the evolution of the system in (1.1–1.2) on large
space-time scales in the limit as N → ∞, the so-called hierarchical mean-field
limit. To that end, we define block averages on space-time scale k ∈ N ∪ {0} by
putting

Y
[k]
η,N (t) =

1
Nk

∑
ζ∈ΩN

d(η,ζ)≤k

Xζ(Nkt), η ∈ ΩN , t ≥ 0, (1.5)
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where we average over all components in a block of radius k around a given site
and speed up time proportionally to the size of the block.

In what follows, we will make a particular choice for the interaction kernel in
(1.1), namely,

aN (η, ζ) =
∑

k≥d(η,ζ)

ckN1−2k ∀ η �= ζ, (1.6)

where (ck)k∈N is a given sequence of positive constants such that the sum is fi-
nite for all N large enough. One reason for this choice is that (1.1) takes on a
particularly suitable form,

dXη(t) =
∑
k≥1

ckN1−k
[
Y

[k]
η,N (tN−k) − Xη(t)

]
dt +

√
g(Xη(t)) dWη(t), (1.7)

where single components are attracted towards successive block averages. Another
reason is that, modulo normalization, (1.6) is the transition kernel of a random
walk on ΩN whose potential-theoretic properties are independent of N , for N
sufficiently large, and are completely determined by the sequence (ck)k∈N.

The interpretation of (1.6) is that the random walk picks an integer k with
probability proportional to ck/Nk−1 and jumps to a site within the k-block around
its current position according to the uniform distribution on this k-block. Through-
out the paper we will assume that∑

k∈N

1
ck

= ∞, (1.8)

which makes the random walk on ΩN critically recurrent. This is crucial for the
universal behavior to be described later on.
The key point about (1.7) is that it is susceptible to a renormalization analysis.

1.3. Renormalization transformation

Let us consider the blocks around the origin. If we let N → ∞ in (1.7), then only
the term with k = 1 survives. Moreover, the term Y

[1]
0,N (tN−1) converges to θ for
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all t ≥ 0, because of (1.2). Therefore we find that (=⇒ denotes convergence in law)

{X0(t) : t ≥ 0} =⇒ {Zθ,g,c1(t) : t ≥ 0} as N → ∞, (1.9)

where Zθ,g,c1(t) is the solution of the autonomous SDE

dZ(t) = c1 [θ − Z(t)] dt +
√

g(Z(t)) dW (t), Z(0) = θ. (1.10)

In other words, in the limit as N → ∞ the single components decouple and follow
a simple diffusion equation parameterized by θ, g and c1. (The behavior expressed
by (1.9–1.10) is often referred to as “McKean-Vlasov limit” and “propagation
of chaos”.) Under mild restrictions on S and g, this diffusion equation has an
equilibrium distribution, which we denote by νθ,g,c1 and which lives on S.

We next move up one step in the hierarchy. By summing (1.7) over the
components in a 1-block, we get

dY
[1]
η,N (t) =

∑
k≥2

ckN2−k
[
Y

[k]
η,N (tN1−k) − Y

[1]
η,N (t)

]
dt

+
1√
N

∑
ζ∈ΩN

d(η,ζ)≤1

√
g(Xζ(Nt)) dWζ(t).

(1.11)

Here, time is scaled up by a factor N , both in the 1-block and in the Brownian
motions (hence the factor 1/

√
N), and the term with k = 1 cancels out. If we

let N → ∞ in (1.11), then only the term with k = 2 survives. Moreover, the
term Y

[2]
0,N (tN−1) converges to θ for all t ≥ 0 because of (1.2). Furthermore, if

Y
[1]
0,N (t) = y, then each of the N components in this 1-block is linearly attracted

towards a value that is approximately y, since the attraction towards the values
of the k-blocks with k ≥ 2 is weak when N is large (recall (1.7)). Therefore, at
time Nt each of these components is close in distribution to the equilibrium νy,g,c1

(associated with (1.10) after replacing θ by y). Thus, it is reasonable to expect
that {

Y
[1]
0,N (t) : t ≥ 0

}
=⇒

{
Zθ,Fc1g,c2(t) : t ≥ 0

}
as N → ∞, (1.12)

where Zθ,Fc1g,c2(t) is the solution of the SDE

dZ(t) = c2 [θ − Z(t)] dt +
√

(Fc1g)(Z(t)) dW (t), Z(0) = θ, (1.13)

where Fc1g is the diffusion function on scale 1 obtained from the diffusion function
g on scale 0 by averaging it w.r.t. the equilibrium distribution associated with
(1.10) on scale 0:

(Fc1g)(y) =
∫

S

g(x)νy,g,c1(dx). (1.14)

This formula defines a renormalization transformation Fc1 acting on the function g.
The above renormalization procedure can be iterated. Indeed, it is reasonable

to expect that{
Y

[k]
0,N (t) : t ≥ 0

}
=⇒

{
Zθ,F [k]g,ck+1

(t) : t ≥ 0
}

as N → ∞, (1.15)
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where Zθ,F [k]g,ck+1
(t) is the solution of the SDE

dZ(t) = ck+1 [θ − Z(t)] dt +
√

(F [k]g)(Z(t)) dW (t), Z(0) = θ, (1.16)

where F [k]g is the diffusion function on scale k obtained from the diffusion function
g on scale 0 by applying k times the renormalization transformation:

F [k] = Fck
◦ · · · ◦ Fc1 . (1.17)

The intuition behind this claim is as follows:

(a) On time scale Nkt, the block averages on scale k fluctuate while the block
averages on scales > k almost stand still and therefore remain close to the
initial value θ.

(b) Given that the block averages on scale k have value y, the block averages on
scale k − 1 reach equilibrium with drift towards y almost instantly on time
scale Nkt.

(c) Consequently, the diffusion function on scale k is the average of the diffusion
function on scale k − 1 under this equilibrium.

The limit N → ∞ provides the separation of successive space-time scales.

1.4. Renormalization program

The above heuristic observations naturally lead to a two-step programme for renor-
malization:

(I) Stochastic part: Show that (1.15–1.16) indeed arise from (1.1–1.2) in the limit
as N → ∞ for all scales k ∈ N.

(II) Analytic part: Study the orbits of (F [k])k∈N, determine their fixed points,
and classify their domains of attraction.

The goal is to try and carry out this programme for relevant choices of S for
appropriate classes H = H(S) of diffusion functions. For tutorial overviews on this
programme, see Greven [17] and den Hollander [18].

In what follows we will describe two one-dimensional examples where the
above renormalization program has been fully carried through (Section 2) and two
higher-dimensional examples where it has been partially carried through (Section
3). It will turn out that, in each of these four examples, (F [k])k∈N has an interesting
structure of fixed points and domains of attraction. The fixed points correspond
to special choices of g that play the role of universal attractors for the dynamics
(1.1–1.2) on the macroscopic scale corresponding to k → ∞. We close with listing
some open problems (Section 4).

For ease of exposition, we will henceforth restrict to the case where ck = 1
for all k. We then have F [k] = F k with F = F1. It is straightforward to extend
the results to the case (1.8).
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2. One dimension

2.1. S = [0, 1]
In this example, our choice for the state space and the class of diffusion functions is:

S = [0, 1] and g ∈ H, the class of functions satisfying:

1. g is Lipschitz on [0, 1].
2. g(x) > 0 for x ∈ (0, 1).
3. g(0) = g(1) = 0.

The stochastic part of the renormalization program was carried out by Dawson
and Greven [9], [10] and is given in Theorem 2.1.

Theorem 2.1. In the limit as N → ∞, (1.15–1.16) arise from (1.1–1.2) with F
given by

(Fg)(y) =
∫

[0,1]

g(x)νy,g(dx), (2.1)

where νy,g is the equilibrium distribution of

dZ(t) = [y − Z(t)] dt +
√

g(Z(t)) dW (t), (2.2)

which is given by

νy,g(dx) =
1

Zy,g

1
g(x)

exp
[
−
∫ x

y

z − y

g(z)
dz

]
dx (2.3)

with Zy,g the normalizing constant.

Note that F is an integral operator. Since νy,g depends on g itself, F is
non-linear.

The analytic part of the renormalization program was carried out by Baillon,
Clément, Greven and den Hollander [2] and is given in Theorems 2.2–2.4.

Theorem 2.2. (a) FH ⊂ H.
(b) ∀ g ∈ H: y �→ (Fg)(y) is C∞ on (0, 1).

Theorem 2.3. The solution of the eigenvalue problem Fg = λg, g ∈ H, λ > 0, is
the 1-parameter family

g = dg∗ and λ =
1

1 + d
, d > 0, (2.4)

where g∗(x) = x(1 − x).

Theorem 2.4. For all g ∈ H,

lim
k→∞

kF kg = g∗ (2.5)

uniformly on [0, 1].
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Fisher-Wright diffusion function.

These results show that F is well defined on the class H, is smoothing, and
has a fixed shape g∗ that is globally attracting after proper normalization. Thus,
(1.1–1.2) exhibits full universality: No matter what the diffusion function g on scale
0 is, the diffusion function F kg on scale k is close to (1/k)g∗. The case g = g∗ is
called the Fisher-Wright diffusion.

2.2. S = [0,∞)
In this example, our choice for the state space and the class of diffusion functions is:

S = [0,∞) and g ∈ H, the class of functions satisfying:

1. g is locally Lipschitz on [0,∞).
2. g(x) > 0 for x > 0.
3. g(0) = 0.
4. limx→∞ g(x)/x2 = 0.

The stochastic part of the renormalization program was carried out by Dawson
and Greven [11]. The same formulas as in Theorem 2.1 apply, but now on [0,∞)
instead of [0, 1].

The analytic part of the renormalization program was carried out by Baillon,
Clément, Greven and den Hollander [3] and is given in Theorems 2.5–2.8.

Theorem 2.5. (a) FH ⊂ H.
(b) ∀ g ∈ H: y �→ (Fg)(y) is C∞ on (0,∞).

Theorem 2.6. The solution of the eigenvalue problem Fg = λg, g ∈ H, λ > 0, is
the 1-parameter family

g = dg∗ and λ = 1, d > 0, (2.6)

where g∗(x) = x.

Theorem 2.7. If limx→∞ x−1g(x) = d, then

lim
k→∞

F kg = dg∗ (2.7)

uniformly on compact subsets of [0,∞).
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Feller diffusion function.

Theorem 2.8. Suppose that g(x) ∼ xαL(x) as x → ∞ with α ∈ (0, 2)\{1} and L
slowly varying at infinity. Let (ek)k∈N be defined by

1
k

=
g(ek)
e2

k

. (2.8)

Then there exist constants 0 < K1(α) ≤ K2(α) < ∞ such that

K1(α)g∗ ≤ lim inf
k→∞

k

ek
F kg ≤ lim sup

k→∞

k

ek
F kg ≤ K2(α)g∗ (2.9)

uniformly on compact subsets of [0,∞).

Remark 2.9.
(i) Theorem 2.7 (which is Theorem 2.8 for α = 1 and L ≡ d) says that all g that

are asymptotically linear are iterated towards a linear with the same slope.
(ii) In Theorem 2.8, if L ≡ 1, then ek ∼ k1/(2−α) as k → ∞, and so

F kg � k−(1−α)/(2−α)g∗. (2.10)

Thus, concave g are iterated downwards, while convex g are iterated upwards.
(iii) It is shown in [3] that all solutions of (2.8) have the same asymptotic behavior

as k → ∞.
(iv) It is conjectured in [3] that

K1(α) = K2(α) = (α!)1/(2−α)2(1−α)/(2−α). (2.11)

The above results show that g∗ again acts as a globally attracting fixed point,
except that now the normalization depends on the behavior of g at infinity. Thus,
once again (1.1–1.2) exhibits universality: No matter what the diffusion function
g on scale 0 is, the diffusion function F kg on scale k is close to (ek/k)g∗. The case
g = g∗ is called the Feller diffusion.
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3. Higher dimension

In higher dimension our system in (1.1) must be written in vector form:

dX i
η(t) =

∑
ζ∈ΩN

aN (η, ζ)
[
X i

ζ(t) − X i
η(t)

]
dt +

√
gi
(

�Xη(t)
)

dW i
η(t), 1 ≤ i ≤ d.

(3.1)
Here, the scalar component Xη(t) in (1.1) is replaced by the vector

�Xη(t) =
(
X1

η(t), . . . , Xd
η (t)

)
∈ S ⊆ Rd,

while the scalar diffusion function g(Xη(t)) in (1.1) is replaced by the vector

�g
(

�Xη(t)
)

=
(
g1

(
�Xη(t)

)
, . . . , gd

(
�Xη(t)

))
∈ [0,∞)d.

The dynamics of the d components are coupled because the argument of each gi

is the full vector �Xη(t). The analogue of (1.16) reads

dZi(t) = ck+1

[
θi − Zi(t)

]
dt +

√
(F [k]�g)i(�Z(t)) dW i(t), 1 ≤ i ≤ d, �Z(0) = �θ.

(3.2)
The step from one to more dimensions brings about major mathematical

complications:

• Only for a limited class of choices of S and �g has it been proved that (3.1)
has a unique weak solution. A similar problem occurs for (3.2).

• The stochastic part of the renormalization program has been carried through
only for special choices of S and g (on the basis of so-called duality argu-
ments).

• The analytic part of the renormalization program is hampered by the fact
that it is in general not possible to write down an explicit formula for the
equilibrium distribution of (3.2) and hence for the renormalization transfor-
mation F .

We will look at two cases where the analytic part of the renormalization
program can be completed.

3.1. S ⊂ Rd compact convex

Den Hollander and Swart [19] considered the isotropic case

g1 = . . . = gd = g, (3.3)

chose S to be a compact convex subset of Rd, d ≥ 2, and took for H the class of
functions satisfying:

1. g is locally Lipschitz on S.
2. g > 0 on int(S).
3. g = 0 on ∂S.
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Define

(a) H′ is the largest subclass of H for which (1.16) has a unique weak solution
and a unique equilibrium.

(b) H′′ is the largest subclass of H′ that is closed under F .

Then H′ is the class on which F is well defined and H′′ is the class on which F
can be iterated.

In what follows we will assume that

H′′ = H′ = H. (3.4)

Theorems 3.1–3.2 are taken from [19] and rely on (3.4).

Theorem 3.1. The solution of the eigenvalue problem Fg = λg, g ∈ H, λ > 0, is
the 1-parameter family

g = dg∗ and λ =
1

1 + d
, d > 0, (3.5)

where g∗ is the unique continuous solution of

∆g∗ = −2 on int(S),
g∗ = 0 on ∂S.

(3.6)

Theorem 3.2. For all g ∈ H,

lim
k→∞

kF kg = g∗ (3.7)

uniformly on S.

The above g∗ takes over the role of the Fisher-Wright diffusion function on the
unit interval (recall Section 2.1).

It is believed that the assumption in (3.4) is valid in full generality for the
choice of S and H indicated above, but so far this remains a challenge. Swart [22]
has proved that H′ contains all those g ∈ H for which there exists an ε > 0 such
that the level sets {x ∈ S : g(x) ≥ r} are convex for all 0 < r < ε. The stochastic
part of the renormalization program is largely open.

Without the isotropy assumption in (3.3), little is known so far. Dawson and
March [14] proved that for S the simplex, H′ contains a small neighborhood of the
d-dimensional analogue of the Fisher-Wright diffusion. Cerrai and Clément [6], [7]
proved that for S the simplex and the hypercube, respectively, H′ contains a large
subset of H. This work represents very important progress on the difficult weak
uniqueness issue in the anisotropic case. The stochastic part of the renormaliza-
tion program in the anisotropic case is also largely open, with partial progress in
Dawson, Greven and Vaillancourt [13] for S the simplex.
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3.2. S = [0,∞)2

In Dawson, Greven, den Hollander, Sun and Swart [12] (work in progress) the
two-dimensional version of (3.2) is considered:

dX1
η (t) =

∑
ζ∈ΩN

aN (η, ζ) [X1
ζ (t) − X1

η(t)] dt +
√

g1(X1
η (t), X2

η (t)) dW 1
η (t),

dX2
η (t) =

∑
ζ∈ΩN

aN (η, ζ) [X2
ζ (t) − X2

η(t)] dt +
√

g2(X1
η (t), X2

η (t)) dW 2
η (t).

(3.8)
Here, �g = (g1, g2) is a pair of diffusion functions driving the pair of components
�Xη(t) = (X1

η(t), X2
η (t)). Unlike in Section 3.1, we will allow the anisotropic case

g1 �= g2. The two-dimensional version of (3.2) (for ck ≡ 1) reads

dZ1(t) = [θ1 − Z1(t)] dt +
√

g1(Z1(t), Z2(t)) dW 1(t),

dZ2(t) = [θ2 − Z2(t)] dt +
√

g2(Z1(t), Z2(t)) dW 2(t).
(3.9)

The stochastic part of the renormalization program is addressed in Cox, Daw-
son and Greven [8] for a special case, and is largely open. The analytic part is being
addressed in [12]. For this part, �g = (g1, g2) is taken from the following class, which
we denote by H:

1. g1, g2 > 0 on (0,∞)2.
2. g1(x1, x2) = x1h1(x1, x2) with either:

2.a. h1 > 0 on [0,∞)2 and h1 Hölder on compact subsets of [0,∞)2.
2.b. h1(x1, x2) = x2γ1(x1, x2), γ1 > 0 on [0,∞)2 and γ1 Hölder on compact

subsets of [0,∞)2.
3. g2(x1, x2) = x2h2(x1, x2) with either:

3.a. h2 > 0 on [0,∞)2 and h2 Hölder on compact subsets of [0,∞)2.
3.b. h2(x1, x2) = x1γ2(x1, x2), γ2 > 0 on [0,∞)2 and γ2 Hölder on compact

subsets of [0,∞)2.
4. g1(x1, x2), g2(x1, x2) ≤ C(x1 + 1)(x2 + 1) for some C = C(g1, g2) < ∞.

Dawson and Perkins [15] (work in progress) show that (3.9) has a unique
weak solution under properties 1-3 above. Earlier results in this direction, under
stronger restrictions on g, were obtained by Athreya, Barlow, Bass and Perkins [1]
and by Bass and Perkins [4], [5]. In [12] it is shown that properties 1-3 are enough
to also have a unique equilibrium. Thus, if we define subclasses H′′ ⊂ H′ ⊂ H as
in Section 3.1, then we have

H′ = H. (3.10)

It is believed that under properties 1–4 above,

H′′ = H, (3.11)

although this is still open.
A number of results are derived in [12] subject to (3.11). We cite two results

in Theorems 3.3–3.4, subject to the condition that �g be “sufficiently regular near
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the boundary and at infinity”. The precise regularity conditions are technical. Reg-
ularity near the boundary means that g1 is either everywhere zero or everywhere
positive on {x2 = 0}, and similarly for g2 on {x1 = 0}. Regularity at infinity
means that g1, g2 are regularly varying along rays in [0,∞)2 in a certain uniform
sense.

The renormalization transformation F , which acts on the pair of diffusion
functions �g = (g1, g2), is given by

(F�g)(�y) =
∫

[0,∞)2
�g(�x)ν�y,�g(d�x), (3.12)

where ν�y,�g is the equilibrium distribution of (3.9).

Theorem 3.3. The solution of the eigenvalue problem F�g = λ�g, �g ∈ H, λ > 0,
subject to g being “sufficiently regular near the boundary and at infinity”, is the
4-parameter family

�g = �g ∗
d and λ = Id, d = (d1, d2, d3, d4) ≥ 0, d1 + d2 > 0, d3 + d4 > 0

(3.13)
where �g ∗

d = (g∗,1
d , g∗,2

d ) has the form

g∗,1
d (x1, x2) = (d1 + d2x2)x1,

g∗,2
d (x1, x2) = (d3 + d4x1)x2.

(3.14)

Theorem 3.4. For all �g ∈ H that are “sufficiently regular near the boundary and
at infinity”,

k

ek
F k�g � �g ∗

d as k → ∞, (3.15)

where d is determined by the behavior of �g near the boundary and (ek) by the
behavior of �g at infinity.

For instance, if g1 = g2 = 0 on {x1 = 0} ∪ {x2 = 0} and g1(x1, x2) =
g2(x1, x2) � xα

1 xβ
2 as x1, x2 → ∞ with 0 < α ∨ β ≤ 1, then

d = (0, 1, 0, 1) and ek � k1/(2−α∨β). (3.16)

The 4 universality classes in Theorem 3.3 correspond to special diffusions:

d = (> 0, 0, > 0, 0): non-catalytic branching.
d = (0, > 0, > 0, 0): catalytic branching.
d = (> 0, 0, 0, > 0): catalytic branching.
d = (0, > 0, 0, > 0): mutually catalytic branching.

These take over the role of the Feller diffusion function on the half-line (recall
Section 2.2).



Renormalization of Interacting Diffusions 135

4. Open problems

The main open problems are:
(a) Carry out the stochastic part of the renormalization program in higher di-

mension (for the examples in, respectively, Sections 3.1 and 3.2).
(b) Prove (3.4) for S the simplex, respectively, the hypercube. Attempt to extend

the proof for S an arbitrary compact convex subset of Rd.
(c) Prove (3.11) for S = [0,∞)2.

It clearly is a challenge to push the renormalization analysis forward to even richer
examples.
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in Vector-valued Lp Spaces

Tuomas P. Hytönen

Dedicated to Professor Philippe Clément on the occasion of his retirement

Abstract. We prove a new Fourier multiplier theorem for operator-valued
symbols in UMD spaces with property (α) by making simultaneous use of
the various good geometric properties of the Banach spaces in question that
are available. Our sufficient condition intersects the known Mihlin-Lizorkin
and Hörmander type assumptions.

1. Introduction

It was a long-standing problem to generalize S. G. Mihlin’s classical theorem on
Fourier-multipliers on Lp(Rn) to the setting of L (X)-valued multiplier functions
acting on the Bôchner spaces Lp(Rn, X), where X is a Banach space not iso-
morphic to a Hilbert space. A solution was first obtained by L. Weis [11], whose
work exploited decisively the notion of R-boundedness, which had been studied
in detail by Ph. Clément, B. de Pagter, F.A. Sukochev and H. Witvliet [3]. Once
this breakthrough was achieved, there has been some activity towards obtaining
sharper, and even optimal (in a certain sense, cf. [4]), smoothness assumptions
for operator-valued multipliers on Lp(Rn, X) [4, 6, 8, 10]. Perhaps surprisingly,
the methods developed in this connection have been able to relax the assumptions
from what was known before even for the classical multipliers on Lp(Rn) [6].

While the sharpest known multiplier conditions are rather technical, the
essence of the matter (i.e., the order of required smoothness as a function of
the Fourier-type of the underlying Banach spaces) is contained in the following
statement: (Recall that every UMD space indeed has some Fourier-type t ∈ ]1, 2].)
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1.1. Theorem ([6]). Let X and Y be UMD spaces with Fourier-type t ∈ ]1, 2]. Let
the function m ∈ L∞(Rn, L (X, Y )) satisfy the R-boundedness condition

Mα := R[|ξ||α|
Dαm(ξ) : ξ ∈ Rn \ {0}] < ∞

for all α ∈ {0, 1}n such that |α| ≤  n/t! + 1.

Then m is an (Lp(Rn, X), Lp(Rn, Y )) Fourier multiplier for 1 < p < ∞.

Here R(T ) designates the R-bound of a set T ⊂ L (X, Y ); see [3, 11] for
more on this notion.

The same conclusion, but assuming Mα < ∞ for all α ∈ {0, 1}n had been
obtained earlier by F. Zimmermann [12] for scalar-valued and by Ž. Štrkalj and
L. Weis [10] for operator-multipliers, and assuming Mα < ∞ for all |α| ≤  n/t!+1
by M. Girardi and Weis [4]. They also show that the smoothness order  n/t! + 1
cannot be essentially relaxed. (A slight improvement is possible by considering ap-
propriate fractional order smoothness.) The observation from [6] that one actually
only needs the intersection of these two different sets of assumptions was new even
in Lp(Rn), where it simultaneously improved the classical multiplier theorems of
Mihlin (α ∈ {0, 1}n) and L. Hörmander (|α| ≤  n/2! + 1).

Whereas the Fourier-type controls the required order of smoothness of mul-
tipliers, another geometric notion is known to be related to the order of required
decay and admissible blow-up of the derivatives of m. This is the property (α) of
G. Pisier, which allows the following form of the multiplier theorem, obtained by
Štraklj and Weis:

1.2. Theorem ([10]). Let X and Y be UMD spaces with property (α). Let m ∈
L∞(Rn, L (X, Y )) satisfy the R-boundedness condition

Nα := R[ξαDαm(ξ) : ξ ∈ (R \ {0})n] < ∞ for all α ∈ {0, 1}n.

Then m is an (Lp(Rn, X), Lp(Rn, Y )) Fourier multiplier for 1 < p < ∞.

In Lp(Rn), this improvement of Mihlin’s theorem is due to P. I. Lizorkin,
and for scalar multipliers on Lp(Rn, X) due to Zimmermann [12]. It has also been
extended to the mixed-norm spaces Lp̄(Rn, X), p̄ = (p1, . . . , pn) ∈ ]1,∞[n by the
author [7]. Zimmermann showed that already for scalar-multipliers, Theorem 1.2
fails to extend to all UMD spaces. Recently Weis and the author observed that its
validity actually characterizes UMD spaces with property (α) [9].

If X and Y are UMD spaces with Fourier-type t ∈ ]1, 2] and property (α),
then one could try to check the boundedness of a multiplier m ∈ L∞(Rn, L (X, Y ))
by either Theorem 1.1 or 1.2: the latter one requires in general more derivatives but
imposes weaker size conditions on them. A natural question is whether the inter-
section of these assumptions would suffice. Note that this problem arises already on
Lp(Rn), and an affirmative answer would be an improvement of the classical mul-
tiplier theorems by means of intersecting Hörmander’s and Lizorkin’s conditions.
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And indeed we are able to provide such an answer:

1.3. Theorem. Let X and Y be UMD-spaces with property (α) and Fourier-type
t ∈ ]1, 2]. Let m ∈ L∞(Rn, L (X, Y )) satisfy the R-boundedness condition

Nα = R[ξαDαm(ξ) : ξ ∈ (R \ {0})n] < ∞
for all α ∈ {0, 1}n such that |α| ≤  n/t! + 1.

Then m is an (Lp(Rn, X), Lp(Rn, Y )) Fourier-multiplier for 1 < p < ∞.

In fact, Theorem 1.3 will be proved in a slightly more general form than here
stated, which also covers some of the mixed-norm spaces Lp̄(Rn, X). There are
certain limitations on our techniques in this setting, however, so that we are unable
to cover all multi-exponents p̄ ∈ ]1,∞[n, but only a certain subset Pt thereof.
Nevertheless, it is strictly larger than the subset of pure exponents p ∈ ]1,∞[
appearing in the statement of Theorem 1.3 above.

The method of proof relies mainly on ideas of Girardi, Weis and the au-
thor from [4, 6, 8], appropriately modified to exploit the additional hypothesis of
property (α). In particular, the proof consists of roughly the following two parts:

• obtain a criterion for the boundedness of operator-valued convolutions f �→
k ∗ f , and then

• use a “Fourier embedding theorem” to check that the multiplier functions m
appearing in Theorem 1.3 are mapped by the Fourier transform into the class
of convolution kernels k for which the mentioned criterion is verified.

Just like in [6], we find that the “qualitative” UMD and (α) properties are mainly
used in the first step, whereas the “quantitative” Fourier-type condition only plays
a rôle in the second. A part of Theorem 1.3, namely the multiplier property of m
for t ≤ p ≤ t′, can also be obtained by a simpler approach introduced in [7],
which essentially consists of an induction on the dimension n, starting from a one-
dimensional result from [4]. We indicate this in more detail in the appendix. Note
that while the multiplier condition of Theorem 1.1 implies the Hörmander integral
condition for the associated kernel k (so that the boundedness of the multiplier on
Lp(Rn, X) for one p ∈ ]1,∞[ already gives the boundedness for all p), the condition
of Theorem 1.3 does not, and thus the simpler approach, unfortunately, appears
insufficient to recover the full result. The failure of Hörmander’s integral condition
underlines the more delicate nature of the Lizorkin-type multipliers compared to
the Mihlin or Hörmander-type ones.

2. Preliminaries, and a criterion for convolution operators

Let us begin by making some conventions. If α = (αi)n
i=1 and β = (βi)n

i=1 are two
vectors of same length, we define their product componentwise by αβ := (αiβi)n

i=1.
A vector to the power of another vector is defined as the scalar αβ :=

∏n
i=1 αβi

i ,
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whereas a scalar t to the power of a vector α is the vector tα := (tαi)n
i=1. A

combination which often appears is 2−µx, where µ ∈ Zn and x ∈ Rn. By our
conventions, this is the vector (2−µixi)n

i=1 ∈ Rn. We also record the formula
(tα)β = tα·β , where α · β :=

∑n
i=1 αiβi is the usual scalar product.

By εµ, µ ∈ Zn, we denote a sequence of independent random variables on
some probability space Ω, with distribution P (εµ = +1) = P (εµ = −1). These
are called Rademacher variables. We denote the mathematical expectation on
(Ω, P ) by E.

The mixed-norm spaces Lp̄(Rn, X) are defined inductively as follows:

For n = 1, L(p1)(R, X) := Lp1(R, X) is the usual Bôchner space.
For p̄ = (q̄, pn), where q̄ = (p1, . . . , pn−1) and n > 1, we set
Lp̄(Rn, X) := Lpn(R, Lq̄(Rn−1, X)).

This recursive definition is often handy in proving n-dimensional results with
a one-dimensional version as a starting point. In this connection it is useful to note
that when X is a UMD space, then so is Lp(R, X) for p ∈ ]1,∞[ and by induction
also Lp̄(Rn, X) for p̄ ∈ ]1,∞[n. The same applies to property (α).

We next give a version for the mixed norm spaces of a useful lemma of
J. Bourgain [2], which also lies at the heart of the multiplier theorems in [4, 6, 8].
The assumption that X be UMD is used via the validity of the n = 1 case of the
lemma.

2.1. Lemma. Let X be a UMD space and p̄ ∈ ]1,∞[n. For a finite set of indices
µ ∈ Zn, let

fµ ∈ Lp̄(Rn, X) with f̂µ ⊂ 2µ · [−1, 1]

and

h(µ) = (h(1)
µ1

, . . . , h(n)
µn

) ∈ Rn with |h(i)
j | ≤ Ki2−j , where K1, . . . , Kn ≥ 2.

Then

E
∥∥∥∑

µ

εµfµ(· − h(µ))
∥∥∥

Lp̄(Rn,X)
≤ C ·

n∏
i=1

log Ki · E
∥∥∥∑

µ

εµfµ

∥∥∥
Lp̄(Rn,X)

.

Proof. The case n = 1 is proved in [2] for T in place of R; this is transferred to
R in [4]. (A generalization to Rn is also given there, but of a slightly different
kind than what we want here.) Let us assume the lemma true for some n, and
consider the case n + 1. We write p̄ = (q̄, pn+1). Note that both sides of the
estimate to be proved remain invariant if we multiply εµ by ηµn+1 , where (ηj)j∈Z

is an independent Rademacher sequence. For µ = (ν, j) ∈ Zn × Z, let us write
h(ν,j) =: (h̃(ν), h

(n+1)
j ) ∈ Rn × R.

For each j ∈ Z, consider the function

x ∈ Rn �→ F ε
j (x) :=

∑
ν∈Zn

ε(ν,j)f(ν,j)(· − h̃(ν), x) ∈ Lq̄(Rn, X).
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Then supp F̂ ε
j ⊂ 2j · [−1, 1], and so we have (applying the n = 1 case on the UMD

Banach space Lq̄(Rn, X))

E
∥∥∥∑

µ

εµfµ(· − h(µ))
∥∥∥

Lp̄(Rn+1,X)
≤ E

∥∥∥∑
j

ηjF
ε
j (· − h

(n+1)
j )

∥∥∥
Lpn+1(R,Lq̄(Rn,X))

≤ C log Kn+1 · E
∥∥∥∑

j

ηjF
ε
j

∥∥∥
Lpn+1(R,Lq̄(Rn,X))

(2.2)

≤ C log Kn+1

( ∫
R

[
E
∥∥∥∑

ν

ην

∑
j

ε(ν,j)f(ν,j)(· − h̃(ν), x)
∥∥∥

Lq̄(Rn,X)

]pn+1

dx
)1/pn+1

,

where we used Kahane’s inequality and the invariance of the distribution of ε(ν,j)

under multiplication by an independent Rademacher sequence ην .
Observe that the functions

Gε,x
ν :=

∑
j

ε(ν,j)f(ν,j)(·, x) ∈ Lq̄(Rn, X)

satisfy supp Ĝε,x
ν ⊂ 2ν · [−1, 1], while the vectors h̃(ν) = (h(1)

ν1 , . . . , h
(n)
νn ) satisfy

|h(i)
j | ≤ Ki2−j . Thus, by the induction assumption,

E
∥∥∥∑

ν

ηνGε,x
ν (· − h(ν))

∥∥∥
Lq̄(Rn,X)

≤ C ·
n∏

i=1

KiE
∥∥∥∑

ν

ηνGε,x
ν

∥∥∥
Lq̄(Rn,X)

.

Applying this estimate in (2.2), and using Kahane’s inequality one more time, we
arrive at the assertion of the lemma. �

For the next result, we introduce a partition of unity on Rn. Let first ϕ̂
(1)
0 ∈

D(R) be symmetric about the origin, have support in [−2, 2], be constantly 1
on [−1, 1] and decreasing on [1, 2]. Let φ̂

(1)
0 (ξ) := ϕ̂

(1)
0 (ξ) − ϕ̂

(1)
0 (2ξ). We then

define a function φ̂0 ∈ D(Rn) by φ̂0(ξ) :=
∏n

i=1 ϕ̂
(1)
0 (ξi). Finally, for µ ∈ Zn, let

φ̂µ(ξ) := φ̂0(2−µξ). Then
∑

µ∈Zn φ̂µ(ξ) = 1 for all ξ ∈ (R\{0})n =: Rn
∗ . Naturally,

φµ(x) = 2−µ·ιφ0(2−µx), where ι := (1, . . . , 1), will be the function whose Fourier
transform is φ̂µ.

It is useful to introduce

χµ :=
∑

|ν−µ|∞≤1

φν ,

so that χ̂µ is constantly 1 on supp φ̂µ.
The assumption that a certain space X is UMD with property (α) will mainly

be used through the following Littlewood-Paley-type theorem on Lp̄(Rn, X), and
the similar result on Lp̄(Rn, X ′), which follows from the known fact that X ′,
too, is a UMD space with property (α) when X is. (Note that unlike the UMD
condition, the property (α) alone is not self-dual; nevertheless, the joint property
“UMD and (α)” is.)
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2.3. Proposition. Let X be a UMD space with property (α). Then

E
∥∥∥∑

µ

εµχµ ∗ f
∥∥∥

Lp̄(Rn,X)
≤ C ‖f‖Lp̄(Rn,X)

for all f ∈ Lp̄(Rn, X) and p̄ ∈ ]1,∞[n, with C depending only on X and p̄.

For p̄ = p · ι, this follows from the results of Zimmermann [12], while the
general case can easily be obtained from [7].

The n = 1 case holds in every UMD space, and there are also variants of the
Littlewood-Paley decomposition which remain bounded in the multi-dimensional
setting for arbitrary UMD spaces. Results analogous to the following have been
proved in that setting in [4, 8]. The proof given below is not very different from
that in [8], but it is hoped that we have managed to make the argument a little
more transparent.

2.4. Proposition. Let X and Y be UMD spaces with property (α), and let p̄ ∈
]1,∞[n. Let the distribution k ∈ S ′(Rn, L (X, Y )) satisfy∫

Rn

E
∥∥∥∑

µ

εµ2−µ·ι(φµ ∗ k)(2−µy)fµ

∥∥∥
Lp̄(Rn,Y )

n∏
i=1

log(2 + |yi|) dy

≤ CE
∥∥∥∑

µ

εµfµ

∥∥∥
Lp̄(Rn,X)

(2.5)

for all finitely non-zero sequences of fµ ∈ Lp̄(Rn, X). Then f �→ k∗f is a bounded
map from Lp̄(Rn, X) to Lp̄(Rn, Y ).

Proof. For f ∈ X ⊗ [D̂0(R)]n, g ∈ Y ′ ⊗ [D̂0(R)]n, we have

〈g, k ∗ f〉 =
∑

µ∈Zn

〈χµ ∗ g, (φµ ∗ k) ∗ (χµ ∗ f)〉 =
∑

µ∈Zn

〈
(φµ ∗ k̃)′ ∗ (χµ ∗ g), χµ ∗ f

〉
where only finitely many of the χµ ∗ g and χµ ∗ f are zero, and k̃ denotes the
reflection of k about the origin. A change of variables gives

(φµ ∗ k̃)′ ∗ (χµ ∗ g)(x) =
∫
Rn

2−µ·ι(φµ ∗ k)(2−µy)′(χµ ∗ g)(x + 2−µy) dy,

and then∑
µ

〈
(φµ ∗ k̃)′ ∗ (χµ ∗ g), χµ ∗ f

〉
=
∑

µ

∫
Rn

〈
2−µ·ι(φµ ∗ k)(2−µy)′(χµ ∗ g)(· + 2−µy), χµ ∗ f

〉
dy

=
∫
Rn

E

〈∑
µ

εµ(χµ ∗ g)(· + 2−µy),
∑

ν

εν2−ν·ι(φν ∗ k)(2−νy)(χν ∗ f)

〉
dy.
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By Hölder’s and Kahane’s inequalities, the absolute value of this is bounded by

C

∫
Rn

E
∥∥∥∑

µ

εµ(χµ ∗ g)(· + 2−µy)
∥∥∥

Lp̄′(Rn,Y ′)

× E
∥∥∥∑

ν

εν2−ν·ι(φν ∗ k)(2−νy)(χν ∗ f)
∥∥∥

Lp̄(Rn,Y )
dy.

By the previous lemma and the Littlewood-Paley theorem on Lp̄′
(Rn, Y ′),

we have
E
∥∥∥∑

ν

εν(χν ∗ g)(· + 2−νy)
∥∥∥

Lp̄′(Rn,Y ′)

≤ C

n∏
i=1

log(2 + |yi|) ·
∥∥∥∑

ν

ενχν ∗ g
∥∥∥

Lp̄′(Rn,Y ′)

≤ C

n∏
i=1

log(2 + |yi|) ‖g‖Lp̄′(Rn,Y ′) .

By the assumption and the Littlewood-Paley theorem on Lp̄(Rn, X),∫
Rn

E
∥∥∥∑

µ

εµ2−µ·ι(φµ ∗ k)(2−µy)(χµ ∗ f)
∥∥∥

Lp̄(Rn,Y )
·

n∏
i=1

log(2 + |yi|) dy

≤ CE
∥∥∥∑

µ

εµχµ ∗ f
∥∥∥

Lp̄(Rn,X)
≤ C ‖f‖Lp̄(Rn,X) .

Everything combined, we have shown that

|〈g, k ∗ f〉| ≤ C ‖g‖Lp̄′(Rn,Y ′) ‖f‖Lp̄(Rn,X) ,

which obviously gives the assertion. �

3. Multiplier theorems via embeddings

The next step on the road to multiplier theorems is to find efficient conditions
for checking the assumption of Prop. 2.4 in terms of smoothness and size of the
multiplier m = k̂. Note that the mentioned assumption is the requirement of mem-
bership of a certain function in the logarithmically weighted L1 space. Thus the
following result about an embedding into such a space is not completely unrelated.
The proof is similar to that of Lemma 8.1 in [6], but we give the details for the
convenience of the reader.

Below, the assumption that X have Fourier-type t ∈ ]1, 2] enters the scene.
Recall that this means the boundedness of the Fourier transform from Lt(Rn, X)
to Lt′(Rn, X).

We also employ the product symbol in connection with multiple integrals in
a rather formal way, which is best understood by thinking of “

∏
i:αi=1 Ei” simply

as “write the expressions Ei, for all i such that αi = 1, in a row, and then interpret
what you have in the usual way”; cf. [6].
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3.1. Proposition. Let X be a Banach space with Fourier-type t ∈ ]1, 2]. Let w(x) =∏n
i=1 wi(xi), where each wi is even, positive and non-decreasing on R+. Then∫
Rn

|f̂(x)|Xw(x) dx ≤ C
∑

α∈{0,1}n

∏
i:αi=1

∫ 1/4

0

dhi

hi
h
−1/t
i wi(h−1

i ) ‖δα
hf‖Lt(Rn,X) .

The α = 0 term on the right means simply ‖f‖Lt(Rn,X).

Proof. We make use of the decomposition of Rn introduced in [6]. For ρ ∈ ]0,∞[n,
α ∈ {0, 1}n and j ∈ Nα := {µ ∈ Nn : µi = 0 if αi = 0}, let

E(α, ρ) := {x ∈ Rn : |xi| ≤ ρi if αi = 0, |xi| > ρi if αi = 1}
E(α, ρ, j) := {x ∈ E(α, ρ) : 2jiρi < |xi| ≤ 2ji+1ρi if αi = 1}.

The two key observations are the facts that

|1 − ei2πx·ei/2ji+2ρi | ≥ c for x ∈ E(α, ρ, j), αi = 1,

and that (1−ei2πx·h)f̂(x) is the Fourier transform of f−f(·−h) =: f−τhf =: ∆hf
at x. Then∫

E(α,ρ)

|f̂(x)|X · w(x) dx =
∑

j∈Nα

∫
E(α,ρ,j)

|f̂(x)|X · w(x) dx

≤ C
∑

j∈Nα

∫
E(α,ρ,j)

∣∣∣ ∏
i:αi=1

(1 − ei2πx·ei/2ji+2ρi) · f̂(x)
∣∣∣
X

w(x) dx

≤ C
∑

j∈Nα

∥∥∥x �→
∏

i:αi=1

(1 − ei2πx·ei/2ji+2ρi) · f̂(x)
∥∥∥

Lt′ (Rn,X)

(∫
E(α,ρ,j)

wt(x) dx
)1/t

≤
∑

j∈Nα

C
∥∥∥ ∏

i:αi=1

∆ei/2ji+2ρi
f
∥∥∥

Lt(Rn,X)

∏
i:αi=0

wi(2ρi)(2ρi)1/t

×
∏

i:αi=1

wi(2ji+1ρi)(2ji+1ρi)1/t.

We integrate with respect to dρi/ρi from r to 2r for every i:

n∏
i=1

∫ 2r

r

dρi

ρi

∫
E(α,ρ)

|f̂(x)|X · w(x) dx

≤ Cr(n−|α|)/t
∏

i:αi=0

wi(4r)
∑

j∈Nα

∏
i:αi=1

∫ 2r

r

dρi

ρi
wi(2ji+1ρi)(2ji+1ρi)1/t

×
∥∥∥ ∏

i:αi=1

∆ei/2ji+2ρi
f
∥∥∥

Lt
X
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= Cr(n−|α|)/t
∏

i:αi=0

wi(4r)
∑

j∈Nα

∏
i:αi=1

∫ 1/2ji+2r

1/2ji+3r

dhi

hi
wi(1/2hi)(2hi)−1/t

×
∥∥∥δα

hf
∥∥∥

Lt(Rn,X)

≤ Cr(n−|α|)/t
∏

i:αi=0

wi(4r) ×
∏

i:αi=1

∫ 1/4r

0

dhi

hi
h
−1/t
i wi(h−1

i ) ‖δα
hf‖Lt(Rn,X) ,

where we have adopted the notation δα
h :=

∏
i:αi=1 ∆hiei .

Summing over all α ∈ {0, 1}n and taking r = 1, we get the assertion. �

Again, we introduce some more notation. Since in the interpolation of Lp̄

spaces a key rôle is played by the fact that the reciprocal of a certain multi-
exponent can be expressed as a linear combination of others, we define

conv−1 A :=(conv A −1)−1

={p̄ : 1/p̄ =
N∑

j=1

σj/p̄(j), p̄(j) ∈ A , σj ≥ 0,

N∑
j=1

σj = 1}

Let us denote ιk := (1, . . . , 1) ∈ Rk, and define

At := conv−1

n⋃
k=0

[t, t′]k × {ιn−k}.

We also recall that Rad X is the completion of all finitely non-zero sums∑
µ εµxµ in L2(Ω, X). By Kahane’s inequality it follows that we could equally well

define this as a completion in Lr(Ω, X) for any r ∈ [1,∞[, and then by Fubini’s
theorem Rad(Lp(R, X)) ≈ Lp(R, RadX), and by induction Rad(Lp̄(Rn, X)) ≈
Lp̄(Rn, RadX) for all p ∈ [1,∞[, resp. p̄ ∈ [1,∞[n. See, e.g., [4] for more on this
space and its use in the present kind of connection.

3.2. Lemma. Let Y have Fourier-type t ∈ ]1, 2], and let k ∈ S ′(Rn, L (X, Y ))
with m := k̂ ∈ L∞(Rn, L (X, Y )). Let

M :=
∑

α∈{0,1}n

∏
i:αi=1

∫ 1/4

0

dhi

hi
h
−1/t
i log(h−1

i )

×
∥∥∥R[δα

h (φ̂0(·)m(2µ·)) : µ ∈ Zn|L (X, Y )]
∥∥∥

t

(3.3)

be finite. Then (2.5) holds with C = c(p̄, X)M < ∞ for all fµ ∈ Lp̄(Rn, X) and
p̄ ∈ At.

Proof. Let first fµ ∈ Lq̄(Rk, X), where q̄ ∈ [t, t′]k and k ∈ {0, 1, . . . , n}; for k = 0,
we understand this simply as fµ ∈ X . For a fixed y, we have 2µ·ι(φµ ∗ k)(2−µy) ∈
L (X, Y ), and this operator has a canonical extension to L (Lq̄(Rk, X), Lq̄(Rk, Y ).
For q̄ in the described range, the space Lq̄(Rk, Y ) has Fourier-type t, and the
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same is still true of the space Rad(Lq̄(Rk, Y )) ≈ Lq̄(Rk, RadY ). It follows from
Prop. 3.1 that∫

Rn

∥∥∥∑
µ

εµ2−µ·ι(φµ ∗ k)(2−µy)fµ

∥∥∥
Lq̄(Rk,Rad Y )

n∏
i=1

log(2 + |yi|) dy

≤ C
∑

α∈{0,1}n

∏
i:αi=1

∫ 1/4

0

dhi

hi
h
−1/t
i log(2 + h−1

i )

×
∥∥∥δα

h

∑
µ

εµ(φ̂µk̂)(2µ·)fµ

∥∥∥
Lt(Rn,Lq̄(Rk,Rad Y ))

≤ C
∑

α∈{0,1}n

∏
i:αi=1

∫ 1/4

0

dhi

hi
h
−1/t
i log(h−1

i )

×
∥∥∥R{δα

h (φ̂0(·)m(2µ·))}µ∈Zn

∥∥∥
t

∥∥∥∑
µ

εµfµ

∥∥∥
Lq̄(Rk,Rad X)

= CM
∥∥∥∑

µ

εµfµ

∥∥∥
Lq̄(Rk,Rad X)

.

Next, consider a multi-exponent p̄ = (q̄, ιn−k), where q̄ is as above. Let
Fµ ∈ Lp̄(Rn, X) = Lιn−k(Rn−k, Lq̄(Rk, X)). Then the partial point-evaluations
Fµ(·, x), x ∈ Rn−k, belong to Lq̄(Rk, X), so the estimate just established applies
to fµ = Fµ(·, x). If we integrate the resulting inequality with respect to dx on
Rn−k, we obtain∫

Rn

∥∥∥∑
µ

εµ2−µ·ι(φµ ∗ k)(2−µy)Fµ

∥∥∥
Lp̄(Rn,Rad Y )

×
n∏

i=1

log(2 + |yi|) dy ≤ CM
∥∥∥∑

µ

εµFµ

∥∥∥
Lp̄(Rn,Rad X)

.

Thus we have established the desired boundedness

Lp̄(Rn, Rad X) → L1(Rn,

n∏
i=1

log(2 + |yi|) dy; Lp̄(Rn, RadY ))

for all p̄ ∈
⋃n

k=0[t, t
′]k ×{ιn−k}. It suffices to apply, say, the complex interpolation

method (more precisely, see [1], 5.1.2) to extend this to all the exponents in the
assertion. �

Now we are ready for a multiplier theorem. The version given below is
the most general of this paper, and just like the most general versions in [4, 6]
has rather technical assumptions. Hopefully more attractive versions are given as
Corollaries below, where it is shown, in particular, that Theorem 1.3 follows from
this abstract version.
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3.4. Theorem. Let X and Y be UMD spaces with property (α), each of Fourier-
type t ∈ ]1, 2]. Let m ∈ L∞(Rn, L (X, Y )) be such that the quantity M in (3.3) is
finite. Let us denote

Bt := At ∩ ]1,∞[n , B′
t := {p̄′ : p̄ ∈ Bt}, Pt := conv−1(Bt ∪ B′

t).

Then m is an (Lp̄(Rn, X), Lp̄(Rn, Y )) Fourier-multiplier for all p̄ ∈ Pt, in par-
ticular for all p̄ = p · ι, p ∈ ]1,∞[.

Proof. The assertion for p̄ ∈ Bt is an immediate consequence of Prop. 2.4 and
Lemma 3.2. On the other hand, the assumptions of the Proposition remain in-
variant on replacing X by Y ′, Y by X ′ and m by ξ �→ m(ξ)′ ∈ L (Y ′, X ′).
Hence it also follows that m(·)′ is an (Lp̄(Rn, Y ′), Lp̄(Rn, X ′)) Fourier-multiplier
for p̄ ∈ Bt, and this implies by duality that m is an (Lp̄(Rn, X), Lp̄(Rn, Y )) for
p̄ ∈ B′

t. The full assertion now follows by interpolation. �
3.5. Corollary. Let X and Y be UMD spaces with property (α) and Fourier-type
t ∈ ]1, 2]. Let t−1 < γ ≤ 1, and let m ∈ L∞(Rn, L (X, Y )) satisfy the following
R-boundedness condition:

Lα := R[ξαγη−αγδα
η m(ξ) : α ∈ {0, 1}n, |ξi| > 2 |ηi| > 0] < ∞

for all α ∈ {0, 1}n. Then m is an (Lp̄(Rn, X), Lp̄(Rn, Y )) Fourier-multiplier for
all p̄ ∈ Pt.

The case n = 1, which holds even without property (α), is due to Girardi
and Weis [4].

Proof. Obviously, it suffices to show that the quantity M in (3.3) is bounded by
the sum of Lα’s. It is readily verified that

δα
h (f · g) =

∑
θ≤α

τθhδα−θ
h f · δθ

hg.

Thus, for h ∈ ]0, 1/4]n,

R[δα
h (φ̂0(ξ)m(2µξ)) : µ ∈ Zn] ≤

∑
θ≤α

|τθhδα−θ
h φ̂0(ξ)| · R[(δθ

2µhm)(2µξ) : µ ∈ Zn].

Note that the condition that τθhδα−θ
h φ̂0(ξ) �= 0 forces |ξi| ≈ 1 for all i = 1, . . . , n.

The R-bound above is dominated by Lθh
θγ . On the other hand, since φ̂0 is a

smooth function, we have |δα−θ
h φ̂0(ξ)| ≤ Chα−θ ≤ Ch(α−θ)γ . Taking moreover

into account the finite support of φ̂0, we find that∥∥∥R[δα
h (φ̂0(·)m(2µ·)) : µ ∈ Zn]

∥∥∥
t
≤ Chαγ

∑
θ≤α

Lθ,

and then

M ≤ C
∑

α∈{0,1}n

∏
i:αi=1

∫ 1/4

0

dhi

hi
h
−1/t+γ
i log(h−1

i ) ×
∑
θ≤α

Lθ,

and all the integrals are convergent, since γ > 1/t. �
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The specialization of the following Corollary to the case of a pure exponent
p̄ = p · ι, p ∈ ]1,∞[, is Theorem 1.3, which was stated in the introduction.

3.6. Corollary. Let X and Y be a UMD space with property (α) and Fourier-type
t ∈ ]1, 2]. If m ∈ L∞(Rn, L (X, Y )) satisfies

R[ξαDαm(ξ) : ξ ∈ Rn
∗ , α ∈ {0, 1}n, |α| ≤  n/t! + 1] < ∞,

then m is an (Lp̄(Rn, X), Lp̄(Rn, Y )) Fourier multiplier for all p̄ ∈ Pt.

Proof. It suffices to pick 1/t < γ ≤ 1 and show that the R-bounds assumed in the
previous Corollary can be estimated by the one assumed now. Note that n/t <
 n/t!+ 1 ≤ n, so that we may choose γ in such a way that n/t < nγ ≤  n/t!+ 1.

Let α ∈ {0, 1}n. If |α| ≤  n/t! + 1, then we obtain at once that

ξαγη−αγδα
η m(ξ) = ξαγη−αγ

∫
[0,1]α

ηαDαm(ξ − uη) du

= ηα(1−γ)ξα(γ−1)

∫
[0,1]α

ξα

(ξ − uη)α
(ξ − uη)αDαm(ξ − uη) du,

so that

R[ξαγη−αγ : |ξi| > 2 |ηi| > 0] ≤ 2|α|γR[ξαDαm(ξ) : ξ ∈ Rn
∗ ].

If α >  n/t!+1, then a somewhat more careful argument is required. Consider
a splitting α = β + θ; β, θ ≥ 0, where |β| =  n/t! + 1 > n/t, and then |θ| < n/t′.
For each of the finite number of such splittings, we consider

R[ξαγη−αγδα
η m(ξ) : 2 < |ξi/ηi| ≤ |ξj/ηj | for βj = 1, θi = 1].

Note that the sets {2 < |ξi/ηi| ≤ |ξj/ηj | for βj = 1, θi = 1}, when (β, θ) ranges
over all splittings of α as above, cover the set {|ξi| > 2 |ηi| > 0}, for among the
|α| indices i with αi = 1, there always exists a collection of  n/t! + 1 indices j for
which the ratio |ξj/ηj | is at least as large as for the remaining indices.

Then we have

ξαγη−αγδα
η m(ξ) = ξαγη−αγδθ

η

∫
[0,1]β

ηβDβm(ξ − uη) du

= ξθγη−θγξβ(γ−1)ηβ(1−γ)
∑
κ≤θ

(−1)|κ|

×
∫

[0,1]β

ξβ

(ξ − (u + κ)η)β
(ξ − (u + κ)η)βDβm(ξ − (u + κ)η) du,

so that

R[ξαγη−αγδα
η m(ξ) : 2 < |ξi/ηi| ≤ |ξj/ηj | for βj = 1, θi = 1]

≤ sup
[∣∣ξθγη−θγ

∣∣ · |ξβ(γ−1)ηβ(1−γ)| : 2 < |ξi/ηi| ≤ |ξj/ηj| for βj = 1, θi = 1
]

× 2|β|R[ξβDβm(ξ) : ξ ∈ Rn
∗ ].
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In the set under consideration, we have

|ξθγη−θγ | · |ξβ(γ−1)ηβ(1−γ)| ≤ |ξβγη−βγ ||θ|/|β| · |ξβ(γ−1)ηβ(1−γ)|
= |ξβη−β |γ(|θ|/|β|+1)−1.

Since
∣∣ξβη−β

∣∣ > 2|β|, it remains to show that γ(|θ| / |β| + 1) − 1 ≤ 0. But

γ(|θ| + |β|) = γ |α| ≤ γn ≤  n/t! + 1 = |β| ,
which is equivalent to this claim. �

One more corollary is in order: it says that if a family of multipliers satisfies
the assumptions of the previous Corollaries in a uniform way, not only are the
individual operators bounded, but in fact the whole family is again R-bounded.
The proof is omitted, since it is an immediate consequence of the previous results
by using the general bootstrapping method for operator-valued multiplier theorems
on spaces with property (α), which was invented by Girardi and Weis in [5].

3.7. Corollary. Let X and Y be UMD spaces with property (α) and Fourier-type
t ∈ ]1, 2]. Let M ⊂ L∞(Rn, L (X, Y )) be a collection of multipliers which satisfies

R[ξαDαm(ξ) : α ∈ {0, 1}n, |α| ≤  n/t! + 1, m ∈ M ] < ∞,

or more generally, with 1/t < γ ≤ 1,

R[ξαγη−αγδα
η m(ξ) : α ∈ {0, 1}n, |ξi| > 2 |ηi| > 0, m ∈ M ] < ∞.

Then the collection T of all (Lp̄(Rn, X), Lp̄(Rn, Y )) Fourier-multipliers associ-
ated with m ∈ M is an R-bounded set for all p̄ ∈ Pt, and R(T ) is estimated in
terms of the R-bounds in the assumptions.

4. Appendix: Another approach to a special case
of the main theorem

In [7] it was shown that certain multiplier theorems in UMD spaces with property
(α) admit a relatively simple proof by induction on the dimension n, starting from
the one-dimensional result. In particular, a new proof of Theorem 1.2 was given
by this method. It is natural to ask whether this inductive approach could also
yield the improved Theorem 1.3.

The answer is in part “yes”, but with certain limitations. This approach has
the problem that while Lp(R, X) (and then Lp̄(Rn, X)) inherits the UMD and
(α) properties of X for all p ∈ ]1,∞[ (resp. p̄ ∈ ]1,∞[n), this is only true for
the Fourier-type t property for p ∈ [t, t′] (resp. p̄ ∈ [t, t′]n). This restricts the
multi-exponents we are able to cover with such approach.

But to see what can be done, we give the following proposition, whose state-
ment is just a specialization of Cor. 3.7 but for which we can give a simpler proof.
(Of course, simplicity is a conditional property depending on our prior knowledge,
and in the present case our “simpler proof” relies essentially on the n = 1 case
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from [4], whose proof is not in any substantial way easier than that of the general
result above.)

4.1. Proposition. Let X and Y be UMD spaces with property (α) and Fourier-type
t ∈ ]1, 2]. For an (Lp̄(Rn, X), Lp̄(Rn, Y )) Fourier-multiplier m, denote by Tm the
corresponding operator between these spaces. Then for M ⊂ L∞(Rn, L (X, Y )),

R[Tm : m ∈ M ] ≤ CR[ξαγη−αγδα
η m(ξ) : α ∈ {0, 1}n, |ξi| > 2 |ηi| > 0, m ∈ M ]

for all p̄ ∈ ]1,∞[× [t, t′]n−1 and 1/t < γ ≤ 1, where C depends only on X, p̄ and γ.

Proof. For n = 1 and M = {m}, this was proved by Girardi and Weis [4] (without
property (α)), and for a general M (and assuming (α)) this follows from their
bootstrapping method [5].

If we assume the theorem valid for some n, we can use the induction method
from [7] to prove it for n + 1. In fact, the (n + 1)-dimensional multiplier operator
Tm, with m ∈ L∞(Rn, L (X, Y )) acting on L(q̄,p)(Rn+1, X) = Lp(R, Lq̄(Rn, X))
is naturally identified (at least on a suitable test function class) with the one-
dimensional multiplier operator Tm̃, where m̃(x) := Tm(·,x). Thus

R[Tm : m ∈ M |L (L(q̄,p)(Rn+1, X), L(q̄,p)(Rn+1, Y ))]

= R[Tm̃ : m ∈ M |L (Lp(R, Lq̄(Rn, X)), Lp(R, Lq̄(Rn, Y )))]

≤ CR[xαγy−αγδα
y m̃(x) : α ∈ {0, 1}, |x| > 2 |y| > 0, m ∈ M |

L (Lq̄(Rn, X), Lq̄(Rn, Y ))]

= CR[Txαγy−αγδα
yen+1

m(·,x) : α ∈ {0, 1}, |x| > 2 |y| > 0, m ∈ M ]

≤ CR[ξαγη−αγδα
η m(ξ) : α ∈ {0, 1}n+1, |ξi| > 2 |ηi| > 0, m ∈ M |L (X, Y )],

where the first inequality was an application of Girardi and Weis’ n = 1 case
on the spaces Lq̄(Rn, X) and Lq̄(Rn, Y ), both of which are UMD with (α) and
Fourier-type t, and the second used the induction assumption. �

By repeating the reasoning in the proof of Cor. 3.6, one sees that for p̄ ∈
]1,∞[ × [t, t′]n−1, the mentioned Corollary also follows from the previous Propo-
sition, and in particular we get Theorem 1.3 for p ∈ [t, t′], as we claimed.
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Interpolation Spaces for Initial Values of
Abstract Fractional Differential Equations

Stig-Olof Londen

Dedicated to Philippe Clément on the occasion of his retirement

Abstract. We consider the parabolic evolutionary equation

Dβ
t (ut − z) + Au = f, u(0) = y, ut(0) = z,

in continuous interpolation spaces allowing a singularity as t → 0. Here β ∈
(0, 1). We analyze the corresponding trace spaces and show how they depend
on β and on the strength of the singularity. The results are applied to the
quasilinear equation

Dβ
t (ut − z) + A(u, ut)u = f, u(0) = y, ut(0) = z.

1. Introduction

In a recent paper [3] we analyzed quasilinear parabolic evolutionary equations of
type

Dα
t (u − x) + A(u)u = f(u) + h(t), t > 0, u(0) = x, (1.1)

in continuous interpolation spaces allowing a singularity in u as t ↓ 0. Here Dα
t

denotes the time-derivative of order α ∈ (0, 2).
First, we gave a treatment of fractional derivatives in the spaces Lp((0, T ); X),

X a Banach space, and next considered these derivatives in spaces of X-valued
continuous functions having (at most) a prescribed singularity as t ↓ 0. The ap-
propriate trace spaces were characterized, including their dependence on α. Via
maximal regularity results on the linear equation

Dα
t (u − x) + Au = f(t), t > 0, u(0) = x,

we then obtained statements on quasilinear equations of type (1.1).
In the case where α ∈ (1, 2) and the parameters are such that ut is pointwise

well defined, our approach only dealt with the case where ut(0) = 0. This is clearly
a drawback, in particular in view of the applications.
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The case where ut(0) is nonzero does however require some additional non-
trivial analysis. Statements concerning this case cannot simply be deduced from
those of [3].

In this paper, we carry through the required additional analysis. Our main
results are given in Section 2. In particular, in Theorem 2.2, we characterize the
appropriate trace spaces involved. Proposition 2.3 recalls an earlier result on the
necessary maximal regularity.

Taking u(0), ut(0) as given by Theorem 2.2 we formulate, in Theorem 2.4 a
result concerning the solution u of the linear equation

Dβ
t (ut − z) + Au = f, u(0) = y, ut(0) = z.

Here β = α − 1. The spaces where u, ut are continuous on [0, T ] are given and we
make explicit the norm estimates needed for the quasilinear case.

Our statements on the quasilinear equation

Dβ
t (ut − z) + A(u, ut)u = f(u, ut) + h(t), t > 0, u(0) = y, ut(0) = z, (1.2)

are given in Theorem 2.5. Here we allow A to depend not only on u as in (1.1) ,
but also on ut. At the end of Section 2 we briefly comment on an application of
Theorem 2.5.

The proofs of Theorem 2.2 and Theorem 2.4 are given in Section 3 and Section
4, respectively. Once Theorem 2.2 and Theorem 2.4 are available, then Theorem
2.5 is proved in much the same way as the corresponding result in [3]. Therefore,
we do not repeat it here.

For more references to the literature, and for further connections to earlier
work, we refer the reader to [3].

2. Main results

Let E1, E0 be Banach spaces, with E1 ⊂ E0 and dense embedding, and let A be an
isomorphism mapping E1 into E0. Throughout we take α ∈ (1, 2), µ ∈ (0, 1) (this
is the parameter characterizing the singularity), and write β = α − 1. Further, let
the linear operator A, as an operator in E0, be nonnegative with spectral angle
φA satisfying

2φA < π(1 − β). (2.1)

We assume
µ + β > 1, (2.2)

and write J = [0, T ]. We employ the notation

Eθ
def= (E0, E1)θ

def= (E0, E1)0θ,∞, θ ∈ (0, 1),

for the continuous interpolation spaces between E0 and E1. Recall that if η is some
number such that

0 ≤ η < π − φA,
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then
x ∈ Eθ iff lim

|λ|→∞,|argλ|≤η
‖λθA(λI + A)−1x‖E0 = 0,

and that we may take

‖x‖θ
def= sup

|argλ|≤η

‖λθA(λI + A)−1x‖E0 ,

as norm on Eθ.
We recall the definition of a fractional derivative.
Let X be a Banach space and write

gβ(t) =
1

Γ(β)
tβ−1, t > 0, β > 0.

Definition 2.1. Let u ∈ L1((0, T ); X) for some T > 0. We say that u has a frac-
tional derivative of order α > 0 provided u = gα ∗ f

def=
∫ t

0
gα(t − s)f(s) ds, for

some f ∈ L1((0, T ); X). If this holds, write Dα
t u = f .

Next, we specify the singularities involved. Define, for X a Banach space,

BUC1−µ(J ; X) =
{

u ∈ C((0, T ]; X)
∣∣t1−µu(t) ∈ BUC((0, T ]; X),

lim
t→0

t1−µ‖u(t)‖X = 0
}
.

We consider the spaces

Ẽ0(J) def= BUC1−µ(J ; E0), (2.3)

Ẽ1(J) def= BUC1−µ(J ; E1) ∩ BUC1
1−µ(J ; E β

1+β
) ∩ BUC1+β

1−µ(J ; E0), (2.4)

where

BUC1
1−µ(J ; E β

1+β
) =

{
u ∈ C1((0, T ]; E β

1+β
)
∣∣ u, u′ ∈ BUC1−µ(J ; E β

1+β
)
}
,

and

BUC1+β
1−µ(J ; E0) =

{
u ∈ BUC1

1−µ(J ; E0)
∣∣ u′ = z + gβ ∗ f,

for some z ∈ E0, f ∈ Ẽ0(J)
}
.

Thus u ∈ BUC1+β
1−µ(J ; E0) means that u, u′ ∈ Ẽ0(J), that u′(0) = z, and that

u′ − z has a fractional derivative f of order β ∈ (0, 1), such that f ∈ Ẽ0(J). (Cf.
[3, Sect. 3].) Observe that by (2.2), and with f ∈ Ẽ0(J), one has that gβ ∗ f is
pointwise well defined in E0 on [0, T ]; and equals zero for t = 0. (Cf. [3, p. 423].)

We equip Ẽ0(J), Ẽ1(J) with the respective norms

‖u‖Ẽ0(J)

def= sup
0<t≤T

t1−µ‖u(t)‖E0,

‖u‖Ẽ1(J)
def= sup

0<t≤T
t1−µ

(
‖u(t)‖E1 + ‖u′(t)‖E β

1+β

+ ‖f(t)‖E0

)
,
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where f is defined through the fact that u ∈ Ẽ1(J) implies u = y + tz + g1+β ∗ f ,
for some y, z ∈ E0 and f ∈ Ẽ0(J).

Without loss of generality, take ‖y‖E1 = ‖Ay‖E0, and note that Ẽ0(J), Ẽ1(J)
are Banach spaces (cf. [3, p. 423, Lemma 3]).

Our first purpose is to investigate the trace space of Ẽ1(J).
We define γ : Ẽ1(J) → (E0 ×E0) by γ(u) = (u(0), u′(0)), and the trace space

γ(Ẽ1(J)) def= Im(γ), with

‖(x, y)‖γ(Ẽ1(J))
def= inf

{
‖v‖Ẽ1(J)

∣∣ γ(v) = (x, y)
}
.

Define (recall (2.2)),

µ̂ =
µ + β

1 + β
, µ̃ =

µ + β − 1
1 + β

. (2.5)

Then
0 < µ̃ < µ < µ̂ < 1.

Concerning γ(Ẽ1(J)) we have the following result.

Theorem 2.2. Take µ, β ∈ (0, 1) such that µ + β > 1. Define µ̃, µ̂ as in (2.5). Let
E0, E1 be Banach spaces, with E1 densely imbedded in E0. Assume there exists
an isomorphism A mapping E1 into E0 such that A, as an operator in E0, is
nonnegative, satisfies (2.1), and is such that

Dβ
t ut + Au = f, u(0) = ut(0) = 0, (2.6)

has maximal regularity in Ẽ0(J).
Then γ(Ẽ1(J)) = Eµ̂ × Eµ̃.

In Section 3 we prove this result through a series of Lemmas. Here we only
make some preparatory remarks.

A comparison of Theorem 2.2 with [3, Theorem 7, p. 428] reveals that the
price paid for an inclusion of ut in the characterization of the trace space is the
assumption on maximal regularity of (2.6).

As to the question of when this maximal regularity holds, we recall the fol-
lowing. (See [3, Theorem 11, p. 435].)

Let F1, F0 be Banach spaces such that

E1 ⊂ F1 ⊂ E0 ⊂ F0, (2.7)

and assume that there is an isomorphism Ã : F1 → F0 such that Ã, as an operator
in F0, is nonnegative with spectral angle φÃ satisfying

2φÃ < π(1 − β), (2.8)

and such that for some θ ∈ (0, 1),

E0 = Fθ
def= (F0, F1)

0,∞
θ , (2.9)

and such that
Ax = Ãx, x ∈ E1. (2.10)
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We then have

Proposition 2.3. Let the assumptions of Theorem 2.2, except the assumption on
maximal regularity of (2.6), hold. Assume (2.7), (2.9) and suppose there exists
an isomorphism Ã : F1 → F0 satisfying (2.8), (2.10). Then (2.6) has maximal
regularity in Ẽ0(J).

Let A be as in Theorem 2.2. Consider the equation (where y ∈ E0)

Dβ
t vt + Av = 0, t ∈ J, v(0) = y, vt(0) = 0, (2.11)

or, equivalently,
v − y + g1+β ∗ Av = 0, t ∈ J. (2.12)

The formal solution v(t) is given by the (absolutely convergent) integral

v(t) = (2πi)−1

∫
Γ1,ψ

eλtλβ
(
λ1+βI + A

)−1
y dλ, t > 0, (2.13)

where ψ ∈ (π
2 , π−φA

1+β ), and

Γr,ψ
def=

{
reit

∣∣ |t| ≤ ψ
}
∪
{

ρeiψ
∣∣ r < ρ < ∞

}
∪
{

ρe−iψ
∣∣ r < ρ < ∞

}
.

The function defined in (2.13) does in fact satisfy Dβ
t vt + Av = 0 for t > 0.

It is a strict solution (i.e., Av, Dβ
t vt ∈ C([0, T ]; E0)) of (2.11) provided in addition

y ∈ D(A). See [2, Lemma 3(g), p. 241]. Moreover, note that because D(A) is dense
in E0, one has

‖v(t) − y‖E0 → 0, t ↓ 0, if y ∈ E0 \ D(A).

In a similar vein, consider (with z ∈ E0),

Dβ
t (wt − z) + Aw = 0, t ∈ J, w(0) = 0, wt(0) = z, (2.14)

or, equivalently,
w − tz + g1+β ∗ Aw = 0, t ∈ J. (2.15)

The formal solution of this equation is

w(t) = (2πi)−1

∫
Γ1,ψ

eλtλ−1+β
(
λ1+βI + A

)−1
z dλ, t > 0, (2.16)

with ψ, Γ1,ψ as above. The function w so defined does in fact satisfy Dβ
t (wt − z)+

Aw = 0, t > 0. It is a strict solution of (2.14) iff z ∈ E β
1+β

. See [2, Lemma 5, p.
242]. Moreover, w(t) → 0 in E0 for t ↓ 0 and, again by the density of the domain
of A in E0, one has ‖wt − z‖E0 → 0, for t ↓ 0, z ∈ E0 \ E β

1+β
.

Thus, the solution u of

Dβ
t (ut − z) + Au = 0, t > 0, u(0) = y, ut(0) = z, (2.17)
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for y, z ∈ E0, is formally given by u = v + w, where v, w, are given, respectively,
by (2.13) and (2.14). This function u satisfies limt↓0 u(t) = y and limt↓0 A−δut =
A−δz, for δ > (1 + β)−1 in E0; this in case we only know that y, z ∈ E0.

From Theorem 2.2, and after some calculations, one deduces the following
result, needed for the proof of Theorem 2.5.

Theorem 2.4. Let A, E0, E1 be as in Theorem 2.2, including the assumption on
maximal regularity of (2.6) in Ẽ0(J). Take µ, β, µ̃, µ̂ as in Theorem 2.2. Suppose
y ∈ Eµ̂, z ∈ Eµ̃. Let f ∈ Ẽ0(J) and let u be the solution of

Dβ
t (ut − z) + Au = f, u(0) = y, ut(0) = z.

Then
u ∈ C([0, T ]; Eµ̂), ut ∈ C([0, T ]; Eµ̃).

Moreover, for some C, independent of u, y, z,

sup
0≤t≤T

‖u(t)‖Eµ̂
+ sup

0≤t≤T
‖ut(t)‖Eµ̃ ≤ C

(
‖y‖Eµ̂

+ ‖z‖Eµ̃ + ‖f‖Ẽ0(J)

)
.

Our last statement concerns the quasilinear equation (1.2).
Take

µ, β ∈ (0, 1); µ + β > 1. (2.18)
Define µ̃, µ̂ as earlier. For X, Y Banach spaces, and g a mapping of X into Y , write
g ∈ C1−(X ; Y ) if every point x ∈ X has a neighborhood U such that g restricted
to U is globally Lipschitz continuous.

We need to define sets of operators of maximal regularity.
Suppose E0, E1 are Banach spaces such that E1 ⊂ E0 with dense imbedding.

Let Hβ(E1, E0, ω), ω ≥ 0, denote the set of linear continuous mappings A ∈
L(E1, E0) such that Aω

def= ωI +A is nonnegative, closed in E0 with spectral angle
< π(1

2 − β
2 ). Define

Hβ(E1, E0)
def=

⋃
ω≥0

Hβ(E1, E0, ω),

and
Mβµ(E1, E0)

def= {A ∈ Hβ(E1, E0) |
Dβ

t ut + Au = f, u(0) = ut(0) = 0, has maximal regularity in Ẽ0(J) }.
In (1.2), now assume

(A, f) ∈ C1−(Eµ̂ × Eµ̃; Mβµ(E1, E0) × E0

)
, (2.19)

and that
y ∈ Eµ̂, z ∈ Eµ̃, h ∈ BUC1−µ([0, T ]; E0), (2.20)

for any T > 0.
We define a solution u of (1.2) on an interval J = [0, T ] as a function u

satisfying u, ut ∈ C(J ; E0), u ∈ C((0, T ]; E1), u(0) = y, ut(0) = z, and such that
the fractional derivative of ut − z of order β satisfies Dβ

t (ut − z) ∈ C((0, T ]; E0)
and such that (1.2) holds on 0 < t ≤ T .
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Our result is

Theorem 2.5. Let (2.18)–(2.20) hold. Then there exists a unique maximal solution
u of (1.2), defined on the maximal interval of existence [0, τ(y, z)), where τ(y, z) ∈
(0,∞], and such that for every T < τ(y, z) one has

(i) u ∈ BUC1−µ([0, T ]; E1) ∩ BUC([0, T ]; Eµ̂),
(ii) ut ∈ BUCβ

1−µ([0, T ]; E0) ∩ BUC([0, T ]; Eµ̃),
(iii) u + gα ∗ A(u, ut)u = y + tz + gα ∗ (f(u, ut) + h), 0 ≤ t ≤ T .
If τ(y, z) < ∞, then either u /∈ UC([0, τ(y, z); Eµ̂) or u′ /∈ UC([0, τ(y, z)); Eµ̃).

If τ(y, z) < ∞, and E1 ⊂⊂ E0, then for any ε > 0,

lim sup
t↑τ(y,z)

(
‖u(t)‖Eµ̂+ε

+ ‖ut(t)‖Eµ̃+ε

)
= ∞.

Theorem 2.5 can be applied to the quasilinear equation

u = y + tz + g1+β ∗ (σ(ux)x), t > 0, x ∈ (0, 1), (2.21)

with u = u(t, x), and u(t, 0) = u(t, 1) = 0, t ≥ 0; y(x) = u(0, x), z(x) = ut(0, x).
Take σ smooth, with σ(0) = 0, and suppose 0 < σ0 ≤ σ′(y) ≤ σ1, y ∈ R, for

some constants σ0, σ1.
Suppose we fix β = 1

2 ; then µ ∈ (1
2 , 1) and µ̂ = 2µ+1

3 , µ̃ = 2µ−1
3 . Choose

θ ∈ (0, 1
2 ), and let

E0 = { u | u ∈ h2θ[0, 1]; u(0) = u(1) = 0 },
E1 = { u ∈ C2[0, 1] | u′′ ∈ E0; u(i)(0) = u(i)(1) = 0, i = 0, 2 }.

(Here h denotes the small Hölder spaces.) For specificity, fix µ = 3
4 . Then one has

Corollary 2.6. Assume y ∈ h2θ+ 5
3 [0, 1], z ∈ h2θ+ 1

3 [0, 1], with Dirichlet boundary
conditions. Then (2.21), with β = 1

2 , has a unique maximal solution defined on
the maximal interval of existence [0, τ(y, z)), such that for any T < τ(y, z),

u ∈ BUC 1
4
([0, T ]; h2θ+2[0, 1]) ∩ BUC([0, T ]; h2θ+5

3 [0, 1]),

ut ∈ BUC
1
2
1
4
([0, T ]; h2θ[0, 1]) ∩ BUC([0, T ]; h2θ+1

3 [0, 1]).

If τ is finite, then for any δ > 0,

lim sup
t↑τ

(
‖u(t)‖

C2θ+5
3+δ + ‖ut(t)‖

C2θ+ 1
3+δ

)
= ∞.

3. Proof of Theorem 2.2

We show first that if ϕ ∈ Ẽ1(J), then ϕ(0) ∈ Eµ̂, ϕt(0) ∈ Eµ̃. (Recall that by the
assumption µ + β > 1, both ϕ(0) and ϕ′(0) are well defined in E0). Thus, let

ϕ ∈ Ẽ1(J), y
def= ϕ(0), z

def= ϕt(0). (3.1)

Then, by the definition of Ẽ1(J),

Dβ
t (ϕt − z) + Aϕ = h, for some h ∈ Ẽ0(J). (3.2)
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Let ϑ be defined through

Dβ
t (ϑt) + Aϑ = h, ϑ(0) = ϑt(0) = 0. (3.3)

Note that by (2.6) one has

Dβ
t (ϑt), Aϑ ∈ Ẽ0(J). (3.4)

We show the following on ϑt.

Lemma 3.1. Let h ∈ Ẽ0(J) and suppose ϑ solves (3.3). Fix ε ∈ (0, 1 − µ). (Thus
ε ∈ (0, β).) Then

ϑt ∈ BUC1−µ−ε(J ; Eβ−ε
1+β

). (3.5)

Proof. Fix t > 0. Then, after some analysis,

ϑt(t) = (2πi)−1

∫
Γ1,ψ

eλtλ(λ1+βI + A)−1g̃(λ) dλ, (3.6)

where g̃(λ) =
∫ t

0 e−λτh(τ) dτ. Observe that by the fact that µ + β > 1, one has
that the above integral over Γ1,ψ converges absolutely.

The claim (3.5) holds provided we show that for any ε̃ > 0 there exists Tε̃ > 0
such that

sup
η>0

∥∥η β−ε
1+β A(ηI + A)−1ϑt(t)

∥∥
E0

≤ ε̃tµ+ε−1, 0 < t ≤ Tε̃.

To this end we write, using (3.6), analyticity, and a change of variables,

η
β−ε
1+β A(ηI +A)−1ϑt(t)

=(2πi)−1

∫
Γ 1

t
,ψ

η
β−ε
1+β A(ηI +A)−1eλtλ(λ1+βI +A)−1g̃(λ)dλ

=(2πi)−1

∫
Γ1,ψ

η
β−ε
1+β A

1+ε
1+β (ηI +A)−1es(st−1)A

β−ε
1+β ((st−1)1+βI +A)−1g̃(st−1)t−1ds.

Observe that
sup
η>0

∥∥η β−ε
1+β A

1+ε
1+β (ηI + A)−1

∥∥
L(E0,E0)

< ∞,

and that, analogously,

sup
s∈Γ1,ψ

∥∥(st−1)1+εA
β−ε
1+β

(
(st−1)1+βI + A

)−1∥∥
L(E0,E0)

< ∞,

with a bound independent of t > 0. Thus

‖ϑt(t)‖E β−ε
1+β

≤ ct−1+ε

∫
Γ1,ψ

‖ess−εg̃(st−1)‖E0 ds.
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Estimating, for s ∈ Γ1,ψ and using the assumption h ∈ Ẽ0(J), gives

‖esg̃(st−1)‖E0 ≤
∫ t

0

‖es− sτ
t h(τ)‖E0 dτ

≤ ε̃

∫ t

0

|es− sτ
t τµ−1| dτ ≤ ε̃

∫ t

0

e−γ|s|[1− τ
t ]τµ−1 dτ

= ε̃tµ
∫ 1

0

e−γ|s|y(1 − y)µ−1 dy ≤ cε̃tµ|s|−1,

for any ε̃ > 0, some γ, Tε̃ > 0; t ∈ (0, Tε̃], and c independent of ε̃. Hence

‖ess−εg̃(st−1)‖E0 ≤ cε̃tµ|s|−1−ε, t ∈ (0, Tε̃],

and so
‖ϑt(t)‖E β−ε

1+β

≤ cε̃tε+µ−1,

for any ε̃ > 0, 0 < t ≤ Tε̃, and c depending on ε and µ but independent of ε̃. So
(3.5) holds and Lemma 3.1 is proved. �

Having proved Lemma 3.1, we note that a combination of (3.4), (3.5) yields

ϑ ∈ Ẽ1,ε(J), (3.7)

where

Ẽ1,ε(J) def= BUC1−µ(J ; E1) ∩ BUC1
1−µ−ε(J ; Eβ−ε

1+β
) ∩ BUC1+β

1−µ(J ; E0). (3.8)

Let u be defined by u = ϕ − ϑ. Then u satisfies

Dβ
t (ut − z) + Au = 0, u(0) = y, ut(0) = z, (3.9)

and we have that u can be written as the sum of two functions in, respectively,
Ẽ1(J) and Ẽ1,ε(J). For this case we have the following result.

Lemma 3.2. Let y, z ∈ E0, let u be the corresponding solution of (3.9), and assume
that u = u1 + u2, where for some ε ∈ (0, 1 − µ),

u1 ∈ Ẽ1(J), u2 ∈ Ẽ1,ε(J). (3.10)

Then
y ∈ Eµ̂, z ∈ Eµ̃. (3.11)

Proof. First note that by the representations (2.13), (2.16), and using y, z ∈ E0,
one easily has that for any T > 0 there exists c = c(T, β, ‖y‖E0, ‖z‖E0) such that

‖ut‖E0 + ‖Au‖E0 ≤ c, T ≤ t < ∞. (3.12)

By (3.10), (3.12) it follows that the Laplace transforms of ut, Au are well defined
(in E0) as absolutely convergent integrals for λ > 0. Simple calculations give, for
λ > 0,

z = λ

∫ ∞

0

e−λtu′(t) dt + λ1−β

∫ ∞

0

e−λtAu(t) dt. (3.13)
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Then, for η > 0,

ηµ̃A(ηI + A)−1z = I1 + I2, (3.14)

where

I1
def=λ

∫ ∞

0

e−λtηµ̃A(ηI + A)−1u′(t) dt,

I2
def=λ1−β

∫ ∞

0

e−λtηµ̃A(ηI + A)−1Au(t) dt.

First consider I1. Take Tε̂ > 0 (to be fixed below) and write

I1 = λ

∫ Tε̂

0

e−λtηµ̃A(ηI + A)−1u′
1(t) dt +

λ

∫ Tε̂

0

e−λtηµ̃A(ηI + A)−1u′
2(t) dt + λ

∫ ∞

Tε̂

e−λtηµ̃A(ηI + A)−1u′(t) dt.

(3.15)

Consider the first integral on the right side of (3.15). Take any ε̂ > 0. Then, if
Tε̂ > 0 is sufficiently small, by the first part of (3.10), for η > 0,∥∥λ∫ Tε̂

0

e−λttµ−1ηµ̃− β
1+β t1−µη

β
1+β A(ηI + A)−1u′

1(t) dt
∥∥

E0

≤ ε̂λ

∫ Tε̂

0

e−λttµ−1ηµ̃− β
1+β dt.

(3.16)

Note that (3.13) is valid for any λ > 0. Therefore, we may choose λ so that
λ1+β = η. Use this on the right side of (3.16), and extend the integration to [0,∞)
to see that this right side can be estimated by ε̂Γ(µ).

Consider then the second integral on the right side of (3.15). For any ε̂ > 0,
if Tε̂ > 0 sufficiently small, and by the fact that u′

2 ∈ BUC1−µ−ε(J ; Eβ−ε
1+β

),

∥∥λ∫ Tε̂

0

e−λtηµ̃− β−ε
1+β η

β−ε
1+β A(ηI + A)−1u′

2(t) dt
∥∥

E0

≤ ε̂λη
µ+ε−1
1+β

∫ Tε̂

0

e−λttµ+ε−1 dt ≤ ε̂Γ(ε + µ),

where again we let η = λ1+β to obtain the last inequality.
There remains the estimation of the last integral on the right side of (3.15).

Use (3.12) to get (again, obviously η = λ1+β),∥∥λ∫ ∞

Tε̂

e−λtηµ̃A(ηI + A)−1u′(t) dt
∥∥

E0
≤ c(Tε̂)

∫ ∞

Tε̂

λe−λtηµ̃ dt.

But with Tε̂ fixed, this last expression tends to zero as λ → ∞, or equivalently, as
η → ∞. Thus

‖I1(η)‖E0 → 0, as η → ∞. (3.17)
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Finally, consider I2 and split the integral in parts, over [0, Tε̂] and [Tε̂,∞),
respectively. By the fact that t1−µ‖Au(t)‖E0 → 0, t ↓ 0, and because

sup
η>0

‖A(ηI + A)−1‖L(E0,E0) < ∞, (3.18)

there follows, for any ε̂ > 0, provided Tε̂ > 0 is sufficiently small and with η = λ1+β ,∥∥λ1−β

∫ Tε̂

0

e−λtηµ̃A(ηI + A)−1Au(t) dt
∥∥

E0

≤ ε̂λµ

∫ Tε̂

0

e−λttµ−1 dt < ε̂

∫ ∞

0

e−ssµ−1 ds = ε̂Γ(µ).

For the part of I2 over [Tε̂,∞) one has, by (3.12), (3.18),∥∥λ1−β

∫ ∞

Tε̂

e−λtηµ̃A(ηI + A)−1Au(t) dt
∥∥

E0
≤ cλ1−β

∫ ∞

Tε̂

e−λtλ(1+β)µ̃ dt. (3.19)

For λ → ∞ (η → ∞), the right side of (3.19) tends to zero. We conclude that
limη→∞‖I2(η)‖E0 = 0. By this fact and by (3.14), (3.17),

z ∈ Eµ̃. (3.20)

To continue the proof of Lemma 3.2, our next goal is to show that the part
of u generated by z, denoted w, satisfies,

t1−µ‖Aw(t)‖E0 → 0, t1−µ‖wt(t)‖E β
1+β

→ 0, (3.21)

both as t ↓ 0. Thus, assume (3.20) and let w satisfy

Dβ
t (wt − z) + Aw = 0, t ∈ J, w(0) = 0, wt(0) = z. (3.22)

Equivalently, let w be given by the right side of (2.16). We claim that then (3.21)
holds.

Take (2.16), use analyticity to change the integration path to Γ 1
t ,ψ and per-

form a change of variables, to get, by the assumption on z, for any ε̂ > 0 if Tε̂

sufficiently small,

‖t1−µAw(t)‖E0 ≤ ε̂

∫
Γ1,ψ

|ess−µ| |ds| = cε̂, 0 < t ≤ Tε̂.

To obtain the second part of (3.21), write

t1−µη
β

1+β A(ηI +A)−1wt

=(2πi)−1t−µ

∫
Γ1,ψ

es(st−1)βη
β

1+β A
1

1+β (ηI +A)−1A((st−1)1+βI +A)−1A− 1
1+β zds.

But z ∈ Eµ̃ implies A− 1
1+β z ∈ Eµ+β

1+β
, see [1, Theorem 10, p. 2247], and so

lim
t→0

∥∥(st−1)µ+βA((st−1)1+βI + A)−1A− 1
1+β z

∥∥
E0

= 0,
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uniformly for s ∈ Γ1,ψ. One also has, for some constant cβ ,

‖A 1
1+β (ηI + A)−1‖L(E0,E0) ≤ cβ |η|−

β
1+β ,

and therefore, for any ε̂ > 0, provided Tε̂ > 0 is sufficiently small,

‖t1−µη
β

1+β A(ηI + A)−1wt‖E0 ≤ ε̂

∫
Γ1,ψ

|ess−µ||ds| = cε̂, (3.23)

for 0 < t ≤ Tε̂. Thus (3.21) is proved.
Write u = v + w, where u solves (3.9) and w is as in (3.22). Then v solves

Dβ
t vt + Av = 0, t ∈ J, v(0) = y, vt(0) = 0. (3.24)

By (3.10) and by (3.21) we have (observe that (3.21), (3.22) imply w ∈ Ẽ1(J)),

v = v1 + v2, v1 ∈ Ẽ1(J), v2 ∈ Ẽ1,ε(J). (3.25)

We assert that it follows from this that y ∈ Eµ̂.
To show this claim, first observe that by (3.25),

t1−µ‖Av(t)‖E0 → 0, t → 0. (3.26)

So it suffices to show that (3.24), (3.26) imply y ∈ Eµ̂. Fix ε̂ > 0. Then, for Tε̂ > 0
sufficiently small, and by (3.12), which holds with u replaced by v,

‖Aṽ‖E0 = ‖
∫ ∞

0

e−λtAv(t) dt‖E0 ≤ ‖
∫ Tε̂

0

e−λtAv(t) dt‖E0 (3.27)

+ ‖
∫ ∞

Tε̂

e−λtAv(t) dt‖E0 ≤ ε̂

∫ Tε̂

0

e−λttµ−1 dt + c

∫ ∞

Tε̂

e−λt dt ≤ 2ε̂Γ(µ)λ−µ,

if λ > 0 is taken sufficiently large. Take transforms in (3.24) to get, after some
simple manipulations, for λ > 0,

y = λ−β(λ1+βI + A)ṽ.

Hence
λµ+βA(λ1+βI + A)−1y

= λµ+βA(λ1+βI + A)−1λ−β(λ1+βI + A)ṽ = λµAṽ.
(3.28)

By (3.27), (3.28) one has y ∈ Eµ̂. Recall (3.20) to see that Lemma 3.2 is proved. �

A combination of Lemmas 3.1 and 3.2 yields that we have shown that if
ϕ ∈ Ẽ1(J), then y

def= ϕ(0) ∈ Eµ̂, z
def= ϕt(0) ∈ Eµ̃.

To complete the proof of Theorem 2.4 we need to show that (Eµ̂ × Eµ̃) ⊂
γ(Ẽ1(J)).

For this it suffices to prove that if y ∈ Eµ̂, z ∈ Eµ̃, then the solution u of

Dβ
t (ut − z) + Au = 0; t > 0, u(0) = y, ut(0) = z,

satisfies u ∈ Ẽ1(J).
By the arguments above, where (3.20) was assumed and (3.21) was proved,

we may take z = 0. Thus it is enough to prove the following Lemma.
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Lemma 3.3. Let y ∈ Eµ+β
1+β

and let v solve

Dβ
t vt + Av = 0, t > 0, v(0) = y, vt(0) = 0.

Then
lim
t→0

t1−µ‖Av(t)‖E0 = 0, lim
t→0

t1−µ‖vt‖E β
1+β

= 0. (3.29)

Proof. The first part of (3.29) follows as is the proof of [3, Theorem 7].
By the assumption on y, one has vt ∈ E β

1+β
, for each t > 0. Then write

t1−µη
β

1+β A(ηI +A)−1vt(t)

=−(2πi)−1t1−µ

∫
Γ1,ψ

eλtη
β

1+β A(ηI +A)−1A(λ1+βI +A)−1ydλ (3.30)

=−(2πi)−1t−µ

∫
Γ1,ψ

esη
β

1+β A
1

1+β (ηI +A)−1(
s

t
)−µ(

s

t
)µA((

s

t
)1+βI +A)−1A

β
1+β yds.

By the assumption on y, A
β

1+β y ∈ E µ
1+β

. Hence

lim
t→0

‖(st−1)µA((st−1)1+βI + A)−1A
β

1+β y‖E0 = 0, (3.31)

uniformly on Γ1,ψ. Moreover,

sup
η>0

‖η
β

1+β A
1

1+β (ηI + A)−1‖L(E0,E0) < ∞. (3.32)

Use (3.31), (3.32) in (3.30) to obtain the second part of (3.29). Lemma 3.3 is
proved; therefore also Theorem 2.2. �

4. Proof of Theorem 2.4

Split u in three parts; u = v + w + ϑ, where v, w, ϑ satisfy, respectively,

Dβ
t vt + Av = 0, v(0) = y, vt(0) = 0,

Dβ
t (wt − z) + Aw = 0, w(0) = 0, wt(0) = z,

Dβ
t ϑt + Aϑ = f, ϑ(0) = 0, ϑt(0) = 0.

First, handle the continuity of u.
By [3, Theorems 7 and 8, p. 428-430] we have v ∈ C([0, T ]; Eµ̂) and ‖v(t)‖Eµ̂

≤
c‖y‖Eµ̂

.
Consider w(t). One has, after employing the usual tricks,

ηµ̃A(ηI + A)−1A
1

1+β w(t) = (2πi)−1

∫
Γ1,ψ

eλtλ−1+βF (λ)ηµ̃A(ηI + A)−1z dλ

=(2πi)−1

∫
Γ1,ψ

es(
s

t
)−1+βF (st−1)ηµ̃A(ηI + A)−1zt−1 ds,
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where F (λ) def= A
1

1+β (λ1+βI +A)−1. By the assumption on z, ‖ηµ̃A(ηI +A)−1z‖E0

can be taken arbitrarily small if η sufficiently large. Moreover, ‖F (st−1)‖L(E0,E0) ≤
c(st−1)−β . So, for any ε > 0, if η sufficiently large, for some c > 0,

‖ηµ̃A(ηI + A)−1A
1

1+β w(t)‖E0 ≤ cε, (4.1)

uniformly for t ∈ [0, T ]. Thus A
1

1+β w(t) ∈ Eµ̃, t > 0, with uniformly bounded
norm; hence supt∈[0,T ]‖w(t)‖Eµ̂

< ∞. The above estimates also give ‖w(t)‖Eµ̂
≤

c‖z‖Eµ̃.
To prove continuity of w(t) in Eµ̂, argue as follows.
Suppose we can show that A

1
1+β w(t) ∈ C([0, T ]; E0). We claim that then

w ∈ C([0, T ]; Eµ̂), or, equivalently, A
1

1+β w ∈ C([0, T ]; Eµ̃). Let s, t ∈ [0, T ]. Then∥∥A 1
1+β (w(t) − w(s))

∥∥
Eµ̃

= sup
η>0

∥∥ηµ̃A(ηI + A)−1A
1

1+β (w(t) − w(s))
∥∥

E0

≤ 2 sup
η>η0;τ∈[0,T ]

∥∥ηµ̃A(ηI + A)−1A
1

1+β w(τ)
∥∥

E0

+ sup
0<η≤η0

‖ηµ̃A(ηI + A)−1‖L(E0,E0)‖A
1

1+β (w(t) − w(s))‖E0 .

Take any ε > 0. By (4.1) we can take η0 so large that the first term on the right
side above is ≤ ε

2 . Fixing such a η0 we then choose δ > 0 so that if |t − s| ≤ δ,
then the second term is ≤ ε

2 . Thus w ∈ C([0, T ]; Eµ̂).
It remains to show that A

1
1+β w(t) ∈ C([0, T ]; E0). In particular, we need to

show that A
1

1+β w(t) → 0 in E0 as t → 0.
We have, by (2.16) and after the usual tricks,

A
1

1+β w(t) = (2πi)−1

∫
Γ1,ψ

est−βs−1+βA
1

1+β
(
(st−1)1+β + A

)−1
z ds.

Choose δ > 0 so that ρ
def= µ + β − 1 − δ > 0. By assumption, z ∈ Eµ̃. Then

A
δ

1+β z ∈ E ρ
1+β

, and after straightforward estimates (analogous to the estimates
preceding (4.1)),

‖A 1
1+β w(t)‖E ρ

1+β

≤ c‖A δ
1+β z‖E ρ

1+β

tδ
∫

Γ1,ψ

e−γ|s||s|−1−δ|ds|,

for some γ, c > 0. Thus w ∈ C([0, T ]; Eµ̂).
Consider then ϑ. By the assumption on maximal regularity in Ẽ0(J), ϑ ∈

BUC1−µ(J ; E1) ∩ BUC1+β
1−µ(J ; E0). Now use interpolation arguments to conclude

from this (see [3, p. 432]) that ϑ ∈ C([0, T ]; Eµ̂). In addition, ‖ϑ(t)‖Eµ̂
≤ c‖f‖Ẽ0(J),

t ∈ J . We conclude that u ∈ C([0, T ]; Eµ̂) and satisfies the appropriate estimate
in terms of the given data.

Consider ut. Split ut in the same manner as u and first take

vt = −(2πi)−1

∫
Γ1,ψ

eλtA(λ1+βI + A)−1y dλ.
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By analyticity and after the by now familiar change of variables,

ηµ̃A(ηI + A)−1vt = −(2πi)−1

∫
Γ1,ψ

s−1esA
β

1+β (
s

t
)((

s

t
)1+βI + A)−1G(η) ds, (4.2)

where G(η) = ηµ̃A(ηI + A)−1Aµ̂−µ̃y. We have y ∈ Eµ̂, thus Aµ̂−µ̃y ∈ Eµ̃.
So ‖G(η)‖E0 → 0, η → ∞. Use this and the uniform boundedness in s, t of
A

β
1+β ( s

t )((
s
t )

1+βI + A)−1 to get that the right side of (4.2) vanishes as η → ∞,
uniformly on [0, T ]. Hence vt ∈ B([0, T ]; Eµ̃) and ‖vt(t)‖Eµ̃ ≤ c‖y‖Eµ̂

.
Suppose we can show that vt ∈ C([0, T ]; E0). Then argue as in the proof of

w ∈ C([0, T ]; Eµ̂) and use the fact that the left side of (4.2) can be made arbitrarily
small by choosing η sufficiently large, uniformly in t. This gives vt ∈ C([0, T ]; Eµ̃).
We omit the details.

To show that actually vt ∈ C([0, T ]; E0) and, in particular, that ‖vt(t)‖E0 → 0
as t → 0, one argues in the same fashion as above where A

1
1+β w ∈ C([0, T ]; E0)

was obtained. The details are left to the reader.
As to wt, we write

wt − z = −(2πi)−1

∫
Γ1,ψ

eλtλ−1A(λ1+βI + A)−1z dλ.

Using the assumption on z, and the fact that ‖A(λI + A)−1‖L(E0,E0) is uniformly
bounded, one easily has from this

‖ηµ̃A(ηI + A)−1[wt − z]‖E0 → 0, (4.3)

as η → ∞; uniformly on t ∈ [0, T ]. Also note that ‖wt − z‖Eµ̃ ≤ c‖z‖Eµ̃; hence
‖wt‖Eµ̃ ≤ c‖z‖Eµ̃. The function wt is continuous on [0, T ] in E0; see, e.g., the
comment after (2.16). Use this fact, together with (4.3), to get wt ∈ C([0, T ]; Eµ̃).
(Argue as in the proof of w ∈ C([0, T ]; Eµ̂).)

There remains to show that ϑt ∈ C([0, T ]; Eµ̃), in particular, to show that
‖ϑt(t)‖Eµ̃ → 0, t → 0.

We first claim
sup

t∈[0,T ]

‖ϑt(t)‖Eµ̃ ≤ c‖f‖Ẽ0(J). (4.4)

To obtain this, use (3.6) and estimates analogous to those in the proof of Lemma
3.1. We leave the details to the reader.

Now observe that the same estimate (4.4) does hold for Jτ = [0, τ ], with
τ < T , and recall that

lim
τ→0

‖f‖BUC1−µ([0,τ ];X) = 0.

Thus ‖ϑt(t)‖Eµ̃ → 0, t → 0.
To obtain (4.4), one may also argue as follows.
Recall that the equation governing ϑ is assumed to possess maximal regularity

in Ẽ0(J). Hence Dβ
t ϑt ∈ Ẽ0(J), or, more specifically,

Dβ
t ϑt = tµ−1h(t), (4.5)
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where h ∈ BUC0→0(J ; E0), with supt∈J‖h(t)‖E0 ≤ c‖f‖Ẽ0(J). Convolve (4.5) with
t−1+β and estimate, to get

‖ϑt(t)‖E0 ≤ ctβ+µ−1‖f‖Ẽ0
. (4.6)

Recall that we also have (Lemma 3.1 in the proof of Theorem 2.4),

ϑt ∈ BUC1−µ−ε(J ; Eβ−ε
1+β

), with ‖ϑt(t)‖E β−ε
1+β

≤ ctε+µ−1‖f‖Ẽ0(J). (4.7)

Interpolate between (4.6) and (4.7), recalling that

K(τ, ϑt(t), E0, Eβ−ε
1+β

) def= inf
ϑt=a+b

(‖a‖E0 + τ‖b‖E β−ε
1+β

).

Choose a = τ [τ + tβ−ε]−1ϑt(t); b = tβ−ε[τ + tβ−ε]−1ϑt(t). Then

K(τ, ϑt(t), E0, Eβ−ε
1+β

) ≤ c‖f‖Ẽ0(J)

τtβ+µ−1

τ + tβ−ε
,

and

‖ϑt(t)‖Eµ̃ = sup
0≤τ≤1

τ−µ̃εK(τ, ϑt(t), E0, Eβ−ε
1+β

) ≤ ctβ+µ−1‖f‖Ẽ0(J) sup
0≤τ≤1

τ1−µ̃ε

τ + tβ−ε
,

where µ̃ε = [β + µ − 1][β − ε]−1. Now let τ = σtβ−ε, then

‖ϑt(t)‖Eµ̃ ≤ c sup
σ∈(0,∞)

[σ + 1]−1[σ
1−ε−µ

β−ε ] ≤ c.

Theorem 2.5 is proved.
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Semilinear Elliptic Problems Associated with
the Complex Ginzburg-Landau Equation

Noboru Okazawa

Dedicated to Professor Philippe Clément on the occasion of his official retirement

Abstract. The complex Ginzburg-Landau equation is characterized by com-
plex coefficients with positive real parts in front of both the Laplacian and the
nonlinear term. Let κ+iβ be the coefficient of the nonlinear term |u|q−2u with
q ≥ 2. If κ−1|β| ≤ 2

√
q − 1/(q−2), then the family of solution operators forms

a semigroup of (quasi-)contractions on L2(Ω), Ω ⊂ RN . Under an additional
condition 2 ≤ q ≤ 2 + N/4 the family forms a semigroup of locally Lipschitz
operators even if κ−1|β| > 2

√
q − 1/(q − 2). As a beginning to understand

such semigroups the resolvent problem for the equation is developed.

1. Introduction and result

This paper is mainly concerned with semilinear elliptic problems associated with
the complex Ginzburg-Landau equation. First we try to explain the relationship
between the two problems, elliptic and parabolic (stationary and non-stationary).
Let us begin with initial-Dirichlet boundary value problems for the complex
Ginzburg-Landau equation:⎧⎪⎪⎨⎪⎪⎩

∂u

∂t
− (λ + iα)∆u + (κ + iβ)|u|q−2u − γu = 0 on Ω × R+,

u = 0 on ∂Ω × R+,

u(x, 0) = u0(x), x ∈ Ω,

(CGL)

where Ω is a bounded or unbounded domain in RN (N ∈ N) with C2-boundary ∂Ω.
The equation is recognized with those complex coefficients in front of the Laplacian
and nonlinear term so that the unknown function u is necessarily complex-valued.
We assume as usual that λ, κ ∈ R+ := (0,∞), α, β, γ ∈ R and q ≥ 2 are constants.
Now we are in a position to write down elliptic (stationary) problems associated
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with (CGL):{
ζu − (λ + iα)∆u + (κ + iβ)|u|q−2u − γu = f on Ω,

u(x) = 0, x ∈ ∂Ω,
(StCGL)

where ζ is a complex parameter with Re ζ > γ. The physical meaning of (StCGL)
is not so clear that there seems to be no preceding investigation, while there are a
lot of important articles on the well-posedness of (CGL) and related equations (by
R. Temam, Y. Yang, C.D. Levermore-M. Oliver, J. Ginibre-G.Velo, S.-Z. Huang-
P. Takač and others) which are collected in the References of the latest paper
[11]. Moreover, a detailed comparison of the known results contained in the above-
mentioned articles with those through a new abstract theory will be given in a
forthcoming paper [12].

To study (CGL) and (StCGL) we employ an abstract formulation in a Hilbert
space. In fact, (CGL) are regarded as abstract Cauchy problems for a semilinear
evolution equation:⎧⎨⎩

du

dt
+ (λ + iα)Su + (κ + iβ)∂ψ(u) − γu = 0, t > 0,

u(0) = u0.
(ACP)

Here S is the nonnegative selfadjoint operator in X := L2(Ω) defined as −∆ with
domain D(S) := H2(Ω)∩H1

0 (Ω) (see Brézis [2, Théorème IX.25]), while ∂ψ is the
subdifferential of the lower semi-continuous convex function ψ on X defined as

ψ(u) :=

{
(1/q)‖u‖q

Lq if u ∈ D(ψ) := L2(Ω) ∩ Lq(Ω),
∞ otherwise.

(1.1)

As is well known, ∂ψ is maximal monotone (m-accretive) in X , while so is (λ+iα)S
for λ ≥ 0. The monotonicity of (κ + iβ)∂ψ depends on the ratio |β|/κ. It turns
out that if

0 ≤ κ−1|β| ≤ c−1
q := (2

√
q − 1)/(q − 2), (1.2)

then (λ + iα)S + (κ + iβ)∂ψ is maximal monotone in X as the sum of two such
operators. This is a complex generalization of the well-known theory in real Hilbert
spaces (see, e.g., Clément-Egberts [3] and Egberts [4]). In fact, monotonicity meth-
ods together with the subdifferential viewpoint yield strong L2-wellposedness of
(CGL) including smoothing effect (see [9] and [10]). Namely, let {U(t); t ≥ 0} be
the semigroup of quasi-contractions on X generated by

G := γ − (λ + iα)S − (κ + iβ)∂ψ. (1.3)

Then {U(t)} has the following properties:

U(t)u0 = s-lim
n→∞

(1 − (t/n)G)−nu0 ∀ t ≥ 0, ∀ u0 ∈ X ; (1.4)

‖U(t)u0 − U(t)v0‖ ≤ eγt‖u0 − v0‖ ∀ t ≥ 0, ∀ u0, v0 ∈ X ; (1.5)

U(t)X ⊂ D(S) ∩ D(∂ψ) ∀ t > 0.
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Consequently, u(t) := U(t)u0 is a unique strong solution to (ACP) with u0 ∈ X .
This means that if (1.2) is satisfied, then the solvability of (CGL) is reduced to
the study of abstract stationary problems in X :

ζu + (λ + iα)Su + (κ + iβ)∂ψ(u) − γu = f, (1.6)

where ζ = ξ + iη with ξ > γ. Roughly speaking, (1.4) and (1.5) are consequences
of the estimate for the resolvent of G:

‖(ζ − G)−1f − (ζ − G)−1g‖ ≤ (ξ − γ)−1‖f − g‖ ∀ f, g ∈ X.

In this way our interest is naturally turned to the case in which (1.2) is
replaced with

c−1
q < |β|/κ < +∞. (1.7)

Recently, we have shown that the solution operators of (CGL) form a semigroup
{U(t)} of non-contraction operators on X though we have to impose a strong
restriction (compared with the monotone case) on the power of nonlinearity:

2 ≤ q ≤ 2 + 4/N (1.8)

(see [11] in which Ω is assumed to be bounded, and [12] for more general setting).
In this case, the operator −G defined by (1.3) is written as the sum A + B of two
operators:

A = (λ + iα)S + (κ + iδc−1
q κ)∂ψ, B = i(β − δc−1

q κ)∂ψ − γ, (1.9)

where δ := sgn β so that A is maximal monotone and B is locally Lipschitz con-
tinuous in X , while {U(t)} satisfies the estimate

‖U(t)u0‖ ≤ eγt‖u0‖ ∀ t ≥ 0, ∀ u0 ∈ X. (1.10)

However, the factor eγt in (1.5) becomes more complicated:

‖U(t)u0 − U(t)v0‖ ≤ exp
{
K1t + K2e

2γ+t(‖u0‖ ∨ ‖v0‖)2
}
‖u0 − v0‖, (1.11)

where K1 := γ + (1 − θ)(|β| − c−1
q κ)C2, K2 := (θ/2qκ)(|β| − c−1

q κ)C2 and

θ = fN (q) :=
2(q − 2)

2q − N(q − 2)

(
2 ≤ q ≤ 2 +

4
N

)
; (1.12)

note that 0 = fN (2) ≤ fN(q) ≤ fN(2 + 4/N) = 1 (for C2 see condition (A5) in
Section 2 and Lemma 3.3). Nevertheless we notice that K1 → γ and K2 → 0 as
|β| → c−1

q κ, that is, (1.11) coincides with (1.5) in the limit. In this connection it
might be meaningful to mention a special case. Suppose that γ ≤ 0, and introduce
the ball BL := {v ∈ X ; ‖v‖ ≤ L}. Then (1.11) can be written as

‖U(t)u0 − U(t)v0‖ ≤ MeK1t‖u0 − v0‖ ∀ t ≥ 0, ∀ u0, v0 ∈ BL, (1.13)

where log M := K2L
2. It follows from (1.13) and (1.10) with γ ≤ 0 that {U(t)} is

a Lipschitz semigroup on the closed subset BL in the sense of Kobayashi-Tanaka
[8]. The proof of these results has been carried out in the spirit of abstract semi-
linear evolution equations without having recourse to abstract stationary problem
(1.6). In fact, no generation theorem is known for such kind of non-contraction
semigroups satisfying (1.11).
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The purpose of this paper is to show that the stationary problem (StCGL)
under condition (1.7) is uniquely solvable in L2(Ω) if among others the power q
satisfies the “subcritical” condition

2 ≤ q < 2∗ :=
2N

(N − 2)+
= 1 +

N + 2
(N − 2)+

. (1.14)

Extend the function fN defined as (1.12) from [2, 2 + 4/N ] to [2, 2∗). Then we see
that

1 = fN

(
2 +

4
N

)
≤ fN(q) =

2(q − 2)
2N − q(N − 2)

< lim
q→2∗

fN(q) = ∞ if N ≥ 2,

that is, θ is finite if 2 ≤ q < 2∗; note that f1(q) → 2 (q → ∞). To solve (StCGL)
we introduce a closed convex subset C(M) in L2(Ω) defined as

C(M) := {w ∈ L2(Ω); ‖w‖L2 ≤ M, ‖w‖q
Lq ≤ M2/κ} (1.15)

and consider (StCGL) with right-hand side f ∈ C(M). Unfortunately, the class
C(M) of admissible right-hand sides is a proper subset of the ball BM (though it is
expected that C(M) coincides with BM itself if the power q satisfies (1.8) instead
of (1.14)). Roughly speaking, we could show that C(M) is invariant under the
“resolvent” of −G defined as (1.3), with some estimates for the iterations of the
“resolvent”. The proof is based on a combination of monotonicity and contraction
principle. Anyway this might be a beginning of the first step toward the conceivable
generation theory for the semigroups associated with (ACP) satisfying (1.7).

Before stating our result, we define a strong solution to (StCGL) as follows.

Definition 1.1. A function u ∈ L2(Ω) is said to be a strong solution to (StCGL) if

(a) u ∈ H2(Ω) ∩ H1
0 (Ω) ⊂ L2(q−1)(Ω);

(b) u satisfies the equation in problem (StCGL) formulated in L2(Ω).

Now we state the main theorem in this paper.

Theorem 1.2. Let N ∈ N, λ, κ ∈ R+ and α, β, γ ∈ R. Let C(M) be the set defined
as (1.15). For q ≥ 2 set cq := (q − 2)/(2

√
q − 1). Assume that (1.7) and (1.14)

are satisfied. If |α| ≤ c−1
q λ, then for every f ∈ C(M) and ζ ∈ C with

Re ζ ≥ 1 + γ + (|β| − c−1
q κ)(C2 ∨ C3)

(
M2

qκ

)θ

(1.16)

there exists a unique strong solution u = u(ζ) ∈ C(M) to (StCGL) such that

(a) ‖u‖L2 ≤ 1
Re ζ

‖f‖L2 ≤ M ∀ f ∈ C(M);

(b) ‖∇u‖2
L2 ≤ 1

λRe ζ
‖f‖2

L2 ≤ M2

λ
, ‖u‖q

Lq ≤ 1
κRe ζ

‖f‖2
L2 ≤ M2

κ
∀ f ∈ C(M);

(c) ‖Su‖L2 ≤ 2
λ
‖f‖L2 ≤ 2M

λ
, ‖u‖L2(q−1) ≤ ‖f‖L2

κ
≤ M

κ
∀ f ∈ C(M).
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Here C2 and C3 are constants depending on λ, κ, β, γ, q and N . Furthermore, let
v = v(ζ) be another strong solution to (StCGL) with right-hand side g ∈ C(M).
Then

‖u − v‖L2 ≤ {ξ − γ − (|β| − c−1
q κ)C2(M2/qκ)θ}−1‖f − g‖L2. (1.17)

Remark 1.3. The critical case of q = 2∗ = 1 + (N + 2)/(N − 2) for N ≥ 3 may be
included if right-hand sides are taken from balls in H1

0 (Ω) instead of Lq(Ω) (see
(3.4) with a = 1).

Now let G be the operator defined as (1.3) with domain D(G) := H2(Ω) ∩
H1

0 (Ω). Then we can define the restriction GM of G to D(GM ) := D(S) ∩ C(M).

Corollary 1.4. Under the setting of Theorem 1.2 ζ − GM is invertible for ζ ∈ C

satisfying (1.16), with range R(ζ − GM ) ⊃ C(M) and

‖(ζ−GM )−nf −(ζ−GM )−ng‖L2 ≤ {ξ−γ−(|β|−c−1
q κ)C2(M2/qκ)θ}−n‖f −g‖L2

for every f , g ∈ C(M) and n ∈ N.

2. Abstract stationary problem

In this section we shall develop an abstract theory of semilinear elliptic equations
which will be successfully applied to our problem (StCGL) in the next section.

Let X be a complex Hilbert space with inner product (·, ·) and norm ‖ · ‖.
Let S be a nonnegative selfadjoint operator with domain D(S) in X . Let ψ :
X → (−∞,∞] be a lower semi-continuous convex function, with D(ψ) := {u ∈
X ; ψ(u) < ∞} �= ∅. Then the subdifferential of ψ at u ∈ D(ψ) is in general
defined as

∂ψ(u) := {f ∈ X ; ψ(v) − ψ(u) ≥ Re(f, v − u) ∀ v ∈ D(ψ)}.

Here we assume for simplicity that ψ ≥ 0 and ∂ψ is single-valued. It is worth
noticing that S is also represented by a subdifferential: S = ∂ϕ, where ϕ is a
convex function on X defined as

ϕ(u) :=

{
(1/2)‖S1/2u‖2 if u ∈ D(ϕ) := D(S1/2),
∞ otherwise.

(2.1)

Under this notation we consider Abstract Stationary Problems of the form:

(ξ + iη)u + (λ + iα)Su + (κ + iβ)∂ψ(u) = f, (AStP)

where ξ, λ, κ ∈ R+ and η, α, β ∈ R are constants (for simplicity we have assumed
that γ = 0 in (1.6) in Section 1). To write down the assumption imposed on (AStP)
we need the Yosida approximation (∂ψ)ε of the subdifferential ∂ψ:

(∂ψ)ε :=
1
ε
(1 − Jε), Jε = Jε(∂ψ) := (1 + ε∂ψ)−1 ∀ ε > 0.
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As is well known we have the formal “associative law” (∂ψ)ε = ∂(ψε), where ψε

is the Moreau-Yosida regularization of ψ defined as

ψε(v) := min
w∈X

{
ψ(w) +

1
2ε

‖w − v‖2
}
, ∀ v ∈ X, ∀ ε > 0

(see Brézis [1, Proposition 2.11] or Showalter [13, Proposition IV.1.8]). Thus we
can use the simplified notation ∂ψε := (∂ψ)ε = ∂(ψε), with

ψ(Jεv) ≤ ψε(v) = ψ(Jεv) +
ε

2
‖∂ψε(v)‖2 ≤ ψ(v). (2.2)

Now we introduce the following seven conditions on S and ψ:

(A1) ∃ q ∈ [2,∞) such that ψ(ζu) = |ζ|qψ(u) for u ∈ D(ψ) and ζ ∈ C with
Re ζ > 0.

(A2) ∂ψ is sectorially-valued in the sense of Kato [6]: ∃ cq > 0 such that

|Im(∂ψ(u) − ∂ψ(v), u − v)| ≤ cqRe(∂ψ(u) − ∂ψ(v), u − v) ∀ u, v ∈ D(∂ψ).

In other words, ∂ψ is anglebounded (see Egberts [4]).
(A3) For the same constant cq as in (A2),

|Im(Su, ∂ψε(u))| ≤ cqRe(Su, ∂ψε(u)) ∀ u ∈ D(S).

(A4) D(S) ⊂ D(∂ψ) and ∃C1 > 0 such that ‖∂ψ(u)‖ ≤ C1(‖u‖ + ‖Su‖) for
u ∈ D(S).

(A5) ∀ ρ > 0 ∃C2 = C2(ρ) > 0 such that for u, v ∈ D(ϕ) and ε > 0,

|Im(∂ψε(u) − ∂ψε(v), u − v)| ≤ ρϕ(u − v) + C2

(
ψ(Jεu) + ψ(Jεv)

2

)θ

‖u − v‖2,

where θ ≥ 0 is a constant.
(A6) ∀ ρ > 0 ∃C3 = C3(ρ) > 0 such that for u ∈ D(S) and ε > 0,

|Im(Su, ∂ψε(u))| ≤ ρ‖Su‖2 + C3ψ(u)θϕ(u),

where θ ≥ 0 is the same constant as in (A5).
(A7) ∃C4 > 0 such that for u, v ∈ D(∂ψ) and ν, µ > 0,

|Im(∂ψν(u) − ∂ψµ(u), v)| ≤ C4|ν − µ|
(
σ‖∂ψ(u)‖2 + τ‖∂ψ(v)‖2

)
,

where σ, τ > 0 are constants satisfying σ + τ = 1.

Remark 2.1. We need also (A5) with ψ(Jεu) and ψ(Jεv) replaced with ψ(u) and
ψ(v), respectively:

(A5)′ ∀ ρ > 0 ∃C2 = C2(ρ) > 0 such that for u, v ∈ D(ϕ) ∩ D(ψ) and ε > 0,

|Im(∂ψε(u) − ∂ψε(v), u − v)| ≤ ρϕ(u − v) + C2

(
ψ(u) + ψ(v)

2

)θ

‖u − v‖2.

As is easily seen from (2.2), we have (A5) ⇒ (A5)′. Moreover, letting ε tend to
zero in condition (A5)′, we have
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(A5)′′ ∀ ρ > 0 ∃C2 = C2(ρ) > 0 such that for u, v ∈ D(ϕ) ∩ D(∂ψ),

|Im(∂ψ(u) − ∂ψ(v), u − v)| ≤ ρϕ(u − v) + C2

(
ψ(u) + ψ(v)

2

)θ

‖u − v‖2.

Given f ∈ X , we try to find a (unique) strong solution to (AStP) the defini-
tion of which is given as follows.

Definition 2.2. A function u ∈ X is called a strong solution to (AStP) if
(a) u ∈ D(S) ∩ D(∂ψ);
(b) u satisfies equation in Abstract Stationary Problem (AStP) in X.

Note that under condition (A4) (a) in Definition 2.2 should be replaced with
(a)′ u ∈ D(S) ⊂ D(∂ψ).
Now we state the main result in this section. The following theorem is a

combined version of the old and new results so that we can compare both of them.

Theorem 2.3. Let λ, κ ∈ R+, α, β ∈ R and ζ = ξ + iη with ξ > 0 = γ, η ∈ R.

(I) (Monotone nonlinearity) Assume that |β| ≤ c−1
q κ and (A1)−(A3) are satisfied.

Then (λ+iα)S+(κ+iβ)∂ψ is maximal monotone in X and hence for every f ∈ X
there exists a unique strong solution u = u(ζ) ∈ D(S) ∩ D(∂ψ) to (AStP) such
that

(a) ‖u(ζ)‖ ≤ ξ−1‖f‖ ∀ ξ > 0;
(b) 2λϕ(u(ζ)) + qκψ(u(ζ)) ≤ ξ−1‖f‖2 ∀ ξ > 0;
(c) ‖Su(ζ)‖ ≤ λ−1‖f‖;
(d) ϕ(u(ζ)) ≤ ξ−2ϕ(f) ∀ f ∈ D(ϕ), ∀ ξ > 0.

Furthermore, let v be another solution to (AStP) with f replaced with g ∈ X. Then

‖u(ζ) − v(ζ)‖ ≤ ξ−1‖f − g‖ ∀ ξ > 0. (2.3)

(II) (Non-monotone nonlinearity) Assume that

|β| > c−1
q κ, |α| ≤ c−1

q λ

and conditions (A1)−(A7) are satisfied. Then for every f ∈ C(M) and ζ ∈ C

with

ξ = Re ζ ≥ 1 + (C̃2 ∨ C̃3)
(

M2

qκ

)θ

(2.4)

there exists a unique strong solution u = u(ζ) ∈ D(S) ∩ C(M) to (AStP) such
that

(a) ‖u(ζ)‖ ≤ ξ−1‖f‖ ≤ M ∀ f ∈ C(M);

(b) 2λϕ(u(ζ)) + qκψ(u(ζ)) ≤ ξ−1‖f‖2 ≤ M2 ∀ f ∈ C(M);

(c) ‖Su(ζ)‖ ≤ 2
λ
‖f‖ ≤ 2M

λ
, ‖∂ψ(u(ζ))‖ ≤ ‖f‖

κ
≤ M

κ
∀ f ∈ C(M).

Here C(M) is a closed convex subset in X defined as

C(M) := {w ∈ X ; ‖w‖ ≤ M, ψ(w) ≤ M2/(qκ)} (2.5)
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and C̃j := (|β| − c−1
q κ)Cj (j = 2, 3); for the constants C2, C3 see condition

(A5), (A6).
Furthermore, let v be a strong solution to (AStP) with right-hand side g ∈ C(M).
Then

‖u(ζ)− v(ζ)‖ ≤
{

ξ − C̃2

(
M2

qκ

)θ}−1

‖f − g‖ ∀ ξ ≥ 1 + (C̃2 ∨ C̃3)
(

M2

qκ

)θ

. (2.6)

Remark 2.4. In Part (II) (C̃2 ∨ C̃3)(M2/qκ)θ → 0 as |β| → c−1
q κ, that is, (2.3)

may be regarded as the limit of (2.6).

Now let G be the operator defined as (1.3) with domain D(G) := D(S) ⊂
D(∂ψ). Then we can define the restriction GM of G to D(GM ) := D(S) ∩ C(M).

Corollary 2.5. Under the setting of Theorem 2.1 Part (II), ζ − GM is invertible
for ζ ∈ C satisfying (2.4), with range R(ζ − GM ) ⊃ C(M) and

‖(ζ − GM )−nf − (ζ − GM )−ng‖ ≤ {ξ − C̃2(M2/qκ)θ}−n‖f − g‖
for every f , g ∈ C(M) and n ∈ N.

The conclusion of Part (I) is contained in [10, Theorem 5.2] (in which S is
assumed to be a (nonlinear) subdifferential operator in X). Therefore it remains
to prove Part (II). Let λ, κ ∈ R+, α, β ∈ R. In what follows we assume that
κ−1|β| ∈ (c−1

q ,∞). Given ε > 0, we consider the following problem approximate
to (AStP):

(ξ + iη)u + (λ + iα)Suε + (κ + iδc−1
q κ)∂ψ(uε) + i(β − δc−1

q κ)∂ψε(uε) = f.

Here we choose δ in such a way that |β − δc−1
q κ| = |β| − c−1

q κ (> 0), that is,

δ := sgn β [= +1 (β > 0), −1 (β < 0)]

so that |δ| = 1. Then it follows from [10, Theorem 5.1] that (λ + iα)S + (κ +
iδc−1

q κ)∂ψ is maximal monotone in X (as mentioned in Part (I); note that |Im(κ+
iδc−1

q κ)| = c−1
q Re(κ + iδc−1

q κ)). On the other hand, ∂ψε is Lipschitz continuous
on X :

‖∂ψε(u) − ∂ψε(v)‖ ≤ ε−1‖u − v‖ ∀ u, v ∈ X

(see [1, Proposition 2.6] or [13, Theorem IV.1.1]). Setting (see (1.9))

A := (λ + iα)S + (κ + iδc−1
q κ)∂ψ, D(A) := D(S) ∩ D(∂ψ),

Bε := i(β − δc−1
q κ)∂ψε, D(Bε) := X,

the approximate equation is simply written as

ζuε + Auε + Bεuε = f. (AStP)ε

Here we note that for every ε > 0 there is n0 = n0(ε) ∈ N such that

|β| − c−1
q κ

ε
< n0. (2.7)

The left-hand side is nothing but the Lipschitz constant of Bε.
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Consequently, we have

Lemma 2.6. Assume that conditions (A1)–(A3) are satisfied. Then for every f ∈ X
there exists a unique solution uε = uε(ζ) ∈ D(A) to (AStP)ε. Here Re ζ ≥ n0(ε),
that is, the resolvent set of −(A+Bε) contains the right half plane depending on ε.

In fact, using the monotonicity of A, we can define the mapping on X :

T0w := (ζ + A)−1(f − Bεw) ∀ Re ζ > 0.

It then follows from (2.3) and the Lipschitz continuity of Bε that

‖T0w − T0z‖ ≤ 1
Re ζ

‖Bεw − Bεz‖ ≤
|β| − c−1

q κ

ε Re ζ
‖w − z‖ ∀ w, z ∈ X.

In view of (2.7) we see that T0 becomes a strict contraction on X if Re ζ ≥ n0(ε).
Next we want to prove that the region of the parameter ζ for which the

solvability of (AStP)ε is independent of ε is determined by the size of the right-
hand side f .

For ε > 0 fix a closed convex subset in X :

Cε(L) := {w ∈ X ; ψε(w) ≤ L} �= ∅, (2.8)

where L > 0 is a constant; note that ψε ∈ C1(X, R) is convex.
The next proposition is concerned with the unique solvability of (AStP)ε with

right-hand side from Cε(L) under an additional condition (A5).

Proposition 2.7. Let f ∈ Cε(L) and λ−1|α| ≤ c−1
q . Assume that conditions (A1)−

(A3) and (A5) are satisfied. Then for every ζ ∈ C with

ξ := Re ζ ≥ 1 + C̃2L
θ

there exists a unique solution uε = uε(ζ) ∈ D(A) to (AStP)ε. Here C̃2 := (|β| −
c−1
q κ)C2 and C2 is the constant in condition (A5).

To prove Proposition 2.7 it is useful to summarize several properties of ∂ψ
and ∂ψε guaranteed by conditions (A1) and (A2).

Lemma 2.8. Under condition (A1) one has

(a) Re (∂ψ(u), u) = q ψ(u) ∀ u ∈ D(∂ψ);

(b) Im (∂ψ(u), u) = 0 ∀ u ∈ D(∂ψ);

(c) Re (∂ψε(v), v) ≥ q ψ(Jεv) ∀ v ∈ X, where Jε := (1 + ε ∂ψ)−1;

(d) Im (∂ψε(v), v) = 0 ∀ v ∈ X.
Moreover, under condition (A2) one has

(e) |Im (∂ψ(u), ∂ψε(u))| ≤ cq Re (∂ψ(u) − ∂ψε(u), ∂ψε(u)) and hence

|Im (∂ψ(u), ∂ψε(u))| ≤ cq Re (∂ψ(u), ∂ψε(u)) ∀ u ∈ D(∂ψ).
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Proof. (a), (b) and (d) are proved in [10, Lemma 3.2].

(c) First we note that ∂ψε(v) = ∂ψ(Jεv). In fact, put vε := Jεv = (1 +
ε∂ψ)−1v. Then we have vε + ε∂ψ(vε) = v = vε + ε∂ψε(v); the second equality is
nothing but the definition of ∂ψε. Thus we obtain

Re (∂ψε(v), v) = Re (∂ψε(v), v − Jεv + Jεv)

= ε‖∂ψε(v)‖2 + Re (∂ψ(Jεv), Jεv)

≥ q ψ(Jεv).

In the last step we have used (a) with u := Jεv.

(e) In the same way as in (c) we have

Re (∂ψ(u) − ∂ψε(u), ∂ψε(u)) = ε−1Re (∂ψ(u) − ∂ψ(Jεu), u − Jεu).

Applying condition (A2) to the right-hand side, we see that it is greater than or
equal to

(1/cq)ε−1|Im (∂ψ(u) − ∂ψ(Jεu), u − Jεu))|
= (1/cq)|Im (∂ψ(u) − ∂ψ(Jεu), (u − Jεu)/ε) + Im (∂ψ(Jεu), (u − Jεu)/ε)|
= (1/cq)|Im (∂ψ(u), ∂ψε(u))|;

note that Im (∂ψ(Jεu), (u − Jεu)/ε) = Im ‖∂ψε(u)‖2 = 0. �

Now we begin the proof of Proposition 2.7 with ζ = ξ + iη. For ξ < n0 we
try to solve a modified form of equation (AStP)ε:

(n0 + iη)uε + Auε + Bεuε = f + (n0 − ξ)uε.

Since (n0 + iη+A+Bε)−1 is well-defined on X (see Lemma 2.6), we can introduce
the mapping T on the closed convex subset Cε(L) defined by (2.8):

Tw :=
(n0 + iη

n0
+

1
n0

(A + Bε)
)−1[ 1

n0
f +

n0 − ξ

n0
w
]

∀ w ∈ Cε(L).

Then the proof of Proposition 2.7 is divided into two parts which respectively show
that T Cε(L) ⊂ Cε(L) (Lemma 2.9) and that T is a strict contraction on Cε(L)
(Lemma 2.11).

Lemma 2.9. Let f ∈ Cε(L) and λ−1|α| ≤ c−1
q . Assume that conditions (A1)–(A3)

are satisfied. If ξ = Re ζ ≥ 1, then Tw ∈ Cε(L) for every w ∈ Cε(L).

Proof. In view of (2.8) it suffices to show that ψε(Tw) ≤ L.

For f, w ∈ Cε(L) put z := Tw ∈ D(A) = D(S) ∩ D(∂ψ). Then by definition
we have(

1 + i
η

n0

)
z +

λ + iα

n0
Sz +

κ + iδc−1
q κ

n0
∂ψ(z) +

1
n0

Bεz =
1
n0

f +
n0 − ξ

n0
w, (2.9)
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where 1 ≤ ξ < n0. It follows from the convexity of ψε that

ψε

(
1
n0

f +
n0 − ξ

n0
w

)
≤ ξ

n0
ψε

(
f

ξ

)
+

n0 − ξ

n0
ψε(w)

≤ ξ

n0

(
1
ξ

)2

ψε(f) +
n0 − ξ

n0
ψε(w);

note that ψε(ζf) ≤ |ζ|2ψε(f) for ζ ∈ C with |ζ| ≤ 1 (by definition of ψε and
condition (A1)). Since ξ ≥ 1, we see that

ψε

(
1
n0

f +
n0 − ξ

n0
w

)
≤ ξ

n0
L +

n0 − ξ

n0
L = L. (2.10)

Taking the real part of the inner product of (2.9) with ∂ψε(z), we have

Re(z, ∂ψε(z)) + Re
{

λ + iα

n0
(Sz, ∂ψε(z))

}
+ Re

{
κ + iδc−1

q κ

n0
(∂ψ(z), ∂ψε(z))

}
(2.11)

= Re
(

1
n0

f +
n0 − ξ

n0
w, ∂ψε(z)

)
=: IP;

note that (Bεz, ∂ψε(z)) is purely imaginary. In view of (2.10) IP is computed by
the definition of subdifferential as follows:

IP = Re
( 1

n0
f +

n0 − ξ

n0
w −z, ∂ψε(z)

)
+ Re (z, ∂ψε(z))

≤ ψε

(
1
n0

f +
n0 − ξ

n0
w

)
− ψε(z) + Re (z, ∂ψε(z))

≤ L − ψε(z) + Re (z, ∂ψε(z)).

On the other hand, we see from condition (A3) and Lemma 2.8 (e) that

Re
{

λ + iα

n0
(Sz, ∂ψε(z))

}
≥

c−1
q λ − |α|

n0
|Im(Sz, ∂ψε(z))|;

Re
{

κ + iδc−1
q κ

n0
(∂ψ(z), ∂ψε(z))

}
≥

c−1
q κ − |δc−1

q κ|
n0

|Im(∂ψ(z), ∂ψε(z))| = 0.

In this way (2.11) leads us to the desired inequality

ψε(z) +
c−1
q λ − |α|

n0
|Im(Sz, ∂ψε(z))| ≤ L.

Thus we need the restriction |α| ≤ c−1
q λ to conclude that Tw = z ∈ Cε(L). �

Remark 2.10. Let f ∈ BM = {f ∈ X ; ‖f‖ ≤ M} in Lemma 2.9. Then BM is
invariant under the mapping T .
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Lemma 2.11. Let f ∈ Cε(L) and λ−1|α| ≤ c−1
q . Assume that conditions (A1)−(A3)

and (A5) are satisfied. If ξ = Re ζ ≥ 1 + C̃2L
θ, then T is a strict contraction on

Cε(L).

Proof. It suffices to show that if 1 ≤ ξ < n0, then

‖Tw − Tz‖ ≤ (n0 − ξ)(n0 − C̃2L
θ)−1‖w − z‖ ∀ w, z ∈ Cε(L). (2.12)

In fact, the coefficient on the right-hand side is less than 1 if ξ ≥ 1 + C̃2L
θ.

We begin with the estimate on the resolvent (1+i(η/n0)+(1/n0)(A+Bε))−1.
Put

g :=
1
n0

f +
n0 − ξ

n0
w, h :=

1
n0

f +
n0 − ξ

n0
z (w, z ∈ Cε(L))

and u := Tw, v := Tz. Then by definition we have(
1 + i

η

n0

)
u +

1
n0

(A + Bε)u = g,
(
1 + i

η

n0

)
v +

1
n0

(A + Bε)v = h. (2.13)

It is easy to see that (2.12) is a consequence of the inequality

‖u − v‖ ≤ (1 − (C̃2/n0)Lθ)−1‖g − h‖. (2.14)

Making the difference of two equations in (2.13), we have(
1 + i

η

n0

)
(u − v) +

1
n0

(Au − Av) +
1
n0

(Bεu − Bεv) = g − h.

Taking the real part of the inner product of this equation with u − v, we see that

‖u − v‖2 +
2λ

n0
ϕ(u − v)

≤
|β| − c−1

q κ

n0
|Im(∂ψε(u) − ∂ψε(v), u − v)| + ‖g − h‖ · ‖u − v‖.

Now we apply condition (A5) with ρ := 2λ(|β| − c−1
q κ)−1:

‖u − v‖2 − ‖g − h‖ · ‖u − v‖

≤
|β| − c−1

q κ

n0
{|Im(∂ψε(u) − ∂ψε(v), u − v)| − ρ ϕ(u − v)}

≤ C̃2

n0

(
ψ(Jεu) + ψ(Jεv)

2

)θ

‖u − v‖2.

Since ψ(Jεw) ≤ ψε(w) ≤ L for w ∈ Cε(L) (see (2.2)), we obtain (2.14). �

Now, taking account of conditions (A4) and (A6), the solvability of (AStP)ε

is summarized as follows:

Proposition 2.12. Let f ∈ Cε(L) and λ−1|α| ≤ c−1
q . Assume that conditions (A1)−

(A6) are satisfied. Then for every ζ ∈ C with

ξ := Re ζ ≥ 1 + C̃2L
θ
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there exists a unique solution uε = uε(ζ) ∈ D(S) ∩ Cε(L) to (AStP)ε, with the
following estimates:

(a) ‖uε(ζ)‖ ≤ ξ−1‖f‖, 2λϕ(uε(ζ)) + qκψ(uε(ζ)) ≤ ξ−1‖f‖2;

(b) ψε(uε(ζ)) ≤ ψε(f) ≤ L.

Assume further that f ∈ Cε(L) ∩ BM = {f ∈ X ; ‖f‖ ≤ M, ψε(f) ≤ L}. Then
uε(ζ) ∈ BM and for ζ ∈ C with Re ζ ≥ 1 + {C̃2L

θ ∨ C̃3(M2/(qκ))θ} one has
additional estimates:

(c) ϕ(uε(ζ)) +
λ

4
‖Suε(ζ)‖2 ≤ M2

λ
;

(d) ‖∂ψε(uε(ζ))‖ ≤ ‖∂ψ(uε(ζ))‖ ≤ M C1

(
1 +

2
λ

)
.

Furthermore, let vε be a solution to (AStP)ε with right-hand side g ∈ Cε(L)∩BM .
Then for ζ ∈ C with Re ζ ≥ 1 + {C̃2L

θ ∨ C̃3(M2/(qκ))θ}

‖uε(ζ) − vε(ζ)‖ ≤
{

ξ − C̃2

(
M2

qκ

)θ}−1

‖f − g‖. (2.15)

Proof. First we note that D(A) = D(S) ⊂ D(∂ψ) because of condition (A4). In
view of Proposition 2.7 it remains to prove the estimates (a)–(d).

(a) Compute the real part after multiplying equation (AStP)ε by uε:

(Re ζ)‖uε‖2 + 2λϕ(uε) + qκψ(uε) = Re (f, uε) ≤ ‖f‖ · ‖uε‖.

(b) We compute the real part of the inner product of (AStP)ε with ∂ψε(uε):

(Re ζ)Re(uε, ∂ψε(uε)) + Re {(λ + iα)(Suε, ∂ψε(uε))}
= Re (f − uε, ∂ψε(uε)) + Re (uε, ∂ψε(uε)).

Then by definition of subdifferential and Lemma 2.8 (c) with v := uε we obtain

ψε(uε) + (Re ζ − 1)q ψ(Jεuε) + (c−1
q λ − |α|)|Im(Suε, ∂ψε(uε))| ≤ ψε(f) ≤ L.

This shows under the condition |α| ≤ c−1
q λ that uε = uε(ζ) ∈ Cε(L) if f ∈ Cε(L).

(c) Compute the real part of the inner product of (AStP)ε with Suε:

2(Re ζ)ϕ(uε) + λ‖Suε‖2 + Re
{
i(β − δc−1

q κ)(∂ψε(uε), Suε)
}

= Re (f, Suε) ≤ ‖f‖ · ‖Suε‖;

note that Re{(κ+iδc−1
q κ)}(∂ψ(uε), Suε)} ≥ 0 by virtue of condition (A3) with ∂ψε

replaced with ∂ψ (by letting ε ↓ 0). Applying (A6) with ρ := (λ/4)(|β| − c−1
q κ)−1,
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we see from (a) that

2(Re ζ)ϕ(uε) + (λ/2)‖Suε‖2

≤ ‖f‖ · ‖Suε‖ + 2(|β| − c−1
q κ)

{
|Im(Suε, ∂ψε(uε))| − ρ‖Suε‖2

}
,

≤ ‖f‖ · ‖Suε‖ + 2C̃3ψ(uε)θϕ(uε)

≤ ‖f‖ · ‖Suε‖ + 2C̃3

(
‖f‖2

qκ

)θ

ϕ(uε).

Since Re ζ − C̃3(M2/qκ)θ ≥ 1 and ‖f‖ ≤ M , we obtain

2ϕ(uε) + (λ/2)‖Suε‖2 ≤ 2
(
Re ζ − C̃3(M2/qκ)θ

)
ϕ(uε) + (λ/2)‖Suε‖2

≤ M‖Suε‖ ≤ (2/λ)M2.

(d) is a consequence of (c) and condition (A4).
Finally, it remains to prove (2.15). Making the difference of two equations

(AStP)ε with right-hand sides f, g ∈ Cε(L) ∩ BM , we have

(Re ζ)‖uε − vε‖2 + 2λϕ(uε − vε)

≤ (|β| − c−1
q κ)|Im(∂ψε(uε) − ∂ψε(vε), uε − vε)| + ‖f − g‖ · ‖uε − vε‖.

Applying condition (A5)′ with ρ := 2λ(|β| − c−1
q κ)−1, we see from (a) that

(Re ζ)‖uε − vε‖2 − ‖f − g‖ · ‖uε − vε‖
≤ (|β| − c−1

q κ)
{
|Im(∂ψε(uε) − ∂ψε(vε), uε − vε)| − ρ ϕ(uε − vε)

}
≤ C̃2

(
ψ(uε) + ψ(vε)

2

)θ

‖uε − vε‖2

≤ C̃2(M2/qκ)θ‖uε − vε‖2.

This proves (2.15). �

For M > 0 fix a new closed convex subset in X :

C(M) := {w ∈ X ; ‖w‖ ≤ M, ψ(w) ≤ M2/(qκ)}. (2.16)

Choosing Cε(L) with L := M2/(qκ), we see from (2.2) that

C(M) ⊂ Cε(M2/(qκ)) ∩ BM ∀ ε > 0.

Lemma 2.13. Let f ∈ C(M) and |α| ≤ c−1
q λ. Assume that conditions (A1)−(A7)

are satisfied. Let {uν(ζ)}ν>0 be a family of solutions to (AStP)ν as constructed
in Proposition 2.12 with f ∈ C(M). Then for ζ ∈ C with

Re ζ ≥ 1 + (C̃2 ∨ C̃3)(M2/qκ)θ

the family {uν} satisfies Cauchy’s condition in X :{
Re ζ − C̃2

(
M2

qκ

)θ}
‖uν − uµ‖2 ≤ M2C2

1 C̃4

(
1 +

2
λ

)2

|ν − µ|. (2.17)
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Proof. Let f ∈ C(M). Then there is a unique solution uν to (AStP)ν such that

ψ(uν(ζ)) ≤ 1
qκ Re ζ

‖f‖2 ≤ M2

qκ
for Re ζ ≥ 1 + C̃2

(
M2

qκ

)θ

, (2.18)

‖∂ψ(uν(ζ))‖ ≤M C1

(
1 +

2
λ

)
for Re ζ ≥ 1 + (C̃2 ∨ C̃3)

(
M2

qκ

)θ

(2.19)

(see Proposition 2.12 (a) and (d)). Making the difference of equations (AStP)ε

with ε = ν, µ, we have

(Re ζ)‖uν −uµ‖2 +2λϕ(uν −uµ) ≤ (|β|− c−1
q κ)|Im(∂ψν(uν)− ∂ψµ(uµ), uν −uµ)|.

Setting ρ := 2λ(|β| − c−1
q κ)−1, we have

(Re ζ)‖uν − uµ‖2

≤ (|β| − c−1
q κ)

{
|Im(∂ψν(uν) − ∂ψν(uµ), uν − uµ)| − ρϕ(uν − uµ)

}
+ (|β| − c−1

q κ)|Im(∂ψν(uµ) − ∂ψµ(uµ), uν)|;
note that Im(∂ψε(uµ), uµ) = 0 for ε = ν, µ. Applying conditions (A5)′ and (A7)
to the first and second terms on the right-hand side, we see from (2.18) and (2.19)
that

(Re ζ)‖uν − uµ‖2

≤ C̃2

(
ψ(uν) + ψ(uµ)

2

)θ

‖uν − uµ‖2 + C̃4|ν − µ|
(
σ‖∂ψ(uµ)‖2 + τ‖∂ψ(uν)‖2

)
≤ C̃2(M2/qκ)θ‖uν − uµ‖2 + M2C2

1 C̃4(1 + 2/λ)2|ν − µ|.
This proves (2.17). �

Now we can complete

Proof of Theorem 2.3. Part (II). Put u(ζ) := lim
ε→0

uε(ζ). Then it remains to prove

that the limit u(ζ) is a unique strong solution to (AStP):

(ξ + iη)u(ζ) + (λ + iα)Su(ζ) + (κ + iβ)∂ψ(u(ζ)) = f.

First we note that u(ζ) = lim
ε↓0

Jεuε(ζ). In fact, by the definition of ∂ψε we have

‖u(ζ) − Jεuε(ζ)‖ ≤ ‖u(ζ) − uε(ζ)‖ + ε‖∂ψε(uε(ζ))‖ ∀ ε > 0.

We need the boundedness of {∂ψε(uε(ζ))} to conclude the convergence (see Propo-
sition 2.12 (d)). Since S, ∂ψ are maximal monotone in X , we see from Proposition
2.12 (c), (d) that u(ζ) ∈ D(S) ⊂ D(∂ψ) and

Su(ζ) = w-lim
ε↓0

Suε(ζ), ∂ψ(u(ζ)) = w-lim
ε↓0

∂ψ(uε(ζ)) = w-lim
ε↓0

∂ψε(uε(ζ))

(see Kato [7, Lemma 2.5]). Now, letting ε tend to zero in (AStP)ε and (2.15), we
see that u(ζ) is a strong solution to (AStP) satisfying (2.6). Obviously, the unique-
ness of solutions to (AStP) is guaranteed by the estimate (2.6) of the continuous
dependence on right-hand sides.
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Finally, estimate (a)–(c) except that for ∂ψ(u(ζ)) follow from Proposition
2.12 (a) and (c). In fact, we can use the lower semi-continuity of ϕ, ψ and calculus
inequality:

2λ lim
ε↓0

ϕ(uε) + qκ lim
ε↓0

ψ(uε) ≤ lim
ε↓0

(2λϕ(uε) + qκψ(uε)).

On the other hand, since Re{(λ + iα)(Su(ζ), ∂ψ(u(ζ)))} ≥ 0, we obtain

qξψ(u(ζ)) + κ‖∂ψ(u(ζ))‖2 ≤ Re (f, ∂ψ(u(ζ)))

from which we can conclude the second half of (c). �

3. Proof of Theorem 1.2

Theorem 1.2 is proved by applying Theorem 2.1 to (StCGL). Namely, it is applied
to S and ψ as defined in Section 1. The verification of conditions (A1)–(A3) is
done in [10, Section 6], while conditions (A4) and (A6) have been verified in
[11, Section 3]. Actually, ψ(u) in condition (A6) is replaced with ψ(Jεu) in [11].
Therefore condition (A6) is weaker than that in [11]. On the other hand, (A7) is
a new condition introduced and verified in [12] which guarantees, together with
condition (A5), the convergence of the family of approximate solutions.

Here we present a proof of condition (A5) because what have been verified
in [11] and [12] are respectively conditions (A5)′ and (A5)′′ (see Remark 2.1).

Lemma 3.1. Let a, b ∈ C and q ≥ 2. For ε > 0 define zε, wε as

zε + ε|zε|q−2zε = a, wε + ε|wε|q−2wε = b.

Then one has∣∣Im{(a − b)(|zε|q−2zε − |wε|q−2wε)}
∣∣ ≤ q − 2

2
|a − b|2

(1
2
|zε|q +

1
2
|wε|q

)(q−2)/q

.

(3.1)

Proof. First, the accretivity of the mapping z �→ |z|q−2z implies that

|zε − wε| ≤ |a − b|. (3.2)

Next, put F (z, w) := (z − w)(tz + (1 − t)w). Then the fundamental theorem of
calculus yields

|z|q−2z − |w|q−2w

=
∫ 1

0

d

dt

{
|tz + (1 − t)w|q−2(tz + (1 − t)w)

}
dt

= (z − w)
∫ 1

0

|tz + (1 − t)w|q−2 dt

+ (q − 2)
∫ 1

0

|tz + (1 − t)w|q−4(tz + (1 − t)w)Re
{
F (z, w)

}
dt.
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Setting z := zε and w := wε, we have

Im{(a − b)(|zε|q−2zε − |wε|q−2wε)} = Im{(zε − wε)(|zε|q−2zε − |wε|q−2wε)}

=(q − 2)
∫ 1

0

|tzε + (1 − t)wε|q−4 Re
{
F (zε, wε)

}
Im

{
F (zε, wε)

}
dt.

Since 2|Re z| · |Im z| ≤ |z|2 ∀ z ∈ C, it follows from (3.2) and Hölder’s inequality
that ∣∣Im{(a − b)(|zε|q−2zε − |wε|q−2wε)}

∣∣
≤ q − 2

2
|a − b|2

∫ 1

0

|tzε + (1 − t)wε|q−2 dt

≤ q − 2
2

|a − b|2
(∫ 1

0

|tzε + (1 − t)wε|q dt

)(q−2)/q

.

The convexity of the function: z �→ |z|q applies to give the desired inequality
(3.1). �

Remark 3.2. Since |zε| ≤ |a|, |wε| ≤ |b|, |zε| and |wε| on the right-hand side of
(3.1) may be replaced with |a| and |b|, respectively. This form of (3.1) has been
proved in [12].

Let ψ be as defined by (1.1). Then by virtue of Lemma 3.1 we have

Lemma 3.3. Let u, v ∈ L2(Ω) and q ≥ 2. Then for ε > 0,

|Im(∂ψε(u) − ∂ψε(v), u − v)L2 | ≤ q − 2
2

‖u − v‖2
Lq

(q

2
ψ(Jεu) +

q

2
ψ(Jεv)

)(q−2)/q

,

(3.3)
where ∂ψε is the Yosida approximation of ∂ψ and Jε = (1 + ε∂ψ)−1.

In fact, (3.1) with a = u(x), b = v(x) and zε = (Jεu)(x), wε = (Jεv)(x)
gives us ∣∣Im{[u(x) − v(x)](|uε(x)|q−2uε(x) − |vε(x)|q−2vε(x))}

∣∣
≤ q − 2

2
|u(x) − v(x)|2

(1
2
|(Jεu)(x)|q +

1
2
|(Jεv)(x)|q

)(q−2)/q

.

Integrating this inequality over Ω and applying Hölder’s inequality we can obtain
(3.3).

To derive condition (A5) from (3.3) we shall use the Gagliardo-Nirenberg
inequality:

‖w‖Lq ≤ C0‖w‖1−a
L2 ‖∇w‖a

L2 ∀ w ∈ H1(Ω), with a :=
N

2
− N

q
∈ [0, 1]; (3.4)

note that a ∈ [0, 1/2] if N = 1 (see Tanabe [14, Section 3.4] or Giga-Giga [5,
Chapter 6]). However, we have to avoid the case of a = 1. In fact, a = 1 corresponds
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to the critical power q = 2∗ in the sense of Sobolev embedding exponent. Thus we
impose the subcritical condition on q:⎧⎨⎩2 ≤ q < 2∗ :=

2N

N − 2
(N ≥ 3),

2 ≤ q < ∞ (N = 1, 2).
(3.5)

Incidentally, it is easy to prove (3.4) if N ≥ 3 (and N = 1). In fact, let 2 ≤ q ≤ 2∗.
Then it follows from Hölder’s inequality that

‖w‖Lq ≤ ‖w‖1−a
L2 ‖w‖a

L2∗ ∀ w ∈ L2(Ω) ∩ L2∗
(Ω),

1
q

=
1 − a

2
+

a

2∗
.

Therefore (3.4) is a direct consequence of the Sobolev inequality

‖w‖L2∗ ≤ C ′‖∇w‖L2 ∀ w ∈ H1(Ω),
1
2∗

=
1
2
− 1

N

(use 2∗ = ∞ and ‖w‖2
L∞ ≤ C ′‖w‖L2‖∇w‖L2 if N = 1). Now, setting

ϕ(u) :=
1
2
‖∇u‖2

L2 for u ∈ D(ϕ) := H1
0 (Ω),

we have

Lemma 3.4. Let q satisfy (3.5). Then for any ρ > 0 there exists a constant C2 =
C2(ρ) such that for u, v ∈ D(ϕ) and ε > 0,

|Im(∂ψε(u) − ∂ψε(v), u − v)L2 | ≤ ρ ϕ(u − v) + C2

(
ψ(Jεu) + ψ(Jεv)

2

)θ

‖u − v‖2
L2 ,

where θ :=
q − 2

(1 − a)q
coincides with fN (q) as in Section 1.

In fact, using the Gagliardo-Nirenberg inequality and then Young’s inequality,
we see from (3.3) that for any ρ > 0 there exists C2 = C2(ρ) > 0 such that

|Im(∂ψε(u) − ∂ψε(v), u − v)L2 |

≤ ρ ‖∇(u − v)‖2
L2 + C2

(q

2
ψ(Jεu) +

q

2
ψ(Jεv)

)θ

‖u − v‖2
L2 ;

note that θ ∈ [0,∞) ⇔ a ∈ [0, 1) ⇔ q ∈ [2, 2∗).

Remark 3.5. We have already noted that θ ∈ [0, 1] ⇔ q ∈ [2, 2 + 4/N ].
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Operator-valued Symbols for Elliptic and
Parabolic Problems on Wedges

Jan Prüss and Gieri Simonett

Dedicated to Philippe Clément

Abstract. We study evolution problems of the type esx∂tu+h(∂x)u = f where
h is a holomorphic function on a vertical strip around the imaginary axis, and
s > 0. If P is a second-order polynomial we give a complete characterization
of the spectrum of the parameter-dependent operator λesx + P (∂x) in Lp(R).
We show the surprising result that the spectrum is independent of λ whenever
| arg λ| < π. Moreover, we also characterize the spectrum of ∂te

sx + P (∂x),
and we show that this operator admits a bounded H∞-calculus. Finally, we
describe applications to free boundary problems with moving contact lines,
and we study the diffusion equation in an angle or a wedge domain with
dynamic boundary conditions. Our approach relies on the H∞-calculus for
sectorial operators, the concept of R-boundedness, and recent results for the
sum of non-commuting operators.

1. Introduction

In recent years the H∞-calculus for sectorial operators in Banach spaces, the con-
cept of R-boundedness, and the method of operator sums have become important
tools for proving existence and optimal regularity results for solutions of partial
differential and integro-differential equations, as well as for abstract evolutionary
problems. We mention here only the references [7, 8, 15, 16, 17] which document
some recent work by the authors. In the current paper we apply these techniques to
the study of certain operator-valued symbols which arise from elliptic or parabolic
equations on angles or wedges with dynamic boundary conditions. Another main
objective of this paper is to develop tools for the study of free boundary problems
with moving contact lines.

To describe the class of symbols we have in mind, let us first consider the
case of dynamic boundary conditions. It is shown in Section 5 that the boundary
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symbol for the Laplace equation ∆u = 0 on an angle G = {(r cosφ, r sin φ); r >
0, φ ∈ (0, α)} in R2 with Dirichlet condition u = 0 on φ = α and dynamic
boundary condition ∂tu + ∂νu = g on φ = 0 is given by

∂te
x + ψ0(−(∂x + β)2), ψ0(z) =

√
z coth(α

√
z), z ∈ C.

Here β ∈ R is a number whose meaning is explained in Section 5. Similarly, if one
considers the one-phase quasi-stationary Stefan problem with surface tension (also
sometimes called the Mullins-Sekerka problem) in two dimensions with boundary
intersection and prescribed contact angle α ∈ (0, π], one is led to the boundary
symbol

∂te
3x − ψ1

(
∂x + β)2

)
(∂x + β + 1)(∂x + β + 2),

where this time ψ1(z) =
√

z tanh(α
√

z). The free boundary problem for the sta-
tionary Stokes equations with boundary contact and prescribed contact angle in
two dimensions leads to

∂te
x + ψ(∂x + β),

where

ψ(z) = (1 + z)
cos(2αz) − cos(2α)
sin(2αz) + z sin(2α)

,

in the slip case and

ψ(z) =
(1 + z)

4
sin(2αz) − z sin(2α)
z2 sin2(α) − cos2(αz)

in the non-slip case. This motivates the study of equations of the type

∂te
sx + h(∂x) (1.1)

and its parametric form
λesx + h(∂x), (1.2)

where s > 0, λ ∈ C, and h is a function holomorphic on a vertical strip around
the imaginary axis.

In higher dimensions, the boundary symbol for the Laplace equation in a
wedge with dynamic boundary condition is given by

∂te
x + ψ0

(
− ∆ye2x − (∂x + β)2

)
,

where ∆y means the Laplacian in the variables y tangential to the edge, whereas
that of the quasi-stationary Stefan problem becomes

∂te
3x + ψ1

(
− ∆ye2x − (∂x + β)2

)
[−∆ye2x − (∂x + β + 1)(∂x + β + 2)].

Similarly,
∂te

x + ψ0

(
(∂t − ∆y)e2x − (∂x + β)2

)
represents the boundary symbol for the diffusion equation in a wedge with dynamic
boundary condition. Clearly, these symbols are considerably more complicated
than in the two-dimensional case. They also show the importance of the special case
h = P where P is a second-order polynomial. In the current paper we concentrate
on this case.
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It is our ultimate goal to identify function spaces such that the operators
defined by the symbols of type (1.1) and (1.2) become topological isomorphisms
between these spaces, i.e., to obtain optimal solvability results. We intend to do
this in the framework of Lp-spaces. Our main tools are very recent results on sums
of sectorial operators, their H∞-calculi, and R-boundedness of associated operator
families.

Once this goal is achieved, one can go on to study symbols of higher-dim-
ensional (or time-dependent) problems. We will do this here only for those aris-
ing from the problems with dynamic boundary conditions. The symbols for the
Mullins-Sekerka problem in higher dimensions, for the Stefan problem with sur-
face tension, and for the non-steady Stokes problem with free boundary will be
the subject of future work.

Observe that symbols of type (1.1) and (1.2) are highly degenerate, due to the
presence of the exponentials. They are not directly accessible by standard methods
for pseudo-differential operators. Moreover, the basic ingredients of these symbols,
namely ex and ∂x, do not commute and so the functional calculus in two variables
does not apply. Still, there is a close relation between these operators. In fact, esx

is an eigenfunction of ∂x with eigenvalue s, or to put it in a different way, the
commutator between esx and ∂x is sesx. It is this relation we base our approach
on. It allows us to apply abstract results on sums of non-commuting operators.

The plan for this paper is as follows. In Section 2 we introduce the necessary
notation and state some abstract results needed in the sequel. In Sections 3 and 4
we deal with the important special case where h is a second-order polynomial P .
By means of an explicit representation of the resolvent we derive a complete char-
acterization of the spectrum of the operators

λesx + P (∂x) in Lp(R)

and
∂te

sx + P (∂x) in Lp(J × R),

where J = (0, T ). We conclude the paper with applications to the Laplace equa-
tion and the diffusion equation in an angle or a wedge with dynamic boundary
condition. By means of our results we obtain the complete solvability behavior of
this problem in appropriately weighted Lp-spaces.

We mention here that the Laplace and the diffusion equation with dynamic
boundary conditions in domains with edges were previously studied in the frame-
work of weighted L2-spaces by Frolova and Solonnikov, see [10, 18] and the refer-
ences contained therein.

2. Preliminaries

In the following, X = (X, | · |) always denotes a Banach space with norm | · |, and
B(X) stands for the space of all bounded linear operators on X , where we will
again use the notation | · | for the norm in B(X). If A is a linear operator on X ,
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then D(A), R(A), N(A) denote the domain, the range, and the kernel of A, whereas
ρ(A), σ(A) stand for the resolvent set, and the spectrum of A, respectively. An
operator A is called sectorial if

• D(A) and R(A) are dense in X ,
• (−∞, 0) ⊂ ρ(A) and |t(t + A)−1| ≤ M for t > 0.

The class of all sectorial operators is denoted by S(X). If A is sectorial, then it
is closed, and it follows from the ergodic theorem that N(A) = 0. Moreover, by a
Neumann series argument one obtains that ρ(−A) contains a sector

Σφ := {z ∈ C : z �= 0, | arg(z)| < φ}.
Consequently, it is meaningful to define the spectral angle φA of A by means of

φA := inf{φ > 0 : ρ(−A) ⊃ Σπ−φ, Mπ−φ < ∞},
where Mθ := sup{|λ(λ + A)−1| : λ ∈ Σθ}. Obviously we have

π > φA ≥ arg(σ(A)) := sup{| arg(λ)| : λ �= 0, λ ∈ σ(A)}.
If A is sectorial, the functional calculus of Dunford given by

ΦA(f) := f(A) :=
1

2πi

∫
Γ

f(λ)(λ − A)−1dλ

is a well-defined algebra homomorphism ΦA : H0(Σφ) → B(X), where H0(Σφ)
denotes the set of all functions f : Σφ → C that are holomorphic and that satisfy
the condition

sup
λ∈Σφ

(|λ−εf(λ)| + |λεf(λ)|) < ∞ for some ε > 0 and some φ > φA.

Here Γ denotes a contour Γ = eiθ(∞, 0] ∪ e−iθ[0,∞) with θ ∈ (φA, φ). A is said
to admit an H∞-calculus if there are numbers φ > φA and M > 0 such that the
estimate

|f(A)| ≤ M |f |H∞(Σφ), f ∈ H0(Σφ), (2.1)
is valid. In this case, the Dunford calculus extends uniquely to H∞(Σφ), see for
instance [6] for more details. We denote the class of sectorial operators which admit
an H∞-calculus by H∞(X). The infimum φ∞

A of all angles φ such that (2.1) holds
for some constant M > 0 is called the H∞-angle of A.

Let T ⊂ B(X) be an arbitrary set of bounded linear operators on X . Then
T is called R-bounded if there is a constant M > 0 such that the inequality

E(|
N∑

i=1

εiTixi|) ≤ ME(|
N∑

i=1

εixi|) (2.2)

is valid for every N ∈ N, Ti ∈ T , xi ∈ X , and all independent, symmetric {±1}-
valued random variables εi on a probability space (Ω,A, P ) with expectation E.
The smallest constant M in (2.2) is called the R-bound of T and is denoted by
R(T ). A sectorial operator A is called R-sectorial if the set

{λ(λ + A)−1 : λ ∈ Σπ−φ} is R-bounded for some φ ∈ (0, π).
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The infimum φR
A of such angles φ is called the R-angle of A. We denote the class

of R-sectorial operators by RS(X). The relation φR
A ≥ φA is clear. If X is a space

of class HT and A ∈ H∞(X) then it follows from a result of Clément and Prüss
[3] that A ∈ RS(X) with φR

A ≤ φ∞
A .

Finally, an operator A ∈ H∞(X) is said to admit an R-bounded H∞-calculus
if the set

{f(A) : f ∈ H∞(Σφ), |f |H∞(Σφ) ≤ 1}
is R-bounded for some φ ∈ (0, π). Again, the infimum φR∞

A of such φ is called the
RH∞-angle of A, and the class of such operators is denoted by RH∞(X).

If X enjoys the so-called property (α), see [2, Definition 3.11], then every
operator A ∈ H∞(X) already has an R-bounded H∞-calculus, that is, H∞(X) =
RH∞(X) and φR∞

A = φ∞
A , see [12, Theorem 5.3]. In particular, the Lp-spaces with

1 < p < ∞ have property (α), see [2].
We refer to the monograph of Denk, Hieber, and Prüss [6] for further infor-

mation and background material.
We now state a recent result on the existence of an operator-valued H∞-

calculus proved in [12], the general Kalton-Weis theorem.

Theorem 2.1. Let X be a Banach space, A ∈ H∞(X), F ∈ H∞(Σφ;B(X)) such
that

F (λ)(µ − A)−1 = (µ − A)−1F (λ), µ ∈ ρ(A), λ ∈ Σφ.

Suppose φ > φ∞
A and R(F (Σφ)) < ∞. Then

F (A) ∈ B(X) and |F (A)|B(X) ≤ CAR(F (Σφ))

where CA denotes a constant depending on A but not on F .

Given two sectorial operators A and B we define

(A + B)x := Ax + Bx, x ∈ D(A + B) := D(A) ∩ D(B).

A and B are said to commute if there are numbers λ ∈ ρ(A) and µ ∈ ρ(B) such
that

(λ − A)−1(µ − B)−1 = (µ − B)−1(λ − A)−1.

In this case, the commutativity relation holds for all λ ∈ ρ(A) and µ ∈ ρ(B).
In their famous paper [5] Da Prato and Grisvard proved the following result:

suppose A, B ∈ S(X) commute and the parabolicity condition φA + φB < π holds
true. Then A + B is closable and its closure L := A + B is again sectorial with
spectral angle φL ≤ max{φA, φB}.

The natural question in this context then is whether A+B is already closed,
i.e., if maximal regularity holds. There are many contributions to this question,
see for instance the discussion in Prüss and Simonett [17].

Applied to the functions F (z) = z(z+B)−1 and F (z) = f(z+B), Theorem 2.1
implies the following result on sums of commuting operators: suppose A ∈ H∞(X)
and B ∈ RS(X), A, B commute, and φ∞

A + φR
B < π. Then A + B is closed and

sectorial. If in addition B ∈ RH∞(X) and φ∞
A + φR∞

B < π, then A + B has an
H∞-calculus as well.
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We now turn to the non-commuting case and we assume that A and B satisfy
the Labbas-Terreni commutator condition, which reads as follows.⎧⎪⎪⎨⎪⎪⎩

0 ∈ ρ(A). There are constants c > 0, 0 ≤ α < β < 1,
ψA > φA, ψB > φB, ψA + ψB < π,
such that for all λ ∈ Σπ−ψA , µ ∈ Σπ−ψB

|A(λ + A)−1[A−1(µ + B)−1 − (µ + B)−1A−1]| ≤ c/(1 + |λ|)1−α|µ|1+β .
(2.3)

Assuming this condition we have the following generalization of the Kalton-Weis
theorem on sums of operators to the non-commuting case proved recently by the
authors in [17].

Theorem 2.2. Suppose A ∈ H∞(X), B ∈ RS(X) and suppose that (2.3) holds for
some angles ψA > φ∞

A , ψB > φR
B with ψA + ψB < π.

Then there is a number ω0 ≥ 0 such that ω0 + A + B is invertible and sectorial
with angle φω0+A+B ≤ max{ψA, ψB}. Moreover, if in addition B ∈ RH∞(X) and
ψB > φR∞

B , then
ω0 + A + B ∈ H∞(X) and φ∞

ω0+A+B ≤ max{ψA, ψB}.

This result will be one of the main tools for the theory developed below.
If A and B are sectorial operators on X , their product is defined by

(AB)x := ABx, D(AB) := {x ∈ D(B) : Bx ∈ D(A)}.
Closedness of the product is easier to obtain than for sums, as AB is closed as
soon as A is invertible or B is bounded. On the other hand, it is in general not
a simple task to prove that AB is again sectorial. The following assertive result
is a consequence of the general Kalton-Weis theorem: suppose that A and B are
sectorial commuting operators in X , that A is invertible, and suppose that A ∈
H∞(X), B ∈ RS(X) such that φ∞

A + φR
B < π. Then AB is sectorial with angle

φAB ≤ φ∞
A + φR

B. If moreover B ∈ RH∞(X) and φ∞
A + φR∞

B < π, then

AB ∈ H∞(X) and φ∞
AB ≤ φ∞

A + φR∞
B .

This result was recently extended in [11] to the case of non-commuting operators.

3. Parametric second-order symbols

In this section we consider the case where h is a second-order polynomial, that is,
we consider the parametric problem

µu + λe2sxu − (∂x + β)2u = f, x ∈ R, (3.1)

where λ ∈ Σπ, µ ∈ C, β ∈ R, s ∈ R \ {0} are fixed parameters. In this case we
have

h(iξ) = −(iξ + β)2 = ξ2 − β2 − 2iβξ, ξ ∈ R.

The spectrum σ(h(∂x)) of the operator h(∂x) in Lp(R) is given by

σ(h(∂x)) = Pβ := h(iR) = {ξ2 − β2 − 2iβξ : ξ ∈ R},
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a parabola with vertex in −β2 opening to the right symmetric with respect to the
real axis. We are going to derive an explicit characterization of the spectrum of
λe2sx + h(∂x) as well as an integral representation of the solutions of (3.1). Note
that the change of variables y = −x transforms (3.1) into itself, when replacing s
by −s and β by −β. Therefore we assume s > 0 in the sequel.

We introduce the variable transformation

u(x) = e−βxw(
√

λesx/s), x ∈ R.

Setting z =
√

λesx/s and ν2 = µ/s2, problem (3.1) transforms to

(z2 + ν2)w(z) − z2w′′(z) − zw′(z) = g(z), Re z > 0, (3.2)

where
g(z) = zβ/ssβ/s−2λ−β/2sf(s−1 ln(sz/

√
λ)).

(3.2) is nothing but the modified Bessel equation with parameter ν. A fundamental
system of this equation is given by the modified Bessel function Iν(z) and the
McDonald function Kν(z). The general solution of (3.2) is given by

w(z) = aIν(z) + bKν(z) + Kν(z)
∫ z

0

Iν(σ)g(σ)dσ/σ + Iν(z)
∫ ∞

z

Kν(σ)g(σ)dσ/σ,

(3.3)
where so far a, b are arbitrary numbers.

We are going to compute the spectrum of Aλ,β = λe2sx − (∂x + β)2. Let us
first look for eigenfunctions of Aλ,β , i.e., for the point spectrum σp(Aλ,β). So we
have from (3.3) that −µ ∈ σp(Aλ,β) if and only if a function of the form

u(x) = e−βx[aIν(
√

λesx/s) + bKν(
√

λesx/s)], x ∈ R,

belongs to Lp(R) and e2sxu does so as well, since then we also have u ∈ H2
p (R)

since ω +h(∂x) ∈ B(H2
p(R), Lp(R)) is an isomorphism for ω > β2. In the sequel we

are employing the asymptotics for Iν(z) and Kν(z) near zero and infinity which,
for example, may be found in Abramowitz and Stegun [1]. For Re ν > 0 these read

Iν(z) ∼ ez/
√

2πz, Kν(z) ∼ e−z
√

π/2z, Re z > 0, |z| → ∞, (3.4)

and

Iν(z) ∼ 2−νzν/Γ(ν + 1), Kν(z) ∼ 2ν−1Γ(ν)z−ν , Re z > 0, z → 0. (3.5)

The estimates are uniform for | arg(z)| ≤ θ < π/2. From these asymptotics we may
conclude a = 0, and set b = 1. Since Kν(z) is exponentially decaying at infinity,∫ ∞

0

epγx|u(x)|pdx = c

∫ ∞

1

t(γ−β)p/s|Kν(eiϕt)|pdt/t < ∞,

for each p ∈ (1,∞), β, γ ∈ R and s > 0 since |ϕ| = | argλ/2| < π/2. On the other
hand, ∫ 0

−∞
epγx|u(x)|pdx = c

∫ 1

0

t(γ−β)p/s|Kν(eiϕt)|pdt/t
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is finite if and only if

Re νp + (β − γ)p/s < 0, that is, iff Re
√

µ < γ − β.

Choosing γ = 0 and γ = 2s we see that the function

uµ(x) = e−βxKν(
√

λesx/s), x ∈ R,

is an eigenfunction corresponding to the eigenvalue −µ of Aλ,β if and only if
Re

√
µ < −β. Note that this property is independent of λ ∈ Σπ, s > 0 and

p ∈ (1,∞).
Next observe that the dual operator A∗

λ,β of Aλ,β in Lp(R)∗ = Lp′(R) is
precisely A∗

λ,β = Aλ,−β . Therefore we see from the above argument that −µ is an
eigenvalue of A∗

λ,β if and only if Re
√

µ < β. A dual eigenfunction is

u∗
µ(x) = eβxKν(

√
λesx/s), x ∈ R.

Thus the set Re
√−µ ≤ |β| belongs to the spectrum of Aλ,β for all s > 0, 1 <

p < ∞, and λ ∈ Σπ, as long as β �= 0. For β = 0 the point spectra of Aλ,β

and of A∗
λ,β are both empty. We still claim that the set Re

√−µ = 0, i.e., the
set µ ∈ R+, belongs to the spectrum of Aλ,β . In fact these values of −µ are
approximate eigenvalues. Suppose on the contrary that µ+Aλ,0 is invertible. Then
µ+Aλ,β must be invertible for small |β| as well, since Aλ,β is a small perturbation
of Aλ,0.

It is easy to identify the set Re
√−µ ≤ |β|. It is the filled up parabola Pβ ,

defined by
Pβ = {ξ2 − β2 + σ − 2iβξ : ξ ∈ R, σ ≥ 0}.

The main result of this section is the following theorem which states that σ(Aλ,β) =
Pβ , for all p ∈ (1,∞), λ ∈ Σπ, s > 0, and β ∈ R.

This is truly a remarkable result since the spectrum of λ − (∂x + β)2 is the
shifted parabola λ + Pβ instead!

Theorem 3.1. Let λ ∈ Σπ, β ∈ R, s > 0, 1 < p < ∞, and let Aλ,β in Lp(R) be
defined according to

Aλ,β = λe2sx − (∂x + β)2,
with domain D(Aλ,β) = H2

p (R) ∩ Lp(R; e2sxpdx). Then we have

σ(Aλ,β) = Pβ = {ξ2 − β2 + σ − 2iβξ : ξ ∈ R, σ ≥ 0}.

If β < 0 then σp(Aλ,β) = P̊β and σr(Aλ,β) = ∅, while for β > 0 we have σr(Aλ,β) =
P̊β and σp(Aλ,β) = ∅. The resolvent of Aλ,β has the integral representation

(µ + Aλ,β)−1f(x) =
∫

R

kλ,β,µ(x, y)f(y)dy, x ∈ R, f ∈ Lp(R),

where the kernel kλ,β,µ is given by

kλ,β,µ(x, y) = s−1e−β(x−y)

{
K√

µ/s(
√

λesx/s)I√µ/s(
√

λesy/s) for x > y

I√µ/s(
√

λesx/s)K√
µ/s(

√
λesy/s) for x < y.
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Finally, for every fixed φ ∈ (0, π) and µ /∈ −Pβ there exists a positive constant M
such that

|(µ + Aλ,β)−1|B(Lp) + |λe2sx(µ + Aλ,β)−1|B(Lp) ≤ M, λ ∈ Σφ.

Proof. We first derive estimates for the kernel kλ,β,µ for fixed µ �∈ −Pβ. From the
asymptotics of Iν and Kν given in (3.4) and (3.5) we obtain for each θ < π/2 a
constant cν,θ > 0 such that

|Iν(z)| ≤ cν,θ
|z|Re νeRe z

(1 + |z|)Re ν+1/2
, | arg(z)| ≤ θ,

and

|Kν(z)| ≤ cν,θ
|z|−Re νe−Re z

(1 + |z|)−Re ν+1/2
, | arg(z)| ≤ θ.

With ν2 = µ/s2 these estimates yield for x > y

|kλ,β,µ(x, y)| ≤ C
e−(β+sRe ν)(x−y)

1 + |
√

λ|esx/s
·
(1 + |

√
λ|esx/s

1 + |
√

λ|esy/s

)Re ν+1/2

e−s−1Re
√

λ(esx−esy).

The elementary inequality (1 + a

1 + b

)γ

≤ ceε(a−b),

with c > 0 depending on ε > 0 and γ > 0 but not on a > b > 0, and the relation
Re

√
λ ≥ c′|

√
λ|, valid for | argλ| ≤ φ < π, then imply

|kλ,β,µ(x, y)| ≤ C
e−(β+sRe ν)(x−y)

1 + |
√

λ|esx
· e−c1|

√
λ|(esx−esy), x > y,

with some constants C = C(ν, φ) > 0 and c1 = c1(φ) > 0. In a similar way we
obtain for x < y

|kλ,β,µ(x, y)| ≤ C
e−(−β+sRe ν)(y−x)

1 + |
√

λ|esy
· e−c1|

√
λ|(esy−esx), x < y.

Combining these estimates leads to

|kλ,β,µ(x, y)| ≤ C
e−(sRe ν−|β|)|x−y|

1 + |
√

λ|es max{x,y}
· e−c1|

√
λ||esx−esy |, x, y ∈ R.

This shows |kλ,β,µ(x, y)| ≤ Cκ(x−y) with κ(x) = e−(sRe ν−|β|)|x|, that is, the kernel
kλ,β,µ is dominated by a convolution kernel. Convolution with κ is Lp-bounded if
κ ∈ L1(R), which is precisely the condition Re νs > |β|, which in turn is equivalent
to µ �∈ −Pβ. This shows that the resolvent of Aλ,β is well-defined and Lp-bounded
for all µ �∈ Pβ.

It remains to estimate λe2sxkλ,β,µ to conclude σ(Aλ,β) = Pβ . Let

γ := Re νs − |β| > 0 and α := c1|
√

λ| > 0.

Then we have

|λe2sxkλ,β,µ(x, y)| ≤ Ce−γ|x−y|[1 + αes min{x,y}e−α|esx−esy|].
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This is clear in case x < y and for x > y it follows from

αesxe−α(esx−esy) = αesye−α(esx−esy) + α(esx − esy)e−α(esx−esy)

≤ αesye−α(esx−esy) + 1.

Thus we obtain

|λe2sxkλ,β,µ(x, y)| ≤ Ce−γ|x−y| + Cαes min{x,y}e−α|esx−esy |, x, y ∈ R.

The first kernel on the right yields convolution with an L1-function which is Lp-
bounded, as before. The second one is symmetric, and we have∫

R

sαes min{x,y}e−α|esx−esy |dy

≤ e−αesx

∫ x

−∞
sαesyeαesy

dy + eαesx

∫ ∞

x

sαesye−αesy

dy ≤ 2.

This shows that the second kernel defines an integral operator which is simul-
taneously bounded in L1(R) and in L∞(R), with bound independent of α. By
the Riesz-Thorin interpolation theorem it is also bounded in Lp(R), uniformly in
α > 0, i.e., in λ ∈ Σφ with φ < π.

These arguments show that

(µ + Aλ,β)−1Lp(R) ⊂ Lp(R; (1 + e2sxp)dx).

Since we know that the spectrum of −(∂x + β)2 is the parabola Pβ , we may
conclude that (µ + Aλ,β)−1Lp(R) ⊂ H2

p (R), again with bound uniform in λ ∈ Σφ.
This concludes the proof of the theorem. �
One should observe that our estimates are not uniform in µ, but they are of course
so when µ is bounded. This then implies that near a point µ0 ∈ Pβ we have an
estimate of the form

|(µ − Aλ,β)−1|B(Lp(R)) ≤ C/dist(µ, Pβ), µ �∈ Pβ,

which is optimal besides the constant C. However, we do not know whether a
resolvent estimate of the form

|µ(µ − Aλ,β)−1|B(Lp(R) ≤ Cρ, dist(µ, Pβ) ≥ ρ,

for ρ > 0, uniformly in λ ∈ Σφ, is valid. We are able to show this only for λ > 0.

4. Operator-valued symbols of second order

Having established uniform bounds for the operator families

K0 = {(µ + Aλ,β)−1 : λ ∈ Σφ}, K1 = {λe2sx(µ + Aλ,β)−1 : λ ∈ Σφ} ⊂ B(Lp(R))

for every fixed φ ∈ (0, π), let us consider R-boundedness of K0 and K1. Suppose
we have established this property. Then holomorphy in λ permits to employ Theo-
rem 2.1. We may replace λ by any sectorial operator D with bounded H∞-calculus
and angle φ∞

D < π which commutes with e2sx and ∂x. In particular, we are allowed
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to plug in D = ∂t, or D = ∂α
t for α ∈ (0, 2) or, more generally, an anomalous

diffusion operator D = ∂α
t − ∆y. The result then is that for all these different

operators the spectrum of L = De2sx − (∂x + β)2 is contained in the parabola Pβ .

To prove R-boundedness of K0 and K1 we use the domination theorem for
kernel operators in Lp(R) which says the following: if each of the kernels kλ,β,µ for
λ ∈ Σφ, β ∈ R and µ �∈ −Pβ fixed is pointwise bounded by a kernel κα and the set
of kernel operators Kα, for α belonging to some index set, is R-bounded then the
family K = {Kα} is so as well, see [6] for instance. Recall also that R-boundedness
is additive.

In our situation we have bounds for K1 in terms of a single convolution kernel
e−γ|x|, for some γ > 0, plus the family L := {αses min{x,y}e−α|esx−esy| : α > 0}.
Therefore, it is enough to show R-boundedness in Lp(R) of the family of kernel
operators L. To prove this the following lemma will be useful. We first introduce
some more notation. Given any function f ∈ L1,loc(R), the maximal function Mf
of f is defined by

(Mf)(x) := sup
a>0

1
2a

∫ x+a

x−a

|f(s)| ds, x ∈ R.

The result now reads as

Lemma 4.1.

(a) Suppose φ ∈ C2(R) is positive, nondecreasing and convex with xφ′(x) → 0 as
x → −∞. Then the integral operator Tφ defined on D(R) by

Tφf(x) = φ(x)−1

∫ x

−∞
φ′(y)f(y)dy, x ∈ R,

satisfies |Tφf(x)| ≤ 2(Mf)(x) for all x ∈ R.
(b) Suppose ψ ∈ C2(R) is positive, nonincreasing and lnψ is concave with xψ(x)

→ 0 as x → ∞. Then the integral operator Sψ defined on D(R) by

Sψf(x) =
−ψ′(x)
ψ(x)2

∫ ∞

x

ψ(y)f(y)dy, x ∈ R,

satisfies |Sψf(x)| ≤ 2(Mf)(x) for all x ∈ R.

Proof. (a) Let f ∈ D(R) be given. Then we have

|Tφf(x)| ≤ φ(x)−1

∫ x

−∞
φ′(y)|f(y)|dy = φ(x)−1

∫ x

−∞
φ′′(y)

∫ x

y

|f(s)|dsdy

≤ 2(Mf)(x)φ(x)−1

∫ x

−∞
φ′′(y)(x − y)dy

= 2(Mf)(x)φ(x)−1

∫ x

−∞
φ′(y)dy ≤ 2(Mf)(x).

These estimates can be justified by first integrating over a finite interval and then
letting the lower limit go to −∞. It should be noted that

∫ x

−∞ φ′(y) dy ≤ φ(x)
since φ is positive and nondecreasing.
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(b) Similarly we obtain

|Sψf(x)| ≤ −ψ′(x)
ψ(x)2

∫ ∞

x

ψ(y)|f(y)|dy =
ψ′(x)
ψ(x)2

∫ ∞

x

ψ′(y)
∫ y

x

|f(s)|dsdy

≤ 2(Mf)(x)
ψ′(x)
ψ(x)2

∫ ∞

x

ψ′(y)(y − x)dy

= 2(Mf)(x)
−ψ′(x)
ψ(x)2

∫ ∞

x

ψ(y)dy

≤ 2(Mf)(x)ψ(x)−1

∫ ∞

x

−ψ′(y)dy = 2(Mf)(x),

where in the last inequality we used that −ψ′(x)/ψ(x) = −(d/dx) lnψ(x) is in-
creasing, since ln ψ(x) is concave by assumption. �

Now we can prove the following result.

Proposition 4.2. Let β ∈ R, s > 0, 1 < p < ∞, and suppose µ �∈ −Pβ. Then the
operator families

K0 = {(µ + Aλ,β)−1 : λ ∈ Σφ} ⊂ B(Lp(R))

and
K1 = {λe2sx(µ + Aλ,β)−1 : λ ∈ Σφ} ⊂ B(Lp(R))

are R-bounded for every fixed φ ∈ (0, π).

Proof. The proof uses the characterization of R-boundedness of integral operators
in Lp-spaces by means of square function estimates and proceeds like the proof of
Theorem 4.8 in Denk, Hieber and Prüss [6]; see also Clément and Prüss [3] where
this argument appears for the first time.

Take any functions fi ∈ Lp(R) and any numbers λi ∈ Σφ and let Ki denote
the integral operator with kernel λie

2sxkλi,β,µ(x, y). Then with φi(x) = eαie
sx

,
ψi(x) = e−αie

sx

, αi = c1|
√

λi| > 0, Lemma 4.1 yields

|Kifi(x)| ≤ C(Mfi)(x), for a.a. x ∈ R,

hence ∑
i

|Kifi(x)|2 ≤ C
∑

i

|Mfi(x)|2, for a.a. x ∈ R,

where C > 0 denotes a constant that is independent of fi and λi. Since the maximal
operator M is bounded in Lp(R; l2) for 1 < p < ∞, see [19, Theorem II.1.1], we
may continue

|(
∑

i

|Kifi|2)1/2|Lp(R) ≤ C|(
∑

i

|Mfi|2)1/2|Lp(R) ≤ C|(
∑

i

|fi|2)1/2|Lp(R).

This implies that the family K1 satisfies a square function estimate, and it fol-
lows from [6, Remark 3.2(4)] that K1 is R-bounded. K0 is R-bounded since it
is dominated by a single Lp-bounded kernel operator, see [6, Proposition 3.5] for
instance. �
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We can now state the following result, alluded to in the introduction to this section.

Theorem 4.3. Let β ∈ R, s > 0, 1<p<∞, and let D denote an invertible sectorial
operator on a Banach space X with bounded H∞-calculus and angle φ∞

D < π. Let
L on Lp(R; X) be defined by means of

Lu = De2sx − (∂x + β)2,

with natural domain

D(L) = {u ∈ H2
p (R; X) : e2sxu ∈ Lp(R; D(D))}.

Then σ(L) ⊂ Pβ, and for any ω > β2, ω + L is invertible, sectorial, and admits a
bounded H∞-calculus in Lp(R; X).

Proof. We may conclude from Theorem 3.1 and Proposition 4.2 that σ(L) ⊂ Pβ ,
see the arguments given at the beginning of the current section. Consequently

µ + L is invertible for every µ �∈ −Pβ . (4.1)

We now consider the operator A given by

A := De2sx, D(A) := {u ∈ Lp(R, X) : e2sxu ∈ Lp(R, D(D)}.
A is the product of D with the multiplication operator M := e2sx, which has an
R-bounded H∞-calculus with φR∞

M = 0 on Lp(R), and hence also on Lp(R, X).
It follows from the remarks at the end of Section 2 that A ∈ H∞(R, X) with
φ∞

A ≤ φ∞
D . Next we consider the operator B, defined by

B := δ0 − (∂x − β)2, D(B) = H2
p (R),

where δ0 > β2. It follows from Mikhlin’s theorem that B is sectorial and admits
an H∞-calculus on Lp(R). Moreover, we can also conclude that δ0 > β2 can be
chosen in such a way that φ∞

D + φ∞
B < π. Since Lp(R) has property α we obtain,

in addition, that φ∞
D +φR∞

B < π. This result also holds for the canonical extension
of B to Lp(R, X). The same arguments as in [17, Section 5] now show that there
exists a number ω0 ≥ 0 such that

ω0 + A + B is sectorial and admits an H∞-calculus on Lp(R, X). (4.2)

The remaining assertions of Theorem 4.3 are now a consequence of (4.1)–(4.2) and
[6, Proposition 2.7]. �

Remarks 4.4. (a) Suppose D = ∂t, with domain D(∂t) = {u ∈ W 1
p (J) : u(0) = 0}.

Then it can be shown that, in fact, σ(L) = Pβ . This follows from the property
that every number −µ ∈ P̊β is an eigenvalue of either Aλ,β or its dual, with
eigenfunction

uµ(λ, x) = e±βxKν(
√

λesx/s), λ ∈ Σπ, x ∈ R,

see Section 3. Taking the inverse Laplace transform with respect to λ over an
appropriate contour will provide an eigenfunction of L, or its dual, with eigen-
value −µ.
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(b) A correspondig result to Theorem 4.3 can also be stated for operators of the
form D + (ω − (∂x + β)2)e−2sx, but we leave this to the interested reader.

5. Parabolic equations with dynamic boundary conditions
on wedges and angles

In this section we consider an application of our main results to the diffusion
equation on a domain of wedge or angle type, that is, on the domain G = Rm×Cα,
where m ∈ N0, and for α ∈ (0, 2π), Cα denotes the angle

Cα = {x = (r cosφ, r sin φ) : r > 0, φ ∈ (0, α)}.
The boundary Γ = ∂G then consists of two faces

Γ0 = {(y, r, 0); y ∈ Rm, r > 0}, Γα = {(y, r cosα, r sin α) : y ∈ Rm, r > 0}.
We consider the problem⎧⎪⎪⎨⎪⎪⎩

∂tu − ∆u = f1 in G × (0, T )
u = f2 on Γα × (0, T )

∂tu + ∂νu = f3 on Γ0 × (0, T )
u|t=0 = u0 on G.

(5.1)

Here m ∈ N0 and ν denotes the outer normal for G at Γ. The function f1 is given
in a weighted Lp-space, i.e.,

f1 ∈ Lp(J × Rm; Lp(Cα; |x|γdx)),

where γ ∈ R will be chosen appropriately, and J = (0, T ). The functions f2 and
f3 are supposed to belong to certain trace spaces.
It is natural to introduce polar coordinates in the x-variables, x=(r cosφ, r sin φ)
where φ ∈ (0, α) and r > 0. Then the diffusion operator ∂t − ∆ transforms into

∂t − ∆y − [∂2
r +

1
r
∂r] −

∂2
φ

r2
,

where y denotes the variable in Rm, and ∆y is the Laplacian in the y-variables.
The underlying space for the function f1 now is

f1 ∈ Lp(J × Rm × (0, α); Lp(R+; rγ+1dr)).

It is also natural to employ the Euler transformation r = ex where now x ∈ R.
Setting

u(t, y, φ, r) = rβv(t, y, φ, ln r),

we arrive at the following problem for the unknown function v.⎧⎪⎪⎨⎪⎪⎩
e2x(∂t − ∆y)v + P (∂x)v − ∂2

φv = g1 in (0, T ) × Rm × (0, α) × R

v = g2 on (0, T ) × Rm × {α} × R

ex∂tv − ∂φv = g3 on (0, T ) × Rm × {0} × R

v|t=0 = v0 on Rm × (0, α) × R

(5.2)
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where g1(t, y, φ, x) = e(2−β)xf1(t, y, φ, ex) and

g2(t, y, x) = e−βxf2(t, y, ex), g3(t, y, x) = e(1−β)xf3(t, y, ex).

The differential operator P (∂x) is given by the polynomial P (z) = −(z + β)2, as a
simple computation shows. The resulting equations are now defined in a smooth
domain, but they contain the (non-standard) differential operators esx∂t, s = 1, 2,
and e2x∆y. We observe that these operators do not commute with P (∂x).

Next we note that∫
R

|g1(t, y, φ, x)|pdx =
∫ ∞

0

|r2−βf1(t, y, φ, r)|pdr/r < ∞,

in case we choose p(2 − β) = γ + 2, that is, β = 2 − (γ + 2)/p. Making this choice
of β, we can remove the weight and work in the unweighted base space

X := Lp(J × Rm × (0, α) × R).

We want to extract the boundary symbol for problem (5.2). For this purpose
we define an operator Aβ in X = Lp(J × Rm × R), J = (0, T ), by means of

(Aβu)(t, y, x) = ((∂t − ∆y)e2x − (∂x + β)2)u, (t, y, x) ∈ J × Rm × R,

with domain

D(Aβ) = Lp(J × Rm; H2
p (R)) ∩ 0H

1
p(J ; Lp(Rm; Lp(R; e2xpdx)))

∩H2
p (Rm; Lp(J ; Lp(R; e2xpdx))).

Then the solution of the homogeneous problem⎧⎪⎪⎨⎪⎪⎩
e2x(∂t − ∆y)v + P (∂x)v − ∂2

φv = 0 in (0, T ) × Rm × (0, α) × R

v = 0 on (0, T ) × Rm × {α} × R

v = ρ on (0, T ) × Rm × {0} × R

v|t=0 = 0 on Rm × (0, α) × R

with Dirichlet datum v = ρ on J × Rm × {0} × R is given by

v(φ) = ϕ(Aβ , φ)ρ, ϕ(z, φ) = sinh((α − φ)
√

z)/ sinh(α
√

z), φ ∈ (0, α).

Evaluating the normal derivative and inserting into the dynamic boundary condi-
tion yields

ex∂tρ + ψ(Aβ)ρ = g, ρ|t=0 = 0, (t, y, x) ∈ J × Rm × R (5.3)

where ψ(z) =
√

z coth(α
√

z).

We want to study the boundary symbol ex∂t + ψ(Aβ) in the base space X :=
Lp(J × Rm × R). For this purpose we note that according to Theorem 4.3 the
operator Aβ + δ admits a bounded H∞-calculus for each δ > β2. Moreover, it is
not difficult to see that Aβ + δ is m-accretive on X whenever δ > β2. The function
ψ is meromorphic on C with poles in

{zk = −r2
k := −k2(π/α)2 : k ∈ N}
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and ψ(z) ∼
√

z as z → ∞, provided |arg z| ≤ θ < π. It follows that ψ(Aβ) is
a well-defined, closed linear operator with D(ψ(Aβ)) = D((Aβ + δ)1/2), see [6,
Section 2.1] for more details.
The function ψ admits the following representation as a series

ψ(z) =
1
α

[
1 + 2z

∞∑
k=1

1
z + r2

k

]
, z �∈ {−r2

j : j ∈ N}.

Inserting Aβ into this representation we obtain

α ψ(Aβ) = 1 + 2
∞∑

k=1

Aβ(Aβ + r2
k)−1

= 1 + 2
∞∑

k=1

(Aβ + β2)(Aβ + r2
k)−1 − 2β2

∞∑
k=1

(Aβ + r2
k)−1.

Employing the semi-inner product (· , ·) in X we estimate as follows.

α
(
ψ(Aβ)u, u

)
≥ |u|2 + 2

∞∑
k=1

(
(Aβ + β2)(Aβ + β2 + (r2

k − β2))−1u, u
)

− 2β2
∞∑

k=1

|(Aβ + β2 + (r2
k − β2))−1u||u|

≥
[
1 − 2β2

∞∑
k=1

(r2
k − β2)−1

]
|u|2

≥
[
1 − α|β|

π − α|β|
]
|u|2 =

π − 2α|β|
π − α|β| |u|

2,

provided 1
(k+1)π−α|β| ≤

1
kπ+α|β| for all k ∈ N, which is equivalent to |β| ≤ π/2α.

Thus if β is restricted to the range |β| < π/2α then ψ(Aβ) is strictly accretive
in X .

We remark that the condition |β| < π/2α is also necessary for ψ(Aβ) to be strictly
accretive. In order to see this, recall that ψ(σ(Aβ)) ⊂ σ(ψ(Aβ)) according to
the (weak) spectral mapping theorem. Thus for ψ(Aβ) to be strictly accretive,
ψ(σ(Aβ)) must be contained in the set [Re z ≥ c] with c > 0. Note that the curves
−(η + iξ)2 with 0 ≤ η ≤ |β| fill up the parabola Pβ , the spectrum of Aβ . The
function

Reψ(−(η + iξ)2) =
ξ sinh(2αξ) + η sin(2αη)
cosh(2αξ) − cos(2αη)

is strictly positive for all ξ ∈ R and 0 ≤ |η| ≤ |β| if and only if sin(2α|η|) > 0, the
latter condition being equivalent to |β| < π/2α. Thus ψ(Pβ) ⊂ [Rez > 0] if and
only if |β| < π/2α.
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It should also be observed that in case we assume a Neumann condition on φ = α,
ψ(z) =

√
z tanh(α

√
z). In this case

Re ψ(−(η + iξ)2) =
ξ sinh(2αξ) − η sin(2αη)
cosh(2αξ) + cos(2αη)

,

which does not have positive real part for ξ ∈ R, for no values of η. Thus in this
case, ψ(Aβ) fails to be accretive.

We will now show that there exists a sufficiently large positive number ω0 such
that ω0 + ∂te

x + ψ(Aβ), with domain D(∂te
x) ∩ D(ψ(Aβ)), is invertible, sectorial

and admits a bounded H∞-calculus on X . Since ex∂t +ψ(Aβ) is strictly accretive,
we can conclude that ex∂t +ψ(Aβ) is in fact invertible and m-accretive, and hence
sectorial on X . It then follows from [6, Proposition 2.7] that ∂te

x + ψ(Aβ) admits
a bounded H∞-calculus on X as well.

To prove the remaining statement we use, once more, the result on sums
of non-commuting operators, Theorem 2.2. For this purpose we have to estimate
the relevant commutator in the Labbas-Terreni condition (2.3). We will need the
following auxiliary result for the commutator of (z−Aβ)−1 with the multiplication
operator ex.

Lemma 5.1. Suppose z ∈ ρ(Aβ) ∩ ρ(Aβ−1). Then

[(z − Aβ)−1, ex]e−x =
(
(z − Aβ)−1 − (z − Aβ−1)−1

)
on X.

Proof. An easy computation shows that (z − Aβ−1)exv = ex(z − Aβ)v for every
function v ∈ D := D((0, T ] × Rm × R). Applying (z − Aβ−1)−1 to this equation
gives

exv = (z − Aβ−1)−1ex(z − Aβ)v, v ∈ D.

Substituting v = (z−Aβ)−1(z−Aβ)v on the left side and then replacing (z−Aβ)v
by e−x(z − Aβ)v yields

ex(z − Aβ)−1e−x(z − Aβ)v = (z − Aβ−1)−1(z − Aβ)v, v ∈ D.

The assertion now follows from the fact that {(z−Aβ)v : v ∈ D} is dense in X . �

In order to check the commutator condition (2.3) we first remove some poles from
ψ such that the remainder ψ0 is holomorphic in a sector −a + Σφ, where

−a < −b := min{−(β − 1)2,−β2}, φ ∈ (0, π).

Observing that ψ has first-order poles at −r2
k with corresponding residues −(2/α)r2

k

we can take

ψ0(z) := ψ(z) +
2r2

1

α
· 1
z + r2

1

+ c ,

with c a constant. The condition |β| < π/α ensures that ψ0 is in fact holomorphic
on an open set containing the closure of −a + Σφ for −a ∈ (−r2

2 ,−b) and any
φ ∈ (0, π). By choosing c big enough we can, moreover, arrange that ψ0 maps
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the sector −a + Σφ, with φ < π, into a sector Σθ with θ < π/2. The difference
ψ(Aβ)−ψ0(Aβ) is bounded, as one easily verifies. Then we fix η > 0 and compute

(η + ∂te
x)(λ + η + ∂te

x)−1[(η + ∂te
x)−1, (µ + ψ0(Aβ))−1]

= (λ + η + ∂te
x)−1[(µ + ψ0(Aβ))−1, ex]e−x · ∂te

x(η + ∂te
x)−1,

which gives∣∣(η + ∂te
x)(λ + η + ∂te

x)−1[(η + ∂te
x)−1, (µ + ψ0(Aβ))−1]

∣∣
B(X)

≤ Cη (1 + |λ|)−1 ·
∣∣[(µ + ψ0(Aβ))−1, ex]e−x

∣∣
B(X)

.

Next taking Γ = −a+∂Σφ, the boundary of the sector −a+Σφ, with φ appropriate,
and using Lemma 5.1 we get∣∣[(µ + ψ0(Aβ))−1, ex]e−x

∣∣
B(X)

=
∣∣∣∣ 1
2πiµ

∫
Γ

ψ0(z)
µ + ψ0(z)

[(z − Aβ)−1, ex]e−x dz

∣∣∣∣
B(X)

≤ C

|µ|

∫
Γ

∣∣∣∣ ψ0(z)
µ + ψ0(z)

∣∣∣∣ · ∣∣(z − Aβ)−1 − (z − Aβ−1)−1
∣∣
B(X)

|dz|.

Since Aβ − Aβ−1 = −2∂x − 2β + 1 we obtain∣∣(z − Aβ)−1 − (z − Aβ−1)−1
∣∣
B(X)

≤
∣∣(z − Aβ)−1(Aβ − Aβ−1)(z − Aβ−1)−1

∣∣
B(X)

≤ C(1 + |z|)−3/2.

This implies∣∣[(µ + ψ0(Aβ))−1, ex]e−x
∣∣
B(X)

≤ C

|µ|

∫
Γ

∣∣∣∣ ψ0(z)
µ + ψ0(z)

∣∣∣∣ |dz|
(1 + |z|)3/2

≤ C

|µ|

∫
Γ

|dz|
(|µ| + |z|1/2)(1 + |z|) ≤ Cε

|µ|2−ε
,

since ψ0(z) ∼
√

z. Thus the assumptions of Theorem 2.2 are satisfied for

A := η + ∂te
x and B := ψ0(Aβ),

with α = 0 and β = 1− ε, for each ε > 0. Indeed, observe that ψ0(Aβ) is sectorial
with angle strictly smaller than π/2. This follows from the fact that ψ0 maps the
sector −a + Σφ into a sector Σθ with θ < π/2. Hence the parabolicity condition
holds. Moreover, it is clear that ψ0(Aβ) admits a bounded H∞-calculus on X since
Aβ +δ does so according to Theorem 4.3. We may conclude that there is a number
ω0 > 0 such that ω0 + ∂te

x + ψ0(Aβ) with natural domain is closed, invertible,
sectorial, and admits an H∞-calculus on X . Perturbing by the bounded linear
operator ψ(Aβ)−ψ0(Aβ) we see that the same result holds for ω0 + ∂te

x +ψ(Aβ),
possibly after choosing a larger number ω0.

We summarize our considerations in

Theorem 5.2. Let 1 < p < ∞ and assume |β| < π/2α. Then for each g ∈ X :=
Lp(J × Rm × R), (5.3) admits a unique solution ρ in

Lp(J×Rm; Hr
p(R))∩Lp(J ; H1

p (Rm; Lp(R; expdx)))∩H1
p (J ; Lp(Rm; Lp(R; expdx))).
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There is a constant M > 0, independent of g, such that

|esx∂tρ|X + |ρ|Lp(J×Rm;Hr
p(R)) + |ρ|Lp(J;H1

p(Rm;Lp(R;expdx))) ≤ M |g|X .

The operator L = ∂te
sx+ψ((∂t−∆y)e2x−(∂x+β)2) admits a bounded H∞-calculus

on X.
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opérationelles, J. Math. Pures Appl. 54 (1975), 305–387.

[6] R. Denk, M. Hieber, and J. Prüss. R-boundedness and problems of elliptic and par-
abolic type. Memoirs of the AMS vol. 166, No. 788 (2003).

[7] J. Escher, J. Prüss, G. Simonett. Analytic solutions for a Stefan problem with Gibbs-
Thomson correction. J. Reine Angew. Math. 563 (2003), 1–52.

[8] J. Escher, J. Prüss, G. Simonett. Well-posedness and analyticity for the Stefan prob-
lem with surface tension. In preparation.

[9] J. Escher, J. Prüss, G. Simonett. Maximal regularity for the Navier-Stokes equations
with surface tension on the free boundary. In preparation.

[10] E.V. Frolova. An initial-boundary value problem with a noncoercive boundary con-
dition in a domain with edges. (Russian) Zap. Nauchn. Sem. S.-Petersburg. Otdel.
Mat. Inst. Steklov. (POMI) 213 (1994). Translation in J. Math. Sci. (New York) 84
(1997), 948–959.

[11] F. Haller, M. Hieber. H∞-calculus for products of non-commuting operators.
Preprint.

[12] N.J. Kalton, L. Weis. The H∞-calculus and sums of closed operators. Math. Ann.
321 (2001), 319–345.



208 J. Prüss and G. Simonett
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Abstract. In this paper we investigate the nonlinear Cahn-Hilliard equation
with nonconstant temperature and dynamic boundary conditions. We show
maximal Lp-regularity for this problem with inhomogeneous boundary data.
Furthermore we show global existence and use the Lojasiewicz-Simon inequal-
ity to show that each solution converges to a steady state as time tends to
infinity, as soon as the potential Φ and the latent heat λ satisfy certain growth
conditions.
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1. Introduction and the model

During the last years there has been much interest in so-called phase-field mod-
els arising from the theory of phase transitions. Basically there are four models,
namely the Cahn-Allen equation, the Cahn-Hilliard equation, the Penrose-Fife sys-
tem and the Caginalp system. There is a quite large literature concerning these
phase-field models, especially for the Cahn-Hilliard equation

∂tψ = ∆µ, µ = −∆ψ + Φ′(ψ), t > 0, x ∈ Ω, (1.1)

with constant temperature. Here ψ is the so-called order-parameter for the in-
vestigated physical system, e.g., the mass density or the magnetic flux, etc. The
functions µ and Φ are the chemical and physical potentials, respectively.
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Consider the free energy density

F (ψ, ϑ) =
1
2
|∇ψ|2 + Φ(ψ) − λ(ψ)ϑ − 1

2
ϑ2,

where we assume that the relative temperature ϑ varies in time and space and Φ, λ
are given functions. One obtains the chemical potential µ and the internal energy
e by differentiating F with respect to ψ and ϑ, respectively. We then have

µ =
∂F

∂ψ
(ψ, ϑ) = −∆ψ + Φ′(ψ) − λ′(ψ)ϑ

and

e = −∂F

∂ϑ
(ψ, ϑ) = λ(ψ) + ϑ.

To obtain kinetic equations we assume that the order parameter ψ and the internal
energy e are conserved quantities. The according conservation laws read as follows

∂tψ + divF = 0, ∂te + div q = 0.

Here q is the heat flux, which in this paper is assumed to be given by Fourier’s
law q = −∇ϑ and F denotes the phase flux of the order parameter ψ which is
assumed to be of the form F = −∇µ. Thus the kinetic equations read as follows

∂tψ − ∆µ = 0, µ = −∆ψ + Φ′(ψ) − λ′(ψ)ϑ, t ∈ J, x ∈ Ω, (1.2)

∂tϑ + λ′(ψ)∂tψ − ∆ϑ = 0, t ∈ J, x ∈ Ω, (1.3)

where J = [0, T ] or J = R+, and Ω ⊂ Rn is a bounded domain with boundary
Γ = ∂Ω of class C4. To ensure that ψ is a conserved quantity we take Neumann
boundary conditions for µ, i.e., ∂νµ = 0. Concerning ϑ we will use Robin boundary
conditions, namely αϑ + ∂νϑ = 0, where α ≥ 0 is a constant. Since (1.2) is an
equation of fourth order, we need another boundary condition for ψ. Usually one
uses further classical boundary conditions, i.e., ∂νψ = 0 etc. (cf. also [1]). Recently,
to account for boundary effects, the authors in [7] proposed a dynamic boundary
condition of the form

∂tψ − σs∆Γψ + γ∂νψ + κψ = 0, (1.4)

where σs, γ > 0, κ ≥ 0. Well-posedness and maximal Lp-regularity of the classical
Cahn-Hilliard equation (1.1) with dynamic boundary conditions have been shown
in [8]. Concerning the asymptotic behavior of solutions of (1.1) subject to dynamic
boundary conditions we refer to the references [2] and [11]. There the authors made
use of the Lojasiewicz-Simon inequality to show that every solution converges to
a steady state as time tends to infinity. So far there seems to be no result on
well-posedness and asymptotic behavior of (1.2), (1.3) with dynamic boundary
conditions. This is the subject of this paper. For results concerning well-posedness
and asymptotic behavior of solutions of (1.2) and (1.3) with classical boundary
conditions, we refer to [1], [5], [6], [13] and the references cited therein. Here the
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system we investigate is

∂tψ − ∆µ = f1, µ = −∆ψ + Φ′(ψ) − λ′(ψ)ϑ, t ∈ J, x ∈ Ω,

∂tϑ + λ′(ψ)∂tψ − ∆ϑ = f2, t ∈ J, x ∈ Ω,

∂νµ = g1, t ∈ J, x ∈ Γ,

∂tψ − σs∆Γψ + γ∂νψ + κψ = g2, t ∈ J, x ∈ Γ, (1.5)
αϑ + ∂νϑ = g3, t ∈ J, x ∈ Γ,

ψ(0) = ψ0, t = 0, x ∈ Ω,

ϑ(0) = ϑ0, t = 0, x ∈ Ω,

where fi,gj are given functions in appropriate function spaces to be defined later.
Furthermore the initial functions ψ0, ϑ0 are given and σs, γ > 0, α, κ ≥ 0. Typically
one has λ(ψ) = λ0(ψ − ψc) and Φ(ψ) = Φ0(1

4ψ4 − 1
2ψ2), with λ0, Φ0 > 0 and

ψc = const. In this case Φ is called a double-well potential and λ0 is called latent
heat; the two distinct minima of Φ characterize the two stable phases during the
phase transition.

We are interested in solutions

ψ ∈ H1
p (J ; Lp(Ω)) ∩ Lp(J ; H4

p (Ω)) =: Z1,

ϑ ∈ H1
p (J ; Lp(Ω)) ∩ Lp(J ; H2

p (Ω)) =: Z2,

with
ψ|Γ ∈ H1

p (J ; W 2−1/p
p (Γ)) ∩ Lp(J ; W 4−1/p

p (Γ)) =: Z1
Γ.

In the following section we will solve the corresponding linear problem to (1.5)
to obtain maximal Lp-regularity. Then, in Section 3, the property of maximal
Lp-regularity and the contraction mapping principle are applied to overcome the
nonlinearities and to obtain local well-posedness of (1.5). Here we employ the
technique introduced in the paper of Clément and Li [3]. Section 4 is dedicated
to global well-posedness of (1.5). We will make use of some energy estimates and
the Gagliardo-Nirenberg inequality to establish global existence again with the
help of maximal Lp-regularity. For the sake of readability, the technical parts
of the proofs of Theorems 3.3 and 4.2 are given in the appendix. Finally, we
investigate the asymptotic behavior of the solutions to (1.5) in Section 5. Here
we show relative compactness of the orbits ψ(R+) and ϑ(R+) in a suitable energy
space and we make use of some differentiability properties of the underlying energy-
functionals to (1.5). Lastly the Lojasiewicz-Simon inequality is the key, which leads
to convergence of solutions to steady states as time tends to infinity.

2. The linear problem

Before we deal with the linearized version of (1.5), we need some preliminaries.
Firstly, we want to set f2, g3, ϑ0 = 0. For this we consider the system
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∂tv − ∆v = f2, t ∈ J, x ∈ Ω,

αv + ∂νv = g3, t ∈ J, x ∈ Γ, (2.1)

v(0) = ϑ0, t = 0, x ∈ Ω.

By [4, Theorem 2.1] there is a unique solution ϑ1 ∈ H1
p (J ; Lp(Ω)) ∩ Lp(J ; H2

p (Ω))

of (2.1), provided f2 ∈ Lp(J × Ω) =: X , ϑ0 ∈ W
2−2/p
p (Ω) =: Xp,

g3 ∈ W 1/2−1/2p
p (J ; Lp(Γ)) ∩ Lp(J ; W 1−1/p

p (Γ)) =: Y3,

and the compatibility condition αϑ0 + ∂νϑ0 = g3|t=0 is satisfied, whenever p > 3.
Taking the latter for granted, we may set f2, g3, ϑ0 = 0 in (1.5).

Secondly we want to replace ϑ in (1.5)1 by a term only depending on ψ and
some given data. Therefore we will solve the inhomogeneous heat equation

∂tϑ − ∆ϑ = −∂tλ(ψ), ϑ(0) = 0 (2.2)

with homogeneous Robin- or Neumann-boundary conditions. Suppose we already
know a solution (ψ, ϑ) ∈ (Z1 ∩ Z1

Γ) × Z2 of (1.5). Assuming that λ′ is bounded
we have ∂tλ(ψ) ∈ Lp(J × Ω). Let AK = −∆K , K = R, N , where R and N stand
for Robin- and Neumann-boundary conditions, respectively. By e−AKt we denote
the bounded analytic semigroup, generated by −AK in Lp(Ω). The solution ϑ to
(2.2) may then be represented by the variation of parameters formula

ϑ(t) = −
∫ t

0

e−AK(t−s)∂tλ(ψ(s)) ds.

Our aim is to split the derivative ∂t into ∂
1/2
t ∂

1/2
t . But this is only possible if one

applies ∂t to a function with vanishing trace at t = 0. Since in general λ(ψ0) �= 0,
we insert a function, say w0 ∈ Z1, with w0(0) = λ(ψ0). The existence of such a
function w0 may be seen by solving the problem

∂tw + ∆2w = 0, t ∈ J, x ∈ Ω,

∂ν∆w = e−∆2
Γt∂ν∆λ(ψ0), t ∈ J, x ∈ Γ,

∂νw = e−∆2
Γt∂νλ(ψ0), t ∈ J, x ∈ Γ,

w(0) = λ(ψ0), t = 0, x ∈ Ω,

under the assumption ψ0 ∈ W
4−4/p
p (Ω) which is necessary for ψ ∈ Z1. Then we

may write

ϑ(t) = −
∫ t

0

e−AK(t−s)∂tw0(s) ds −
∫ t

0

e−AK(t−s)∂t(λ(ψ(s)) − w0(s)) ds

= ϑ2(t) − ∂
1/2
t (∂t + AK)−1∂

1/2
t (λ(ψ(t)) − w0(t)),

(2.3)
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with ϑ2(t) := −
∫ t

0 e−AK(t−s)∂tw0(s) ds. As we will see in Section 3, the splitting
of the time derivative ∂t yields a lower order term, compared to (∂t + ∆2)ψ. Thus
it remains to solve the problem

∂tψ + ∆2ψ = ∆Φ′(ψ) + ∆(λ′(ψ)F (ψ)) − ∆(λ′(ψ)ϑ∗) + f, t ∈ J, x ∈ Ω,

∂ν∆ψ = ∂νΦ′(ψ) + ∂ν(λ′(ψ)F (ψ)) − ∂ν(λ′(ψ)ϑ∗) + g, t ∈ J, x ∈ Γ,

∂tψ − σs∆Γψ + γ∂νψ + κψ = h, t ∈ J, x ∈ Γ,

ψ(0) = ψ0, t = 0, x ∈ Ω,

(2.4)

with F (ψ) := ∂
1/2
t (∂t + AK)−1∂

1/2
t (λ(ψ) − w0) and ϑ∗ = ϑ1 + ϑ2 ∈ Z2. The

corresponding linear system to (2.4) reads as follows

∂tu + ∆2u = f, t ∈ J, x ∈ Ω,

∂ν∆u = g, t ∈ J, x ∈ Γ,

∂tu − σs∆Γu + γ∂νu + κu = h, t ∈ J, x ∈ Γ,

u(0) = u0, t = 0, x ∈ Ω.

(2.5)

Here is the main result on maximal Lp-regularity of (2.5).

Theorem 2.1. Let n ∈ N, 1 < p < ∞, p �= 3, 5 and let σs, γ > 0 and κ ≥ 0 be
constants. Suppose Ω ⊂ Rn is bounded open with compact boundary Γ = ∂Ω ∈ C4

and let J0 = [0, T0]. Then there is a unique solution u of (2.5) such that

u ∈ H1
p (J0; Lp(Ω)) ∩ Lp(J0; H4

p (Ω)) = Z1,

with

u|Γ ∈ H1
p (J0; W 2−1/p

p (Γ)) ∩ Lp(J0; W 4−1/p
p (Γ)) = Z1

Γ,

if and only if the data are subject to the following conditions.

(i) f ∈ Lp(J0 × Ω) = X,
(ii) g ∈ W

1/4−1/4p
p (J0; Lp(Γ)) ∩ Lp(J0; W

1−1/p
p (Γ)) =: Y1,

(iii) h ∈ Lp(J0; W
2−1/p
p (Γ)) =: Y2,

(iv) u0 ∈ {w ∈ B
4−4/p
pp (Ω) : w|Γ ∈ B

4−3/p
pp (Γ)} =: Xp,Γ,

(v) ∂ν∆u0 = g|t=0, if p > 5.

Proof. This theorem is a special case of [8, Theorem 2.1]. �

Remark. By Bs
pq we denote the Besov-spaces as defined, e.g., in Triebel [10].

Observe that Bs
pp = W s

p for all s /∈ N. Thus in (iv) of Theorem 2.1 we could have
written W instead of B on the expense of excluding the values of p �= 2 where
4 − 4/p or 4 − 3/p is integer.
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3. Local well-posedness

In this section we will apply the contraction mapping principle to overcome the
nonlinearities in

∂tu + ∆2u = ∆G(u) + f, t ∈ J, x ∈ Ω,

∂ν∆u = ∂νG(u) + g, t ∈ J, x ∈ Γ,

∂tu − σs∆Γu + γ∂νu + κu = h, t ∈ J, x ∈ Γ,

u(0) = ψ0, t = 0, x ∈ Ω,

(3.1)

where
G(u) := Φ′(u) + λ′(u)F (u) − λ′(u)ϑ∗.

For that purpose let ψ0 ∈ Xp,Γ, f ∈ X , g ∈ Y1 and h ∈ Y2, as well as ϑ0 ∈ Xp be
given, such that the compatibility condition

∂ν∆ψ0 = Φ′(ψ0) − λ′(ψ0)ϑ0 + g|t=0, if p > 5,

is satisfied. We furthermore assume that λ, Φ ∈ C4−(R) and we will use the em-
beddings

H1
p (J ; Lp(Ω)) ∩ Lp(J ; H4

p (Ω)) ↪→ C(J ; W 4−4/p
p (Ω)) ↪→ C(J × Ω), (3.2)

valid for p > n/4 + 1. For [0, T ] ⊂ [0, T0] we define

E1 := {w ∈ Z1(T ) : w|Γ ∈ Z1
Γ(T )}, and 0E1 := {w ∈ E1 : w|t=0 = 0}

and

E0 := X(T ) × Y1(T ) × Y2(T ), and 0E0 := {(f, g, h) ∈ E0 : g|t=0 = 0}.

The spaces E1 and E0 are endowed with canonical norms | · |1 and | · |0, respectively.
Let furthermore A := −∆Γ. By Theorem 2.1 there is a unique solution u∗ ∈ E1 of
the linear system

∂tu + ∆2u = f, t ∈ J, x ∈ Ω,

∂ν∆u = g − e−A2tg0, t ∈ J, x ∈ Γ,

∂tu − σ∆Γu + γ∂νu + κu = h, t ∈ J, x ∈ Γ,

u(0) = ψ0, t = 0, x ∈ Ω,

(3.3)

where g0 = 0, if p < 5 and g0 = g|t=0 − ∂ν∆ψ0, if p > 5. We define a linear
operator L : E1 → E0 by

Lw =

⎡⎣ ∂tw + ∆2w
∂ν∆w

∂tw − σs∆Γw + µ∂νw + κw

⎤⎦ .

Consider L as an operator from 0E1 to 0E0. Then by Theorem 2.1, L is bounded
and bijective, i.e., an isomorphism. Hence, by the open-mapping theorem, L is
invertible with bounded inverse.
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Next we define a nonlinear mapping G̃ : E1 × 0E0 → 0E0 by means of

G̃(u∗, w) =

⎡⎣ ∆G(u∗ + w)
∂νG(u∗ + w) − g1

0

⎤⎦ ,

where g1 = 0, if p < 5 and g1 = e−A2t∂νG(u∗)|t=0 if p > 5. We will show in
a subsequent proposition that the range of G̃ is indeed a subset of 0E0. For the
moment, assume that this result is already at our disposal. It is then obvious that
u := u∗ + w is a solution of (3.1) if and only if Lw = G̃(u∗, w) or equivalently
w = L−1G̃(u∗, w). In addition we define a ball BR ⊂ 0E1 by

BR := BR(0) := {w ∈0 E1 : |w|1 ≤ R}, R ∈ (0, 1],

and an operator S : BR → 0E1 by Sw = L−1G̃(u∗, w). In order to apply the
contraction mapping principle we have to ensure that S is a self-mapping, i.e.,
SBR ⊂ BR and that S defines a strict contraction on BR, i.e., there exists a
number β < 1 with

|Sw − Sw̄|1 ≤ β|w − w̄|1, w, w̄ ∈ BR.

We need some preliminaries to prove these properties. First we observe that all
functions belonging to BR are uniformly bounded on J × Ω. Indeed, by (3.2) it
holds that

|w|∞ ≤ M |w|Z1 ≤ M |w|1 ≤ MR ≤ M,

with a constant M > 0, independent of T , since w|t=0 = 0 for all w ∈ BR.
For all forthcoming considerations we define the shifted ball BR(u∗) ⊂ E1 by

means of
BR(u∗) := {w ∈ E1 : w = w̃ + u∗, w̃ ∈ BR}.

Note that all functions w ∈ BR(u∗) are uniformly bounded, too. In the sequel we
will also make use of the well-known estimate

|fg|Hs
p(Lp) ≤ C(|f |Lσ′

1p(Lr′1p)|g|Hs
σ1p(Lr1p) + |g|Lσ′

2p(Lr′2p)|f |Hs
σ2p(Lr2p)), (3.4)

where 1/σi+1/σ′
i = 1/ri+1/r′i = 1, i = 1, 2, s ∈ [0, 1]. Indeed, this is a consequence

of the definition of the spaces Hs
p and Hölders inequality (cf. also [10]). Next, by

[12, Lemma 6.2.3] there is a function µ(T ) > 0, with µ(T ) → 0 as T → 0, such
that

|f(u) − f(v)|Hs
p(Lp) ≤ µ(T )(|u − v|Hs0

p (Lp) + |u − v|∞), 0 < s < s0 < 1, (3.5)

for every f ∈ C1−(R) and all u, v ∈ BR(u∗). Now we show that F (w), w ∈ BR(u∗),
represents a lower order term in (3.1). By the mixed-derivative theorem we obtain

w0 ∈ Z1 ↪→ H3/4
p (J ; H1

p (Ω)) ↪→ Hs
p(J ; H1

p (Ω)),

for every s ∈ (0, 3/4). By (3.4) we see that λ(w) ∈ Hs
p(J ; H1

p (Ω)), s ∈ (0, 3/4),
too. Thus (λ(w) − w0) ∈ 0H

s
p(J ; H1

p (Ω)), and for 1/2 ≤ s < 3/4 and every
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η ∈ 0H
s
p(J ; H1

p (Ω)) we obtain

(∂t + AK)−1∂
1/2
t η ∈ 0H

s+1/2
p (J ; H1

p (Ω)) ∩ 0H
s−1/2
p (J ; H3

p (Ω))

↪→ 0H
s+θ−1/2
p (J ; H3−2θ

p (Ω)),

for each θ ∈ [12 , 1], where the latter embedding is due to the mixed-derivative
theorem. Finally it holds

∂
1/2
t (∂t + AK)−1∂

1/2
t : 0H

s
p(J ; H1

p (Ω)) → 0H
s+θ−1
p (J ; H3−2θ

p (Ω)), θ ∈ [
1
2
, 1].

(3.6)
The following proposition shows that the Lipschitz property of λ carries over to F .

Proposition 3.1. Let p > n/4 + 1, λ ∈ C2−(R) and J = [0, T ] ⊂ [0, T0]. Then
there exists a function µ(T ) > 0, with µ(T ) → 0 as T → 0, such that for every
s ∈ [12 , 3

4 ), and all u, v ∈ BR(u∗) the estimate

|F (u) − F (v)|
H

s−1/2
p (H2

p)
+ |∇F (u) − ∇F (v)|

H
s−1/2
p (H1

p)

+ |∆F (u) − ∆F (v)|
H

s−1/2
p (Lp)

≤ µ(T )|u − v|1

is valid.

Proof. By (3.6) it suffices to show that

|λ(u) − λ(v)|Hs
p(H1

p) ≤ µ(T )|u − v|1.

Obviously |λ(u)−λ(v)|Hs
p(H1

p) ≤ C(|λ(u)−λ(v)|Hs
p(Lp)+|∇uλ′(u)−∇vλ′(v)|Hs

p(Lp))
and

|∇uλ′(u)−∇vλ′(v)|Hs
p(Lp) ≤ C(|∇u(λ′(u)−λ′(v))|Hs

p(Lp)+|λ′(v)(∇u−∇v)|Hs
p(Lp)).

Now (3.4) yields

|∇u(λ′(u) − λ′(v))|Hs
p(Lp) ≤ C(T0)

(
|∇u|Lr′p(Lr′p)|λ′(u) − λ′(v)|Hs

rp(Lrp)

+T 1/σ′ |λ′(u) − λ′(v)|∞|∇u|Hs
σp(Lσp)

)
,

as well as

|λ′(v)(∇u − ∇v)|Hs
p(Lp)

≤ C(T0)
(
|∇u − ∇v|Lr′p(Lr′p)|λ′(v)|Hs

rp(Lrp) + T 1/σ′
|∇u − ∇v|Hs

σp(Lσp)

)
.

Again by (3.4) we see that |λ′(v)|Hs
rp(Lrp) ≤ T 1/ρ′p|λ′(v)|Hs

rρp(Lrρp). Observe that
the embedding Z1 ↪→ Hs

rp(Lrp) holds, whenever s ≤ 1/r. To meet this requirement
we set r = 4/3, i.e., r′ = 4. Hence for sufficiently small ρ > 1 and by (3.5) we
obtain the desired estimate. �

The next proposition collects all the facts we need to show the desired prop-
erties of the operator S defined above.
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Proposition 3.2. Let p > n/4 + 1, λ, Φ ∈ C4−(R) and J = [0, T ] ⊂ [0, T0]. Then
there exists a constant C > 0, independent of T , and functions µj = µj(T ) with
µj(T ) → 0 as T → 0, j = 1, . . . , 4, such that for all u, v ∈ BR(u∗) the following
statements hold.

(i) |∆Φ′(u) − ∆Φ′(v)|p ≤ µ1(T )|u − v|1 ,
(ii) |(∆(λ′(u)F (u)) − ∆(λ′(v)F (v))|p ≤ µ2(T )|u − v|1,
(iii) |∂νΦ′(u) − ∂νΦ′(v)|Y1(T ) ≤ µ3(T )|u − v|1,
(iv) |∂ν(λ′(u)F (u)) − ∂ν(λ′(v)F (v))|Y1(T ) ≤ µ4(T )|u − v|1.
For each η ∈ H1

p (J ; Lp(Ω)) ∩ Lp(J ; H2
p (Ω)) we have

(v) |(∆(λ′(u)η) − ∆(λ′(v)η)|p ≤ C|η|Z2 |u − v|1,
(vi) |(∂ν(λ′(u)η) − ∂ν(λ′(v)η)|Y1(T ) ≤ C|η|Z2 |u − v|1.

The proof is given in the Appendix.

Note that we have also shown that ∆G(w) ∈ X(T ) and ∂νG(w) ∈ Y1(T ) for
each w ∈ BR(u∗), where G was defined in (3.1). Thus the operator S : BR → 0E1

is well defined. With our previous considerations, it is now easy to verify the self-
mapping property as well as the strict contraction property of S. Let w ∈ BR.
Then we obtain

|Sw|1 = |L−1G̃(u∗, w)|1 ≤ |L−1||G̃(u∗, w)|0
≤ C(|G̃(u∗, w) − G̃(u∗, 0)|0 + |G̃(u∗, 0)|0)
≤ C(|∆G(u∗ + w) − ∆G(u∗)|X(T ) + |∂ν(G(u∗ + w) − G(u∗))|Y1(T )

+ |∆G(u∗)|X(T ) + |∂νG(u∗)|Y1(T ) + |g1|Y1(T ).

By Proposition 3.2 there exists a function µ(T ), with µ(T ) → 0 as T → 0, such
that

|∆G(u∗ +w)−∆G(u∗)|X(T ) + |∂ν(G(u∗ +w)−G(u∗))|Y1(T ) ≤ µ(T )|w|1 ≤ µ(T )R,

since w +u∗ ∈ BR(u∗). Thus we see that |Sw|1 ≤ R , if T > 0 is sufficiently small.
We remark that g1 and G(u∗) are fixed functions, hence |g1|Y1(T ), |∆G(u∗)|X(T ),
|∂νG(u∗)|Y1(T ) → 0 as T → 0. This shows that SBR ⊂ BR. Furthermore for all
w, w̄ ∈ BR we have

|Sw − Sw̄|1 = |L−1(G̃(u∗, w) − G̃(u∗, w̄))|1 ≤ |L−1||G̃(u∗, w) − G̃(u∗, w̄)|0
≤ C(|∆G(u∗ + w) − ∆G(u∗ + w̄)|X(T ) + |∂νG(u∗ + w) − ∂νG(u∗ + w̄)|Y1(T )).

It is a consequence of Proposition 3.2 that

|∆G(u∗+w)−∆G(u∗+w̄)|X(T )+|∂νG(u∗+w)−∂νG(u∗+w̄)|Y1(T ) ≤ µ(T )|w−w̄|1,

hence S : BR → BR is a strict contraction, if T > 0 is sufficiently small. Thus the
contraction-mapping principle yields a unique fixed-point w∗ of S, i.e., a solution
ψ ∈ Z1(T )∩Z1

Γ(T ) of (2.4), which depends continuously on the given data f ∈ X ,
g ∈ Y1, h ∈ Y2 and ψ0 ∈ Xp,Γ. Since ∂tλ(ψ) = ∂tψλ′(ψ) ∈ Lp(J × Ω), there is a
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unique solution ϑ ∈ Z2(T ) of

∂tv − ∆v = −∂tλ(ψ) + f2, t ∈ J, x ∈ Ω,

αv + ∂νv = g3, t ∈ J, x ∈ Γ,

v(0) = ϑ0, t = 0, x ∈ Ω.

Finally we see that (ψ, ϑ) ∈ (Z1(T ) ∩ Z1
Γ(T )) × Z2(T ) is the unique solution of

(1.5) on the interval [0, T ]. We summarize these considerations in

Theorem 3.3. Let 1 < p < ∞, p > n/4 + 1, p �= 3, 5 and let σs, γ > 0, α, κ ≥ 0 be
constants. Assume furthermore that λ, Φ ∈ C4−(R). Then there exists an interval
J = [0, T ] ⊂ [0, T0] and a unique solution (ψ, ϑ) of (1.5) on J , with

ψ ∈ H1
p (J ; Lp(Ω)) ∩ Lp(J ; H4

p (Ω)) = Z1(T ),

ϑ ∈ H1
p (J ; Lp(Ω)) ∩ Lp(J ; H2

p (Ω)) = Z2(T ),

and
ψ|Γ ∈ H1

p (J ; W 2−1/p
p (Γ)) ∩ Lp(J ; W 4−1/p

p (Γ)) = Z1
Γ(T ),

provided the data are subject to the following conditions.
(i) f1, f2 ∈ Lp(J × Ω) = X,
(ii) g1 ∈ W

1/4−1/4p
p (J ; Lp(Γ)) ∩ Lp(J ; W 1−1/p

p (Γ)) = Y1,
(iii) g2 ∈ Lp(J ; W 2−1/p

p (Γ)) = Y2,
(iv) g3 ∈ W

1/2−1/2p
p (J ; Lp(Γ)) ∩ Lp(J ; W 1−1/p

p (Γ)) = Y3,
(v) ψ0 ∈ {u ∈ B

4−4/p
pp (Ω) : u|Γ ∈ B

4−3/p
pp (Γ)} = Xp,Γ,

(vi) ϑ0 ∈ W
2−2/p
p (Ω) = Xp,

(vii) ∂ν∆ψ0 = −Φ′(ψ0) + λ′(ψ0)ϑ0 + g1|t=0, if p > 5,
(viii) αϑ0 + ∂νϑ0 = g3|t=0, if p > 3.
The solution depends continuously on the given data and if the data are indepen-
dent of t, the map (ψ0, ϑ0) �→ (ψ, ϑ) defines a local semiflow on the natural phase
manifold M ⊂ Xp,Γ × Xp, defined by (vii) and (viii).

4. Global well-posedness

Throughout this section we assume that n ≤ 3 and that the potential Φ satisfies
the growth conditions

Φ(s) ≥ −η

2
s2 − c0, c0 > 0, s ∈ R, (4.1)

where η < λ1, with λ1 being the smallest nontrivial eigenvalue of the negative
Laplacian on Ω with Neumann boundary conditions,

|Φ′(s)| ≤ (c1Φ(s) + c2s
2 + c3)θ, ci > 0, θ ∈ (0, 1), s ∈ R, (4.2)

and
|Φ′′′(s)| ≤ C(1 + |s|β), s ∈ R, (4.3)

with β < 3 in case n = 3. Furthermore let λ′, λ′′, λ′′′ ∈ L∞(R).
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Remark. (i) The conditions (4.1)–(4.3) are certainly fulfilled, if Φ is a polynomial
of degree 2m, m ∈ N, m < 3. Then we may set θ = 1 − 1/2m.
(ii) As we will see we may omit (4.2) if f1 = g1 = 0.

A successive application of Theorem 3.3 yields a maximal time interval Jmax =
[0, Tmax) ⊂ [0, T0] for the solution ψ ∈ Z1 ∩Z1

Γ of (3.1). If Tmax < T0, this interval
is characterized by the following two equivalent conditions

lim
t→Tmax

ψ(t) does not exist in Xp,Γ

and
|ψ|Z1(Tmax) + |ψ|Γ |Z1

Γ(Tmax) = ∞.

First of all, we need some a priori estimates for ψ. We multiply (1.5)1 by µ
and (1.5)2 by ϑ. Integration by parts and the boundary conditions (1.5)3,4,5 lead
to the energy-equation

1
2

d

dt

(
|∇ψ|22 + |ϑ|22 +

σs

γ
|∇Γψ|22,Γ +

κ

γ
|ψ|22,Γ + 2

∫
Ω

Φ(ψ)
)

+ |∇µ|22 +
1
γ
|∂tψ|22,Γ + |∇ϑ|22 + α|ϑ|22,Γ

=
∫

Ω

(f1µ + f2ϑ) +
∫

Γ

(g1µ +
1
γ

g2∂tψ + g3ϑ).

(4.4)

The Poincaré-Wirtinger inequality as well as the embedding H1
2 (Ω) ↪→ L2(Γ) imply∫

Ω

f1µ ≤ C|f1|2(|∇µ|2 + |
∫

Ω

µ|) and
∫

Γ

g1µ ≤ C|g1|2,Γ(|∇µ|2 + |
∫

Ω

µ|). (4.5)

By the definition of the chemical potential µ, by the divergence theorem and by
the dynamic boundary condition (1.5)4 we have∫

Ω

µ =
∫

Ω

(Φ′(ψ) − λ′(ψ)ϑ) +
1
γ

∫
Γ

(∂tψ + κψ − g2),

hence using (4.2) and the Cauchy-Schwarz inequality

|
∫

Ω

µ| ≤ C(|ϑ|2 + |∂tψ|2,Γ + |ψ|2,Γ + |g2|2,Γ) +
∫

Ω

(c1Φ(ψ) + c2|ψ|2 + c3)θ.

For simplicity, we set

E(ψ, ϑ) :=
1
2
|∇ψ|22 +

1
2
|ϑ|22 +

1
2

σs

γ
|∇Γψ|22,Γ +

1
2

κ

γ
|ψ|22,Γ +

∫
Ω

Φ(ψ).

From (4.4), (4.5) and by Hölder’s inequality, Young’s inequality as well as by the
Poincaré-Wirtinger inequality we obtain the estimate

d

dt
E(ψ, ϑ) + C(|∇µ|22 + |∂tψ|22,Γ + |∇ϑ|22 + α|ϑ|22,Γ)

≤ C1E(ψ, ϑ) + C2(|f1|q2 + |f2|22 + |g1|q2,Γ + |g2|22,Γ + |g3|22,Γ + 1),
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where q := max{2, 1
1−θ}. Observe that the functional E is bounded from below.

Indeed, by (4.1) we obtain

E(ψ(t), ϑ(t)) ≥ 1
2
(|∇ψ|22 − η|ψ|22)− c0|Ω| ≥ λ1 − η

2λ1
|∇ψ|22 − c ≥ −c, c > 0, (4.6)

where we used again the Poincaré inequality, since

|
∫

Ω

ψ(t)| ≤
∫

Ω

|ψ0| + |f1|L1(J×Ω) + |g1|L1(J×Γ). (4.7)

Then Gronwall’s lemma yields the estimate

E(ψ, ϑ) ≤ C

(
E(ψ0, ϑ0) +

∫ Tmax

0

(|f1|q2 + |f2|22 + |g1|q2,Γ + |g2|22,Γ + |g3|22,Γ + 1)

)
,

and by (4.7) we obtain among other things the a priori estimate

ψ ∈ L∞([0, Tmax]; H1
2 (Ω)).

The following lemma is the key to obtain global existence.

Lemma 4.1. Suppose p ≥ 2, n ≤ 3 and let ψ ∈ Z1(T ) be the solution of (3.1).
Then there exist constants m, C > 0 and δ ∈ (0, 1), independent of T > 0, such
that

|∆G(ψ)|X(T ) + |∂νG(ψ)|Y1(T ) ≤ C(1 + |ψ|δZ1(T )|ψ|mL∞(J;H1
2 (Ω))).

The proof is given in the Appendix.
Observe that by maximal Lp-regularity the estimate

|ψ|Z1(T ) + |ψ|Z1
Γ(T )

≤ M(|∆G(ψ)|X(T ) + |∂νG(ψ)|Y1(T ) + |f |X + |g|Y1 + |h|Y2 + |ψ0|Xp,Γ),

for the solution ψ of (3.1) is valid, with a constant M = M(T0) > 0. Then it
follows from Lemma 4.1 that

|ψ|Z1(T ) + |ψ|Γ |Z1
Γ(T ) ≤ M(1 + |ψ|δZ1(T )),

hence |ψ|Z1(T ) is bounded. This in turn yields the boundedness of |ψ|Γ |Z1
Γ(T ) and

therefore global existence of the solution (ψ, ϑ) of (1.5), since ϑ solves the heat-
equation ∂tϑ − ∆ϑ = −∂tλ(ψ), subject to homogeneous boundary and initial
conditions.

We summarize our previous considerations in

Theorem 4.2. Let 1 < p < ∞, p ≥ 2, p �= 3, 5, θ ∈ (0, 1), q = max{2, 1
1−θ}

and J0 = [0, T0]. Assume furthermore that λ′, λ′′, λ′′′ ∈ L∞(R) and let Φ satisfy
(4.1)–(4.3). Then there exists a unique global solution (ψ, ϑ) of (1.5) on J0, with

ψ ∈ H1
p (J0; Lp(Ω)) ∩ Lp(J0; H4

p (Ω)), ϑ ∈ H1
p (J0; Lp(Ω)) ∩ Lp(J0; H2

p (Ω)),

and
ψ|Γ ∈ H1

p (J0; W 2−1/p
p (Γ)) ∩ Lp(J0; W 4−1/p

p (Γ)),
if the data are subject to the following conditions.
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(i) f1, f2 ∈ Lp(J0 × Ω), f1 ∈ Lq(J0; L2(Ω)),
(ii) g1 ∈ W

1/4−1/4p
p (J0; Lp(Γ)) ∩ Lp(J0; W

1−1/p
p (Γ)) ∩ Lq(J0; L2(Γ)),

(iii) g2 ∈ Lp(J0; W
2−1/p
p (Γ)),

(iv) g3 ∈ W
1/2−1/2p
p (J0; Lp(Γ)) ∩ Lp(J0; W

1−1/p
p (Γ)),

(v) ψ0 ∈ {u ∈ B
4−4/p
pp (Ω) : u|Γ ∈ B

4−3/p
pp (Γ)} = Xp,Γ,

(vi) ϑ0 ∈ W
2−2/p
p (Ω) = Xp,

(vii) ∂ν∆ψ0 = −Φ′(ψ0) + λ′(ψ0)ϑ0 + g1|t=0, if p > 5,
(viii) αϑ0 + ∂νϑ0 = g3|t=0, if p > 3.
The solution depends continuously on the given data and if the data are indepen-
dent of t, the map (ψ0, ϑ0) �→ (ψ, ϑ) defines a global semiflow on the natural phase
manifold M ⊂ Xp,Γ × Xp, defined by (vii) and (viii).

5. Asymptotic behavior

In this section we study the asymptotic behavior of a solution of the system

∂tψ − ∆µ = 0, µ = −∆ψ + Φ′(ψ) − λ′(ψ)ϑ, t > 0, x ∈ Ω,

∂tϑ + λ′(ψ)∂tψ − ∆ϑ = 0, t > 0, x ∈ Ω,

∂νµ = 0, t > 0, x ∈ Γ,

αϑ + ∂νϑ = 0, t > 0, x ∈ Γ, (5.1)

∂tψ − σs∆Γψ + γ∂νψ + κ(ψ − h) = 0, t > 0, x ∈ Γ,

ψ(0) = ψ0, t = 0, x ∈ Ω,

ϑ(0) = ϑ0, t = 0, x ∈ Ω.

For the forthcoming considerations, we need the following assumptions. Let λ′, λ′′,
λ′′′ ∈ L∞(R) and let Φ satisfy (4.1) as well as (4.3).

The main tool will be the Lojasiewicz-Simon inequality (see Proposition 5.3),
which leads to the convergence result. We define two energy-functionals EK(u, v)
by means of

EN (u, v) =
1
2

(∫
Ω

|∇u|2 +
∫

Ω

|v + λ(u)|2 +
σs

γ

∫
Γ

|∇Γu|2 +
κ

γ

∫
Γ

|u|2
)

+
∫

Ω

Φ(u) +
|Ω|
2

(λ(u))2,

and

ER(u, v) =
1
2

(∫
Ω

|∇u|2 +
∫

Ω

|v|2 +
σs

γ

∫
Γ

|∇Γu|2 +
κ

γ

∫
Γ

|u|2
)

+
∫

Ω

Φ(u),

in case of Neumann- or Robin-boundary conditions, respectively. Here we use the
abbreviation

w =
1
|Ω|

∫
Ω

w(x)dx
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for the mean value of a function w ∈ L1(Ω). A suitable energy space both for EN

and ER will be

W := {(u, v) ∈ H1
2 (Ω) × L2(Ω) : u|Γ ∈ H1

2 (Γ),
∫

Ω

u = 0}.

Note that the condition
∫
Ω u = 0 is compatible with our system. This might be

seen by integrating (5.1)1 and invoking the boundary condition (5.1)3. We obtain∫
Ω

ψ =
∫
Ω

ψ0. If we replace the solution ψ by ψ̃ = ψ − c, with c = 1
|Ω|

∫
Ω

ψ0 and

set h = c in (5.1), we see, that ψ̃ satisfies the corresponding homogeneous system
to (5.1) (i.e., h = 0), if Φ(s) and λ(s) are replaced by Φ1(s) := Φ(s + c) and
λ1(s) := λ(s + c), respectively. In a similar way we can achieve that in case α = 0
we have

∫
Ω(ϑ+λ(ψ)) = 0. Indeed this follows by a shift of λ, i.e., λ̃(s) := λ(s)−d,

where d = 1
|Ω|

∫
Ω(ϑ0 + λ(ψ0)).

With the same methods as in [2, Lemma 6.2], we can compute the Fréchet-
derivatives of EN and ER which are given by the formulas

〈E′
N (u, v), (h, k)〉W∗,W

=
∫

Ω

∇u∇h +
∫

Ω

(v + λ(u))(k +
1
|Ω| (λ

′(u)|h)2) +
∫

Ω

Φ′(u)h

+
σs

γ

∫
Γ

∇Γu∇Γh +
κ

γ

∫
Γ

uh + λ(u)(λ′(u)|h)2,

(5.2)

and

〈E′
R(u, v), (h, k)〉W∗,W =

∫
Ω

∇u∇h+
∫

Ω

vk+
∫

Ω

Φ′(u)h+
σs

γ

∫
Ω

∇Γu∇Γh+
κ

γ

∫
Γ

uh,

(5.3)
respectively, for all (u, v), (h, k) ∈ W .

Next we compute the derivative of EK(ψ(·), ϑ(·)) with respect to time to
obtain

d

dt
EK(ψ(t), ϑ(t)) = −|∇µ|22 − |∇ϑ|22 − 1

γ
|∂tψ|22,Γ − α|ϑ|22,Γ. (5.4)

Note that in case of Robin boundary conditions, this is an easy consequence of
(4.4), whereas in case of Neumann boundary conditions this follows from the fact
that

∫
Ω(ϑ + λ(ψ)) = 0. Furthermore we observe that by (4.6) the functionals EK

are bounded from below. Then (5.4) and the boundedness of EK yield

ψ ∈ Cb(R+; H1
2 (Ω)) ∩ Cb(R+; H1

2 (Γ)) and ϑ ∈ Cb(R+; L2(Ω)). (5.5)

Proposition 5.1. Let (ψ, ϑ) ∈ (Z1 ∩ Z1
Γ) × Z2 be a global solution of (5.1). Then

(ψ(t), ϑ(t)) has relatively compact range in (H1
2 (Ω) ∩ H1

2 (Γ)) × L2(Ω).

Proof. We already know that a global solution is bounded in (H1
2 (Ω) ∩ H1

2 (Γ)) ×
L2(Ω). To prove the relative compactness of the orbit ψ(R+) we will proceed in
two steps. First we consider the operator Ap := ∆2 in Lp(Ω), with domain

D(Ap) = {w ∈ H4
p (Ω) : ∆w = 0 and ∂νw = 0 on Γ}.
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By [2, Proof of Proposition 5.2 (b)] we have Lp(Ω) = N(Ap) ⊕ R(Ap) and the
semigroup, generated by Ap is exponentially stable on R(Ap). Let P be the cor-
responding projection onto N(Ap) and set Q = I − P . Consider the evolution
equation

∂tψ1 + Apψ1 = Q(Φ′(ψ) − λ′(ψ)ϑ), t > 0, ψ1(0) = ψ10,

where ψ10 denotes the solution of the elliptic problem{
∆ψ10 = ψ0, x ∈ Ω,

∂νψ10 = 0, x ∈ Γ.
,

∫
Ω

ψ10 = 0.

Since ψ0 has mean 0 the compatibility condition is fulfilled. Choosing p = 2 if
β ∈ (0, 1] and p = 6/(β + 2) if β ≥ 1 and using the fact that λ′ ∈ L∞(R),
we obtain Q(Φ′(ψ) + λ′(ψ)ϑ) ∈ Cb(R+; R(Ap)). Thus by semigroup-theory this
yields ψ1 ∈ Cb(R+; Hr

p(Ω)), for each r < 4 and by compact embedding the orbit
∆ψ1(R+) is relatively compact in H1

2 (Ω).
Next we split ψ by means of ψ = ∆ψ1 + ψ2. From [2, Proof of Proposition

5.2] it follows immediately that the orbit ψ2(R+) is relatively compact in H1
2 (Ω)∩

H1
2 (Γ). Therefore the orbit of ψ is relatively compact in H1

2 (Ω) ∩ H1
2 (Γ), too.

Now let e = ϑ + λ(ψ). Then e solves the following system

∂te − ∆e = −∆λ(ψ), t > 0, x ∈ Ω,

αe + ∂νe = αλ(ψ) + ∂νλ(ψ), t > 0, x ∈ Γ,

e(0) = e0, t = 0, x ∈ Ω,

where e0 := ϑ0 + λ(ψ0). By (5.5) we see that −∆λ(ψ) ∈ Cb(R+; H1
2 (Ω)∗). The

Laplacian generates an exponentially stable analytic semigroup in H1
2 (Ω)∗, if α >

0. In case α = 0 the semigroup is exponentially stable on Ĥ1
2 (Ω)∗, where

Ĥ1
2 (Ω) := {w ∈ H1

2 (Ω) :
∫

Ω

w = 0}.

Therefore semigroup-theory implies that e ∈ Cb(R+; Hr
2 (Ω)), for every r ∈ (0, 1).

One more time we use (5.5) to obtain

ϑ = e − λ(ψ) ∈ Cb(R+; Hr
2 (Ω)),

hence by compact embedding the orbit ϑ(R+) is relatively compact in L2(Ω). �

We remark that the corresponding stationary system to (5.1), with h = 0 is
given by {

−∆u + Φ′(u) − λ′(u)c∗ = const, x ∈ Ω,

−σs∆Γu + γ∂νu + κu = 0, x ∈ Γ,
(5.6)

where c∗ = const, if α = 0 and c∗ = 0, if α > 0. Before we consider the next
proposition, which justifies forthcoming calculations, we need some preliminaries.
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First we rewrite EN in the following way

EN (u, v) =
1
2
a((u, v), (u, v)) +

∫
Ω

Φ(u) + λ(u)
∫

Ω

v + |Ω|(λ(u))2, (5.7)

with

a((u1, v1), (u2, v2)) =
∫

Ω

∇u1∇u2 +
σs

γ

∫
Γ

∇Γu1∇Γu2 +
κ

γ

∫
Γ

u1u2 +
∫

Ω

v1v2.

The form a is bounded, symmetric, positive and elliptic. The latter property follows
from the trace map H1

2 (Ω) to L2(Γ). By the Lemma of Lax-Milgram there exists
a bounded operator A : W → W ∗, with ρ(A) �= ∅ and we have

a((u1, v1), (u2, v2)) = 〈A(u1, v1), (u2, v2)〉W∗,W .

Furthermore we denote by Ap the part of the operator A in the space

Vp = {(u, v) ∈ Lp(Ω) × Lp(Ω) :
∫

Ω

u = 0}

and we set H = V2.

Proposition 5.2. Let K ∈ {N, R}. For every (u, v) ∈ W the following assertions
are equivalent:

(i) (u, v) is a critical point of EK , i.e., E′
K(u, v) = 0, with the additional con-

straint
∫
Ω
(v + λ(u)) = 0 in case K = N .

(ii) (u, v) ∈ D(A2) and (u, v) satisfy (5.6), where v = c∗ = const, c∗ = 0 if
α > 0.

Proof. The proof for ER is nearly the same as in [2, Proposition 6.4]. Therefore
we will only consider the case K = N . Let (u, v) be a critical point of EN with
the constraint

∫
Ω
(v + λ(u)) = 0. By [2, Lemma 6.3] it holds that

D(Ap) = {(u, v) ∈ Vp : u ∈ H2
p (Ω) ∩ W 3−1/p

p (Γ), −σs∆Γu + γ∂νu + κu = 0}.

Next by (5.7) we obtain

A(u, v) =
(

(h, k) �→ −
∫

Ω

(
Φ′(u) + λ′(u)(2λ(u) + v̄)

)
h −

∫
Ω

λ(u)k
)

,

hence A(u, v) ∈ Vp, where p can be chosen strictly larger than 6/5, due to (4.3).
Then a bootstrap argument and the characterization of D(Ap) lead to A(u, v) ∈ H .
Finally we use integration by parts to obtain

〈E′
N (u, v), (h, k)〉W∗,W =

∫
Ω

(−∆u + Φ′(u) − λ′(u)v)h

+
1
γ

∫
Γ

(−σs∆Γ + γ∂νu + κu)h +
∫

Ω

(v + λ(u))(k + λ′(u)h), (5.8)

for all (h, k) ∈ W . This yields (ii). The implication (ii)⇒ (i) is a simple consequence
of (5.8). �
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Remark. In other words, the statement of Proposition 5.2 means that every weak
solution of the stationary system (5.6) is already a strong solution and vice versa.

Assuming in addition that Φ is real analytic and that in case of Neumann boundary
conditions λ is real analytic too, we obtain the following result.

Proposition 5.3 (Lojasiewicz-Simon inequality). Let K ∈ {N, R} and let (ϕ, θ) ∈
W be a critical point of the functional EK . Assume that Φ is real analytic and in
case K = N , λ is real analytic too, and let (4.3) as well as λ′, λ′′, λ′′′ ∈ L∞(R)
hold. Then there exist constants s ∈ (0, 1

2 ], C, δ > 0 such that

|EK(u, v) − EK(ϕ, θ)|1−s ≤ C|E′
K(u, v)|W∗ ,

whenever |(u, v) − (ϕ, ψ)|W ≤ δ.

Proof. The arguments used in [2, Proposition 6.6] for a proof of this assertion carry
over to our case, since λ′, λ′′, λ′′′ ∈ L∞(R). We will not repeat them here. �

The next proposition collects some properties of the functionals EK : W → R.

Proposition 5.4. Let (ψ, ϑ) be a global solution of (5.1) with h = 1
|Ω|

∫
ψ0 and

suppose that Φ satisfies (4.1) as well as (4.3). Let further K ∈ {N, R}. Then the
following statements hold.

(i) The functions EK(ψ(·), ϑ(·)) are nonincreasing and the limits

lim
t→∞

EK(ψ(t), ϑ(t)) =: E∞
K

exist.
(ii) The ω-limit set

ω(ψ, ϑ) := {(ϕ, θ) ∈ W : ∃ (tn)n∈N ↗ ∞, s.t. (ψ(tn), ϑ(tn)) → (ϕ, θ) in W}

is nonempty, compact, connected and EK is constant on ω(ψ, ϑ).
(iii) For every (ϕ, θ) ∈ ω(ψ, ϑ) it holds that θ = c∗ and (ϕ, θ) is a solution of the

stationary problem (5.6).
(iv) Every (ϕ, θ) ∈ ω(ψ, ϑ) is a critical point of EK , i.e., E′

K(ϕ, θ) = 0.

Proof. By (5.4) the functions EN (ψ(·), ϑ(·)) and ER(ψ(·), ϑ(·)) are nonincreasing,
hence the limits limt→∞ EK(ψ(t), ϑ(t)) exist, since EK(ψ(·), ϑ(·)) are bounded
from below. This yields (i). By Proposition 5.1, the solution (ψ, ϑ) has relatively
compact range in W . Therefore, by well-known results, the ω-limit set is nonempty,
compact and connected. The fact that EK is constant on the ω-limit set, follows
easily from continuity of EK on W and (i).

Now let (ϕ, θ) ∈ ω(ψ, ϑ) and let (tn)n∈N ↗ ∞, such that (ψ(tn), ϑ(tn)) →
(ϕ, θ) in W , as n → ∞. From (5.4) and the boundedness of EK(ψ(·), ϑ(·)) we
obtain

∇µ ∈ L2(R+; L2(Ω)), ∂tψ|Γ ∈ L2(R+; L2(Γ)) and ∇ϑ ∈ L2(R+; L2(Ω)).
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This implies ∂tψ, ∂tϑ ∈ L2(R+; H1
2 (Ω)∗) and for every s ∈ [0, 1],

lim
n→∞

ψ(tn + s) = ϕ in H1
2 (Ω)∗,

lim
n→∞

ψ(tn + s) = ϕ in L2(Γ) and lim
n→∞

ϑ(tn + s) = θ in H1
2 (Ω)∗.

Since (ψ, ϑ) has relatively compact range in W , the above three limits exist even in
H1

2 (Ω), H1
2 (Γ) and L2(Ω), respectively. Integrating the equations (5.1)1–(5.1)5 we

finally obtain that θ = c∗ = const and (ϕ, c∗) solves (5.6), hence the assertion (iii).
Now we turn to (iv). Suppose that (u, v) = (ϕ, θ) ∈ ω(ψ, ϑ). Then by (iii),

θ = c∗ and (ϕ, c∗) solves (5.6). Proposition 5.2, (5.3) and integration by parts
lead to

〈E′
N (ϕ, c∗), (h, k)〉W∗,W = (c∗ + λ(ϕ))

∫
Ω

(k + λ′(ϕ)h) = 0,

and
〈E′

R(ϕ, c∗), (h, k)〉W∗,W = c∗
∫

Ω

(k + λ′(ϕ)h) = 0,

since in case of Robin boundary conditions we have c∗ = 0 and in the other case
we have

∫
Ω
(ϑ + λ(ψ)) =

∫
Ω
(ϑ + λ(ψ)) = 0 and for some sequence tn → ∞ it holds

(ψ(tn), ϑ(tn)) → (ϕ, c∗) as n → ∞ in W , hence
∫
Ω(c∗ + λ(ϕ)) = 0, and therefore

c∗ + λ(ϕ) = 0. The proposition is proved. �

Now we are in a position to state our main result concerning the asymptotic
behavior of solutions of the Cahn-Hilliard equation.

Theorem 5.5. Let (ψ, ϑ) be a global solution of the Cahn-Hilliard equation (5.1)
with h = 1

|Ω|
∫
Ω

ψ0 and suppose that Φ satisfies the conditions (4.1) as well as
(4.3) and let λ′, λ′′, λ′′′ ∈ L∞(R). Assume that Φ is real analytic, and that λ is
real analytic, if α = 0. Then the limits

lim
t→∞

ψ(t) =: ϕ, and lim
t→∞

ϑ(t) =: c∗ = const

exist in H1
2 (Ω) ∩ H1

2 (Γ) and L2(Ω), respectively, and (ϕ, c∗) is a solution of the
stationary problem (5.6).

Proof. Proposition 5.3 yields, that for every (ϕ, θ) ∈ ω(ψ, ϑ) there exist constants
s ∈ (0, 1

2 ], C > 0 and δ > 0 such that

|EK(u, v) − EK(ϕ, θ)|1−s ≤ C|E′
K(u, v)|W∗ ,

whenever |(u, v) − (ϕ, θ)|W ≤ δ. By Proposition 5.4 (iii) the ω-limit set ω(ψ, ϑ)
is compact, hence we may cover it by a union of finitely many balls with center
(ϕi, θi) and radius δi, i = 1, . . . , N . Since EK(u, v) ≡ E∞

K on ω(ψ, ϑ), there are
uniform constants s ∈ (0, 1

2 ], C > 0 and an open set U ⊃ ω(ψ, ϑ), with

|EK(u, v) − E∞
K |1−s ≤ C|E′

K(u, v)|W∗ , (5.9)

for all (u, v) ∈ U . After these preliminaries, we define the function H :R+→R+ by

H(t) := (EK(ψ(t), ϑ(t)) − E∞
K )s.
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By Proposition 5.4 the function H is nonincreasing and limt→∞ H(t) = 0. A well-
known result in the theory of dynamical systems implies further that

lim
t→∞

dist((ψ(t), ϑ(t)), ω(ψ, ϑ)) = 0,

i.e., there exists t∗ ≥ 0, such that (ψ(t), ϑ(t)) ∈ U , whenever t ≥ t∗. Next, we
compute and estimate the time derivative of H . By (5.4) and (5.9) we obtain

− d

dt
H(t) = s

(
− d

dt
EK(ψ(t), ϑ(t))

)
|EK(ψ(t), ϑ(t)) − E∞

K |s−1

≥ C
|∇µ|22 + |∇ϑ|22 + |∂tψ|22,Γ + α|ϑ|22,Γ

|E′
K(ψ(t), ϑ(t))|W∗

.

(5.10)

Together with the Cauchy-Schwarz inequality, integration by parts, as well as by
(5.2) and by (5.3), we obtain

|〈E′
N (ψ, ϑ), (h, k)〉W∗,W |

= |
∫

Ω

(µ − µ)h +
∫

Ω

(ϑ + λ(ψ))(k + λ′(ψ)h) − 1
γ

∫
Γ

∂tψh|

≤ C(|∇µ|2|h|2 + (|h|2 + |k|2)|∇ϑ|2 + |∂tψ|2,Γ|h|H1
2 (Ω)),

(5.11)

and

|〈E′
R(ψ, ϑ), (h, k)〉W∗,W |

= |
∫

Ω

(µ − µ)h +
∫

Ω

ϑ(k + λ′(ψ)h) − 1
γ

∫
Γ

∂tψh| (5.12)

≤ C(|∇µ|2|h|2 + (|h|2 + |k|2)(|∇ϑ|2 + α1/2|ϑ|2,Γ) + |∂tψ|2,Γ|h|H1
2 (Ω)),

respectively, where µ̄ = 1
|Ω|

∫
Ω

µ. Here we applied the Poincaré inequality to the

functions µ − µ̄ and ϑ + λ(ψ), since their means are 0. Concerning ϑ in E′
R, we

made use of a version of the Poincaré inequality, namely

|w|2 ≤ C(|∇w|2 + |w|2,Γ), w ∈ H1
2 (Ω).

If we take the supremum in (5.11) and (5.12) over all (h, k) ∈ W with norm less
than 1 this results in

|E′
K(ψ(t), ϑ(t))|W∗ ≤ C(|∇µ(t)|2 + |∇ϑ(t)|2 + α1/2|ϑ(t)|2,Γ + |∂tψ(t)|2,Γ).

Hence from (5.10) it follows that

− d

dt
H(t) ≥ C(|∇µ(t)|2 + |∇ϑ(t)|2 + α1/2|ϑ(t)|2,Γ + |∂tψ(t)|2,Γ)

and this in turn implies that

∇µ,∇ϑ ∈ L1([t∗,∞), L2(Ω)) and ϑ, ∂tψ ∈ L1([t∗,∞); L2(Γ)).

Furthermore this yields ∂tψ, ∂tϑ ∈ L1([t∗,∞), H1
2 (Ω)∗), hence the limits for t → ∞

exist in L2(Γ) and H1
2 (Ω)∗, respectively. Therefore the claim follows from relative

compactness of (ψ(t), ϑ(t)) in (H1
2 (Ω) ∩ H1

2 (Γ)) × L2(Ω) and Proposition 5.4 (iii).
�
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6. Appendix

(a) Proof of Proposition 3.2.

(i) By Hölders inequality it holds that

|∆Φ′(u) − ∆Φ′(v)|p
≤ |∆uΦ′′(u) − ∆vΦ′′(v)|p + ||∇u|2Φ′′′(u) − |∇v|2Φ′′′(v)|p
≤ |∆u|rp|Φ′′(u) − Φ′′(v)|r′p + |∆u − ∆v|rp|Φ′′(v)|r′p

+ |∇u|2σp|Φ′′′(u) − Φ′′′(v)|σ′p + ||∇u|2 − |∇v|2|σp|Φ′′′(v)|σ′p

≤ T 1/r′p (|∆u|rp|Φ′′(u) − Φ′′(v)|∞ + |∆u − ∆v|rp|Φ′′(v)|∞)

+ T 1/σ′p
(
|∇u|2σp|Φ′′′(u) − Φ′′′(v)|∞ + ||∇u|2 − |∇v|2|σp|Φ′′′(v)|∞

)
,

where we also used the fact that all functions belonging to BR(u∗) are uniformly
bounded. We have

∇w ∈ H3θ1/4
p (J ; H3(1−θ1)

p (Ω)) ↪→ L2σp(J × Ω), θ1 ∈ [0, 1],

and
∆w ∈ Hθ2/2

p (J ; H2(1−θ2)
p (Ω)) ↪→ Lrp(J × Ω), θ2 ∈ [0, 1],

for every function w ∈ BR(u∗), since r, σ > 1 may be chosen close to 1. Therefore
we have

|∆Φ′(u) − ∆Φ′(v)|p ≤ µ1(T ) (R + |u∗|1) |u − v|1,
due to the assumption Φ ∈ C4−(R). The function µ1 is given by

µ1(T ) = max{T 1/r′p, T 1/σ′p}.

This yields (i).

(ii) Firstly we observe that

∆(λ′(w)F (w))

= (∆wλ′′(w) + |∇w|2λ′′′(w))F (w) + 2λ′′(w)∇w · ∇F (w) + λ′(w)∆F (w),

for all w ∈ BR(u∗). Secondly by (3.6), the embeddings

F (w) ∈ Hs+θ−1
p (H3−2θ

p ) ↪→ L2p(J × Ω)
and

∇F (w) ∈ Hs+θ−1
p (H2−2θ

p ) ↪→ L4p/3(J × Ω),

with s ∈
[

1
2 , 3

4

)
, θ ∈ [0, 1], are valid, whenever

p >
2

2s + 1
(
n

4
+

1
2
) and p >

1
s
(
n

8
+

1
4
),

respectively. It is obvious, that these conditions are fulfilled for every s ∈
[

1
2 , 3

4

)
,

whenever p > n/4 + 1. An easy computation shows that ∇w ∈ L4p(J × Ω) and
∆w ∈ L2p(J ×Ω), if p > n/4+1 (here we use strict embeddings). If 1/σ+1/σ′ = 1
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and σ > 1 is sufficiently small, then Hölder’s inequality and Proposition 3.1 lead
to the estimate

|λ′′(u)∆uF (u) − λ′′(v)∆vF (v)|p
≤ C|∆uF (u) − ∆vF (v)|p + |λ′′(u) − λ′′(v)|∞|∆vF (v)|p
≤ T 1/2σ′p(|∆u|2σp|F (u) − F (v)|2p + |∆u − ∆v|2σp|F (v)|2p

+ |λ′′(u) − λ′′(v)|∞|∆v|2σp|F (v)|2p)

≤ µ2(T )(1 + |u∗|1)|u − v|1.
In a similar way we obtain

|λ′′′(u)|∇u|2F (u) − λ′′′(v)|∇v|2F (v)|p ≤ µ2(T )(1 + |u∗|1)|u − v|1,

|λ′′(u)∇u∇F (u) − λ′′(v)∇v∇F (v)|p ≤ µ2(T )(1 + |u∗|1)|u − v|1,
as well as

|λ′(u)∆F (u) − λ′(v)∆F (v)|p ≤ µ2(T )(1 + |u∗|1)|u − v|1,
for all u, v ∈ BR(u∗). This proves (ii).

(iii) This is an easy consequence of (i) and (3.5), since by trace-theory (cf.
[4]) we obtain

|∂νΦ′(u) − ∂νΦ′(v)|Y1(T ) ≤ C
(
|Φ′(u) − Φ′(v)|

H
1/2
p (Lp)

+ |Φ′(u) − Φ′(v)|Lp(H2
p)

)
.

(iv) In a similar way as in (iii) we obtain

|∂ν(λ′(u)F (u)) − ∂ν(λ′(v)F (v))|Y1(T ) ≤ C
(
|λ′(u)F (u) − λ′(v)F (v)|

H
1/2
p (Lp)

+|λ′(u)F (u) − λ′(v)F (v)|Lp(H2
p)

)
.

The desired Lipschitz-estimate for the second term follows from (ii). The first term
will be rewritten in the usual way, i.e.,

|λ′(u)F (u) − λ′(v)F (v)|
H

1/2
p (Lp)

≤
(
|(λ′(u) − λ′(v))F (u)|

H
1/2
p (Lp)

+ |λ′(v)(F (u) − F (v))|
H

1/2
p (Lp)

)
.

Applying (3.4) we obtain

|(λ′(u) − λ′(v))F (u)|
H

1/2
p (Lp)

≤ C
(
|λ′(u) − λ′(v)|

H
1/2
rp (Lrp)

|F (u)|Lr′p(Lr′p)

+T 1/σ′p|λ′(u) − λ′(v)|∞|F (u)|
H

1/2
σp (Lσp)

)
,

as well as

|λ′(v)(F (u) − F (v))|
H

1/2
p (Lp)

≤ C
(
|λ′(v)|

H
1/2
rp (Lrp)

|F (u) − F (v)|Lr′p(Lr′p)

+T 1/σ′p|λ′(v)|∞|F (u) − F (v)|
H

1/2
σp (Lσp)

)
.
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Let w ∈ BR(u∗). It is obvious that F (w) ∈ H
1/2
σp (J ; Lσp(Ω)), since σ > 1 may be

chosen arbitrarily close to 1. So it remains to check if λ′(w) ∈ H
1/2
rp (J ; Lrp(Ω))

and F (w) ∈ Lr′p(J ; Lr′p(Ω)). It holds

Hθ
p (J ; H4(1−θ)

p (Ω)) ↪→ H1/2
rp (J ; Lrp(Ω))

and
Hs+θ−1

p (J ; H3−2θ
p (Ω)) ↪→ Lr′p(J ; Lr′p(Ω))

if p > 2
r′ (n

4 + 1) and p > 2
r(2s+1) (

n
2 + 1), respectively. Thus we set r′ = r = 2. Now

the claim follows from (3.5) and Proposition 3.1.
(v) With the help of Hölder’s inequality we compute

|(∆λ′(u) − ∆λ′(v))η|p (6.1)

≤ |η|Z2(|∆uλ′′(u) − ∆vλ′′(v)|2p + ||∇u|2λ′′′(u) − |∇v|2λ′′′(v)|2p),

for each η ∈ Z2. Since λ ∈ C4−(R), it follows from the uniform boundedness of
u, v ∈ BR(u∗) that

|∆uλ′′(u) − ∆vλ′′(v)|2p ≤ |λ′′(u) − λ′′(v)|∞|∆u|2p + |λ′′(v)|∞|∆u − ∆v|2p

≤ C(1 + |u∗|1)|u − v|1.
In a similar way the second term in (6.1) can be treated, obtaining

||∇u|2λ′′′(u) − |∇v|2λ′′′(v)|2p ≤ C(1 + |u∗|1)|u − v|1.
Furthermore we have

|(∇uλ′′(u) − ∇vλ′′(v))∇η|p ≤ |∇η|4p/3|∇uλ′′(u) − ∇vλ′′(v)|4p

≤ |η|Z2(|λ′′(u) − λ′′(v)|∞|∇u|4p + |λ′′(v)|∞|∇u − ∇v|4p)

≤ C|η|Z2 (1 + |u∗|1)|u − v|1
and

|(λ′(u) − λ′(v))∆η|p ≤ |λ′(u) − λ′(v)|∞|∆η|p ≤ C|η|Z2 |u − v|1,
by Hölder’s inequality and the Lipschitz-property of λ′, λ′′.

(vi) Finally we apply trace-theory to obtain

|∂ν(λ′(u)η) − ∂ν(λ′(v)η)|Y1(T )

≤ C
(
|(λ′(u) − λ′(v))η|

H
1/2
p (Lp)

+ |(λ′(u) − λ′(v))η|Lp(H2
p)

)
.

The estimate for the second term is clear by (v). Again we will use (3.4) to estimate
the first term. This yields

|(λ′(u) − λ′(v))η|
H

1/2
p (Lp)

≤ C(T0)
(
|λ′(u) − λ′(v)|

H
1/2
rp (Lrp)

|η|Lr′p(Lr′p)

+|λ′(u) − λ′(v)|Lσ′p(Lσ′p)|η|H1/2
σp (Lσp)

)
.

As in (iv), it follows that r = 2. Furthermore we have

Hθ
p (J ; H2(1−θ)

p (Ω)) ↪→ L2p(J ; L2p(Ω)),

if p > n
4 + 1. Last but not least we apply (3.5). The proof is complete.
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(b) Proof of Lemma 4.1.
Step 1. We start with ∆Φ′(ψ) = ∆ψΦ′′(ψ) + |∇ψ|2Φ′′′(ψ). Using the Gagliardo-
Nirenberg inequality and (4.3) we obtain

|Φ′′(ψ)∆ψ|p ≤ |ψ|β+1
2(β+1)p|∆ψ|2p ≤ C|ψ|a+b(β+1)

H4
p

|ψ|1−a+(1−b)(β+1)
q , (6.2)

where q will be chosen in such a way that H1
2 (Ω) ↪→ Lq, i.e., n

q ≥ n
2 − 1 and

(a + (β + 1)b)
(

4 − n

p
+

n

q

)
= 2 − n

p
+

n

q
(β + 2).

The second term Φ′′′(ψ)|∇ψ|2 will be treated in a similar way. The Gagliardo-
Nirenberg inequality and (4.3) again yield

|Φ′′′(ψ)|∇ψ|2|p ≤ |ψ|β2βp|∇ψ|24p ≤ C|ψ|2a+bβ
H4

p
|ψ|2−2a+(1−b)β

q , (6.3)

with n
q ≥ n

2 − 1 and

(2a + βb)
(

4 − n

p
+

n

q

)
= 2 − n

p
+ (β + 2)

n

q
.

It turns out that the condition β < 3 in case n = 3 ensures that either a+(β+1)b <
1 and 2a + βb < 1 in (6.2) and (6.3), respectively. Integrating (6.2) and (6.3) with
respect to t and using Hölders inequality we obtain the desired estimate. Now we
estimate ∂νΦ′(ψ) in Y1. By trace-theory we obtain

|∂νΦ′(ψ)|Y1 ≤ C(|Φ′(ψ)|
H

1/2
p (Lp)

+ |Φ′(ψ)|Lp(H2
p)).

The estimate in Lp(H2
p ) follows from the considerations above. By the mean-value

theorem and (4.3) we obtain

|Φ′(ψ)|
H

1/2
p (Lp)

≤ C(|ψ|β+2
L(β+2)p(L(β+2)p) + |ψ|

H
1/2
p (Lp)

+ |ψ|β+1
Lσ′p(Lr′p)|ψ|

H
1/2
σp (Lrp)

),
(6.4)

where 1/σ +(β +1)/σ′ = 1/r +(β +1)/r′ = 1. This follows similarly to (3.4) from
the characterization of Hs

p via differences and Hölders inequality. The Gagliardo-
Nirenberg inequality implies

|ψ|Lσ′p(Lr′p) ≤ c|ψ|aZ1 |ψ|1−a
L∞(H1

2 )
,

if a ∈ [0, 1/σ′] and a(3 − n/p + n/2) ≥ n/2 − 1 − n/r′p. Therefore we set

a = 1/σ′ = [n/2 − 1 − n/r′p]+/(3 − n/p + n/2)

and choose r′ = (β + 1)n/p if p ≤ n, r′ = 2(β + 1)n/p if n < p ≤ 2n and r′ = ∞
if p > 2n. Observe that

Z1 ↪→ H1−θ
p (H4θ

p ) ↪→ Hs
p(Lrp),

if s = 1 − n/4r′p. Hence complex interpolation yields

|ψ|
H

1/2
σp (Lrp)

≤ c|ψ|bZ1 |ψ|1−b
Lτp(Lrp),
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provided b = 1/2s and
1/σ ≥ b + (1 − b)/τ. (6.5)

Finally we apply the Gagliardo-Nirenberg inequality one more time to obtain

|ψ|Lτp(Lrp) ≤ c|ψ|dZ1 |ψ|1−d
L∞(H1

2 )
,

with d(3 − n/p + n/2) ≥ n/2 − 1 − n/rp and d ∈ [0, 1/τ ]. We set

d = 1/τ = [n/2 − 1 − n/rp]+/(3 − n/p + n/2).

Suppose now that (6.5) holds. Then we have

(β + 1)a + b + (1 − b)d =
β + 1

σ′ + b +
1 − b

τ
≤ β + 1

σ′ +
1
σ

= 1.

Hence the desired estimate follows if the inequality (6.5) is strict. We have to
distinguish three cases, namely p ≤ n, n < p ≤ 2n and p > 2n. In the first case
we have r′ = (β + 1)n/p, s = (4β + 3)/(4β + 4) and b = (2β + 2)/(4β + 3). Since
p ≥ 2, (6.5) is equivalent to

6β + 3
4β + 3

− (β + 1)[n/2 − 1/(β + 1) − 1]+ ≥ 0.

We see that [n/2− 1/(β + 1)− 1]+ = 0, if either n = 1, 2 or n = 3 and β ≤ 1; then
we are done. So let n = 3 and β > 1. An easy calculation shows that

6β + 3
4β + 3

>
β − 1

2
,

for all 1 < β < 3. In the second case we have r′ = 2(β+1)n/p, s = (8β+7)/(8β+8)
and b = (4β + 4)/(8β + 7), thus (6.5) is equivalent to

4β + 3
8β + 7

(3−n/p+n/2)−(β+1)[n/2−1/2(β+1)−1]+ ≥ 4β + 3
8β + 7

[n/2−1/2−n/p]+.

Since p ≤ 2n we see that this inequality is strict for n = 1, 2. If n = 3 and due to
p > n, the inequality reduces to

4β + 3
8β + 7

≥ β/7

and we have again strict inequality, if β < 3. In the last case, we have r′ = ∞,
s = 1 and b = 1/2. Therefore (6.5) is equivalent to

(3 − n/p + n/2) − 2(β + 1)[n/2 − 1]+ ≥ [n/2 − n/p − 1]+.

Again for n = 1, 2 we have [n/2 − 1]+ = [n/2 − n/p − 1]+ = 0, thus we set n = 3.
Since p > 2n this yields

4 − (β + 1) ≥ 0,

hence strict inequality if β < 3. Note that the second term on the right-hand side
of (6.4) is dominated by the third term. Furthermore the desired estimate for the
first term is a simple consequence of the Gagliardo-Nirenberg inequality as long
as q > (β + 1)n/4.
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Step 2. Next we estimate the term ∆(λ′(ψ)F (ψ)) in X . Observe that

∆(λ′(ψ)F (ψ)) = F (ψ)(∆ψλ′′(ψ)+|∇ψ|2λ′′′(ψ))+2λ′′(ψ)∇ψ∇F (ψ)+λ′(ψ)∆F (ψ).

As in Section 2 we will solve the homogeneous heat equation (2.2). Obviously
|F (ψ)|Lp(Lp) ≤ C(1 + |ψ|Lp(Lp)), for every 1 < p < ∞, since |λ(s)| ≤ C(1 + |s|).
Applying the Gagliardo-Nirenberg one more time we obtain

|λ′′(ψ)F (ψ)∆ψ|Lp(Lp) ≤ C(|∆ψ|L3p/2(L3p/2) + |∆ψ|L3p/2(L3p/2)|ψ|L3p(L3p))

≤ C(|ψ|aZ1 |ψ|1−a
L∞(Lq) + |ψ|a+b

Z1 |ψ|2−(a+b)
L∞(Lq) ),

if a(4 − n/p + n/q) = 2 − 2n/3p + n/q and b(4 − n/p + n/q) = n/q − n/3p and
a ∈ [1/2, 1], b ∈ [0, 1]. The two latter conditions are fulfilled if q ≤ 3p. We require
furthermore a < 2/3 and b < 1/3. This leads to the condition q > n/2, which is
true. Then we also have a+ b < 1. In a similar way we estimate λ′′′(ψ)F (ψ)|∇ψ|2,
to obtain

|λ′′′(ψ)F (ψ)|∇ψ|2|Lp(Lp) ≤ C(1 + |ψ|L3p(L3p))|∇ψ|2L3p(L3p)

≤ C(|ψ|2a
Z1 |ψ|2(1−a)

L∞(Lq) + |ψ|2a+b
Z1 |ψ|3−(2a+b)

L∞(Lq) ), (6.6)

whenever a(4 − n/p + n/q) = 1 + n/q − n/3p and b(4 − n/p + n/q) = n/q − n/3p
and a ∈ [1/4, 1], b ∈ [0, 1]. The two latter conditions are satisfied if q ≤ 3p. It is
easy to verify that a ≤ 1/3 and b < 1/3, whenever q ≥ 2n, i.e., q = 6. Finally it
holds 2a + b < 1.

Note that the representation of F (ψ) implies

|∇F (ψ)|L2p(L2p) ≤ C(1 + |∇λ(ψ)|L2p(L2p)) ≤ C(1 + |∇ψ|L2p(L2p)),

hence by the inequalities of Hölder and Gagliardo-Nirenberg we obtain

|λ′′(ψ)∇F (ψ)∇ψ|Lp(Lp) ≤ |∇F (ψ)|L2p(L2p)|∇ψ|L2p(L2p)

≤ C(1 + |∇ψ|2L2p(L2p)) ≤ C(1 + |ψ|2a
Z1 |ψ|2(1−a)

L∞(Lq)),

with

2a

(
4 − n

p
+

n

q

)
= 2 +

2n

q
− n

p
, a ∈ [1/4, 1].

Since q ≤ 3p we see that a ≥ 1/4. Furthermore we have 2a < 1, if n < 6.
The estimate of λ′(ψ)∆F (ψ) in Lp is more involved. With the help of (3.6) with
s = θ = 1/2, we obtain

|λ′(ψ)∆F (ψ)|Lp(Lp) ≤ C(1 + |λ(ψ)|
H

1/2
p (H1

p)
)

≤ C(1 + |ψ|
H

1/2
p (Lp)

+ |∇ψλ′(ψ)|
H

1/2
p (Lp)

).

A similar estimate for ψ in H
1/2
p (Lp) has already been done in (6.4). For the term

∇ψλ′(ψ) we will use (3.4). This leads to

|∇ψλ′(ψ)|
H

1/2
p (Lp)

≤ c(|∇ψ|
H

1/2
p (Lp)

+ |∇ψ|Lσ′p(Lr′p)|ψ|
H

1/2
σp (Lrp)

),
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since λ′ ∈ L∞(R). We will use the same strategy as in (6.4). First we observe that
complex-interpolation and the Gagliardo-Nirenberg inequality lead to the desired
estimate for |∇ψ|

H
1/2
p (Lp)

. Secondly we make again use of the Gagliardo-Nirenberg
inequality to obtain

|∇ψ|Lσ′p(Lr′p) ≤ c|ψ|aZ1 |ψ|1−a
L∞(H1

2 )
,

where a = 1/σ′ = (n/2 − n/r′p)/(3 + n/2 − n/p). Complex interpolation yields

|ψ|
H

1/2
σp (Lrp)

≤ c|ψ|bHs
p(Lrp)|ψ|1−b

Lτp(Lrp), (6.7)

where b = 1/2s, s = 1 − n/4r′p and

1/σ ≥ b + (1 − b)/τ. (6.8)

One more time the Gagliardo-Nirenberg inequality leads to the estimate

|ψ|Lτp(Lrp) ≤ c|ψ|dZ1 |ψ|1−d
L∞(H1

2 )
, (6.9)

with d = 1/τ = [n/2 − 1 − n/rp]+/(3 − n/p + n/2). Finally we have to check if
(6.8) is valid and if in this case the inequality is strict. We distinguish two cases.
If p ≤ n we set r′ = 2n/p and if p > n we set r′ = 2 (then r′ ∈ [2, 3]). In the first
case we have s = 7/8, b = 4/7 and [n/2−1/2−n/p]+ = 0, n = 1, 2, 3, since p ≥ 2.
Thus (6.8) is equivalent to the condition

p ≥ 6n

25 − 4n
,

which is always fulfilled and strict inequality holds if n ≤ 3. In the second case we
have r′ = 2, thus s = 1−n/8p > 7/8. We set s = 7/8 and therefore b = 4/7. Then
(6.8) is equivalent to

18 − 4n + n/p ≥ 6[n/2 − 1 − n/2p]+.

This inequality is obviously fulfilled and additionally strict, if n = 1, 2. So let
n = 3. Then n/2 − 1 − n/2p > 0 and we obtain 1 + 4/p > 0, which is certainly
true.

The next estimate will be done for the term ∂ν(λ′(ψ)F (ψ)) in Y1. Again we
use trace-theory to obtain

|∂ν(λ′(ψ)F (ψ))|Y1 ≤ C(|λ′(ψ)F (ψ)|
H

1/2
p (Lp)

+ |λ′(ψ)F (ψ)|Lp(H2
p)).

The estimate of λ′(ψ)F (ψ) in Lp(H2
p ) has already been done. Making use of (3.4)

and (3.6), with s = 1/2 and Lp instead of H1
p , we obtain

|λ′(ψ)F (ψ)|
H

1/2
p (Lp)

≤ C
(
1 + |ψ|

H
1/2
p (Lp)

+ (1 + |ψ|Lσ′p(Lr′p))(1 + |ψ|
H

1/2
σp (Lrp)

)
)

,

since λ′, λ′′ ∈ L∞(R). Therefore the estimate follows immediately from Step 1.
Step 3. Last but not least we have to consider ∆(λ′(ψ)η) in X and ∂ν(λ′(ψ)η) in
Y1, where η ∈ Z2 is a fixed function. We compute

∆(λ′(ψ)η) = η(∆ψλ′′(ψ) + |∇ψ|2λ′′′(ψ)) + 2λ′′(ψ)∇ψ∇η + λ′(ψ)∆η.
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Since p ≥ 2 we have Z2 ↪→ L3p(J×Ω), hence the estimate for the first term follows
from Step 2. Moreover by (6.6) we obtain

|∇ψ∇η|Lp(Lp) ≤ |∇ψ|L3p(L3p)|∇η|L3p/2(L3p/2) ≤ c|ψ|δZ1(T )|ψ|1−δ
L∞(J;H1

2 (Ω))
, δ < 1,

since ∇η is a fixed function and

H1/2
p (J ; Lp(Ω)) ∩ Lp(J ; H1

p (Ω)) ↪→ L3p/2(J × Ω).

Finally the last term λ′(ψ)∆η is dominated by the fixed function ∆η ∈ Lp(J ×Ω),
since λ′ ∈ L∞(R). A last time we apply trace-theory to obtain

|∂ν(λ′(ψ)η)|Y1 ≤ C(|λ′(ψ)η|
H

1/2
p (Lp)

+ |λ′(ψ)η|Lp(H2
p))

and then (3.4) leads to

|λ′(ψ)η|
H

1/2
p (Lp)

≤ C(|η|
H

1/2
p (Lp)

+ |η|Lσ′p(Lr′p)|ψ|
H

1/2
σp (Lrp)

).

Since η ∈ L∞(J ; H1
p (Ω)) for all p ≥ 2 we may choose r′ ∈ [2, 3], i.e., r ∈ [3/2, 2]

and σ′ may be arbitrarily large. Then the claim follows from (6.7) and (6.9). The
proof is complete.
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Numerical Approximation of PDEs and
Clément’s Interpolation

Jacques Rappaz

In honor of Clément’s retirement

Abstract. In this short paper, we present a formalism which specifies the
notions of consistency and stability of finite element methods for the numer-
ical approximation of nonlinear partial differential equations of elliptic and
parabolic type. This formalism can be found in [4], [7], [10], and allows to
establish a priori and a posteriori error estimates which can be used for the
refinement of the mesh in adaptive finite element methods. In concrete cases,
the Clément’s interpolation technique [6] is very useful in order to establish
local a posteriori error estimates. This paper uses some ideas of [10] and its
main goal is to show in a very simple setting, the mathematical arguments
which lead to the stability and convergence of Galerkin methods. The bibli-
ography concerning this subject is very large and the references of this paper
are no exhaustive character. In order to obtain a large bibliography on the a
posteriori error estimates, we report the lecturer to Verfürth’s book and its
bibliography [12].

1. Introduction

Let X and Y be two reflexive Banach spaces (the norm is denoted by ‖.‖ for both
spaces when there is no ambiguity), and let

F : X → Y ′

be a C1 mapping from X into the dual space Y
′
of Y . We are looking for a u ∈ X

satisfying
F (u) = 0. (1.1)

Problem F (u) = 0 is equivalent to

〈F (u) ; v〉 = 0 for all v ∈ Y, (1.2)

where 〈·; ·〉 denotes the duality pairing Y ′ − Y.
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Example 1.1. X = Y = H1
0 (Ω) where Ω ⊂ Rd, d = 1, 2 or 3, Ω is open, bounded

and regular, Y ′ = H−1 (Ω), and

F (u) = −∆u + u3 − f,

where f ∈ L2 (Ω) is given.
In this example we have H1

0 (Ω) ⊂ L2 (Ω) ⊂ H−1 (Ω) and consequently we
are looking for u ∈ H1

0 (Ω) satisfying∫
Ω

∇u.∇v dx +
∫

Ω

u3v dx =
∫

Ω

fv dx for all v ∈ H1
0 (Ω) .

In order to give an approximation of problem (1.1) we choose two families of
finite-dimensional subspaces Xh ⊂ X and Yh ⊂ Y , 0 < h ≤ 1, such that

for all x ∈ X and for all y ∈ Y we have

lim
h→0

inf
xh∈Xh

‖x − xh‖ = 0 and lim
h→0

inf
yh∈Yh

‖y − yh‖ = 0. (1.3)

In this case, the approximate problem consists in finding uh ∈ Xh satisfying

〈F (uh) ; vh〉 = 0 for all vh ∈ Yh. (1.4)

If ϕ1, ϕ2, ϕ3, . . . , ϕN is a basis of Xh and ψ1, ψ2, ψ3, . . . , ψM is a basis of Yh,
we develop uh = ΣN

j=1αjϕj in order to obtain the finite-dimensional problem by
looking for −→α = (α1, α2, α3, . . . , αN ) ∈ RN satisfying the M following equations:〈

F
(
ΣN

j=1αjϕj

)
; ψk

〉
= 0, for all k = 1, 2, 3, . . . , M. (1.5)

Equations (1.4) or equivalently (1.5) are called Petrov-Galerkin approximation of
Equation (1.1).

Example 1.2. We consider Example 1 in which we suppose that Ω ⊂ R2 is an open
polygonal domain. If Υh is a triangulation of Ω (Υh is a set of triangles K such
that Ω = ∪K∈Υh

K and the intersection between two different triangles of Υh is
either void or a vertex or a side shared by both), we can define the usual finite
element subspaces

Xh = Yh =def

{
v : Ω → R, continuous with v|K ∈ P1 (K) ,

∀K ∈ Υh, v = 0 on ∂Ω} (1.6)

where P1 (K) is the set of polynomial functions of degree ≤ 1 defined on the triangle
K. The Petrov-Galerkin approximation of Equation (1.1) related to Example 1
consists in looking for uh ∈ Xh satisfying∫

Ω

{
∇uh.∇vh + u3

hvh − fvh

}
dx = 0 ∀vh ∈ Xh.

From now, we will assume that Equation (1.1) possesses a solution u ∈ X
and we will answer to the main question: under which conditions we can find a
solution uh of Equation (1.4) close to u? Moreover, is it possible to estimate the
error ‖u − uh‖ ?
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In order to answer to these questions, we have to introduce two notions: the
stability and the consistency of Petrov-Galerkin approximations.

2. Stability, consistency and convergence

In order to illustrate the questions of stability consistency and convergence, we
look at Figure 1 on which we visualize the different mathematical symbols we are
using in the following. In particular we denote by DF (u) : X → Y ′ the Fréchet
derivative of F at point u, and L (X, Y ′) the space of linear continuous mappings
from X into Y ′. In all the sequel, we will suppose that DF : X → L (X, Y ′) is a
Lipschitzian mapping in u . The norm of DF (u) in L (X, Y ′) or the norm of the
inverse DF (u)−1 (if it exists) in L (Y ′, X) is still denoted by ‖.‖.

X

h

Fh

u

DF (u)

F

u

F (u)h

h

Y’

DF(u)

Figure 1. Setting of Theorem 1.

Let Fh : X → Y
′
, 0 ≤ h ≤ h0, be a family of C1-mappings such that if

an element uh ∈ X satisfies Fh (uh) = 0, then necessarily uh ∈ Xh and uh is
solution of (1.4) or equivalently (1.5). We will see below how we can build such a
mapping Fh.

Theorem 2.1. (see [10]) Assume that u is a solution of Problem (1) and that

(H1) DF (u) is an isomorphism from X onto Y ′,
(H2) limh→0 ‖Fh (u)‖ = 0,
(H3) limh→0 ‖DF (u) − DFh (u)‖ = 0,
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(H4) there exist two positive constants L and ε such that

‖DFh (u) − DFh (w)‖ ≤ L ‖u − w‖

for all w ∈ X with ‖u − w‖ ≤ ε.

Then:

(a) There exist h0 > 0 and a ball centered in u and with radius δ > 0 denoted
by B (u, δ) ⊂ X such that, for all h ≤ h0, there exists only one uh ∈ B (u, δ)
satisfying Fh (uh) = 0.

(b) We have the error estimates:

‖u − uh‖ ≤ C ‖Fh (u)‖ (a priori error, consistency error); (2.1)
‖u − uh‖ ≤ C ‖F (uh)‖ (a posteriori error, residual error); (2.2)

where C is a constant independent of h ≤ h0.

Remark 2.2. Hypotheses (H1) and (H3) imply that for h ≤ h0 small enough, the
operator DFh (u) is an isomorphism from X onto Y ′ and there exists a constant
M such that

∥∥∥DFh (u)−1
∥∥∥ ≤ M for all h ≤ h0. This property is called stability.

Hypothesis (H2) is called consistency of the approximation.

Proof. We start by defining the operator G : X → X as

G (v) = v − DFh (u)−1
Fh (v) . (2.3)

As we said in the above remark, there exist two constants M and h0 such that∥∥∥DFh (u)−1
∥∥∥ ≤ M , for all h ≤ h0 and consequently G is well defined. Moreover if

uh is a fixed point of G, i.e., uh = G (uh), then uh is a zero of Fh, i.e., Fh (uh) = 0.

Let now δ ≤ ε (ε given in (H4)), and let v, w be two elements in the closed
ball B (u, δ) centered in u with radius δ, i.e., v, w ∈ X are such that ‖u − v‖ ≤ δ,
and ‖u − w‖ ≤ δ. We verify easily the following relationship

G (v) − G (w)

= DFh (u)−1

[∫ 1

0

(DFh (u) − DFh (sv + (1 − s)w)) (v − w) ds

]
. (2.4)

By using (H4), we obtain from (2.4) :

‖G (v) − G (w)‖ ≤ MLδ ‖v − w‖ . (2.5)

Now we choose δ ≤ (2ML)−1 in order to obtain for all v, w ∈ B (u, δ) and h ≤ h0 :

‖G (v) − G (w)‖ ≤ 1
2
‖v − w‖ . (2.6)
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By using Hypothesis (H2), we can choose h0 in order to have ‖Fh (u)‖ ≤
δ/2M for h ≤ h0 and consequently we obtain for v ∈ B (u, δ):

‖u − G (v)‖ ≤ ‖u − G (u)‖ + ‖G (u) − G (v)‖

≤
∥∥∥DFh (u)−1

∥∥∥ ‖Fh (u)‖ +
1
2
‖u − v‖

≤ M ‖Fh (u)‖ +
1
2
‖u − v‖ ≤ δ; (2.7)

that proves that G (v) belongs to B (u, δ) when v is in B (u, δ) . The mapping G
is a strict contraction of the ball B (u, δ) and so possesses a unique fixed point in
B (u, δ) denoted by uh. We can conclude that Fh (uh) = 0 and so the first part (a)
of the theorem is proven.

In order to prove the second part (b) we take v = uh in (2.7) by remarking
that uh = G (uh). We obtain the inequality (2.1) with C = 2M .

For obtaining the error estimate (2.2), we write

F (uh) = F (u) +
∫ 1

0

DF (suh + (1 − s)u) (uh − u) ds.

Since F (u) = 0, we have:

‖u − uh‖

=
∥∥∥∥DF (u)−1

[
F (uh) +

∫ 1

0

(DF (u) − DF (suh + (1 − s)u)) (uh − u)ds

]∥∥∥∥
≤
∥∥∥DF (u)−1

∥∥∥ [‖F (uh)‖ + max
s∈[0,1]

‖DF (u) − DF (suh + (1 − s)u)‖ ‖uh − u‖
]

.

By using Hypothesis (H2) together with (2.1), we have the convergence of uh to u
when h tends to zero and it suffices to take h0 small enough in order to have for
h ≤ h0: ∥∥∥DF (u)−1

∥∥∥ max
s∈[0,1]

‖DF (u) − DF (suh + (1 − s)u)‖ ≤ 1/2.

In this case we conclude that C = 2
∥∥∥DF (u)−1

∥∥∥ in (2.2). �

Remark 2.3. In (2.2), we can see that C = β
∥∥∥DF (u)−1

∥∥∥ where β > 1 and β is
close to 1 if h0 is chosen small enough.

Moreover it is easy to show from the above relations that there exists a
positive constant γ ≤ 1 for which we have the a posteriori error estimate from
below:

‖uh − u‖ ≥ γ
∥∥∥DF (u)−1

F (uh)
∥∥∥ ≥ γ ‖DF (u)‖−1 ‖F (uh)‖ . (2.8)

Inequalities (2.2) and (2.8) are called a posteriori error estimate because it exist
two constants C1 and C2 (independent of h) such that the error ‖u − uh‖ satisfies,
for h ≤ h0 small enough, C1 ‖F (uh)‖ ≤ ‖u − uh‖ ≤ C2 ‖F (uh)‖ and these upper
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and lower bound depend on uh only. That means, in a lot of practical cases, that
it is possible to give a bound for the error of the approximate solution uh related
to the exact solution u, when uh is computed.

3. The Petrov-Galerkin situation

It is known that if X and Y are reflexive Banach spaces (see [1]), then Hypothesis
(H1) of Theorem 1 is equivalent to the following inf-sup conditions:

inf
x∈X,‖x‖=1

sup
y∈Y,‖y‖=1

〈DF (u)x; y〉 > 0,

sup
x∈X,‖x‖=1

〈DF (u)x; y〉 > 0 ∀y ∈ Y, y �= 0.

By assuming that these hypotheses are uniformly true in h on a discrete level, that
is to say:

inf
xh∈Xh,‖xh‖=1

sup
yh∈Yh,‖yh‖=1

〈DF (u)xh; yh〉 ≥ γ > 0 for all h, (3.1)

where γ is a positive constant independent of h, and

dimXh = dim Yh, (3.2)

we can define the projectors Qh : X → Xh and Ph : Y → Yh with the relations:

〈DF (u)Qhw; vh〉 = 〈DF (u)w; vh〉 , ∀vh ∈ Yh, ∀w ∈ X, (3.3)
〈DF (u)wh; Phv〉 = 〈DF (u)wh; v〉 , ∀wh ∈ Xh, ∀v ∈ Y. (3.4)

In fact (3.1) and (3.2) imply that the matrix with coefficients 〈DF (u)ϕj ; ψk〉,
1 ≤ j, k ≤ N = M , is invertible.

Let now Fh : X → Y ′ be defined by

〈Fh (w) ; v〉 = 〈F (w) ; Phv〉 + 〈DF (u)w; (I − Ph) v〉 for all v ∈ Y, ∀w ∈ X. (3.5)

Lemma 3.1. The two following assertions are equivalent:
(a) uh ∈ Xh is solution of (1.4);
(b) uh ∈ X is such that Fh (uh) = 0.

Proof. It is obvious that a) implies b). Let us show that b) implies a). To do this
we suppose that uh ∈ X is such that Fh (uh) = 0 and we take v = y−Phy in (3.5).
We obtain

0 = 〈DF (u)uh; y − Phy〉 = 〈DF (u)uh; y〉 − 〈DF (u)Qhuh; Phy〉
= 〈DF (u) (I − Qh)uh; y〉 .

This relationship proves that (I − Qh)uh = 0 and consequently uh = Qhuh ∈ Xh.
By taking v = vh ∈ Yh in (3.5), we obtain 〈F (uh) ; vh〉 = 0, that means that

uh is solution of (1.4). �
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With this setting, we obtain from Theorem 1:

Theorem 3.2. Assume that u is a solution of Problem (1.1) and that DF (u) is an
isomorphism from X onto Y ′. Moreover we assume Hypothesis (1.3) and Hypothe-
ses (3.1) and (3.2) are satisfied. Then Problem (1.4) possesses a unique solution
uh in a neighborhood of u and we have the error estimates:

‖u − uh‖ ≤ C inf
vh∈Xh

‖u − vh‖ (a priori error, consistency error); (3.6)

‖u − uh‖ ≤ C ‖F (uh)‖ (a posteriori error, residual error). (3.7)

Proof. It suffices to show that the mapping Fh build in (3.5) satisfies the hypothe-
ses of Theorem 1. In order to verify (H2) we write:

‖Fh (u)‖ = sup
y∈Y,‖y‖=1

〈Fh (u) ; y〉 = sup
y∈Y,‖y‖=1

〈DF (u)u; (I − Ph) y〉

= sup
y∈Y,‖y‖=1

〈DF (u) (u − Qhu) ; y〉 ≤ ‖DF (u)‖ ‖u − Qhu‖ . (3.8)

Now it is easy to verify by using (3.1) that, for all xh ∈ Xh, we have:

γ ‖xh − Qhu‖ ≤ sup
yh∈Yh,‖yh‖=1

〈DF (u) (xh − Qhu) ; yh〉

= sup
yh∈Yh,‖yh‖=1

〈DF (u) (xh − u) ; yh〉 ≤ ‖DF (u)‖ ‖xh − u‖ .

It follows that

‖u − Qhu‖ ≤ ‖u − xh‖ + ‖xh − Qhu‖ ≤
(

1 +
‖DF (u)‖

γ

)
‖u − xh‖ ,

and with (3.8), we finally obtain for all xh ∈ Xh:

‖Fh (u)‖ ≤ ‖DF (u)‖
(

1 +
‖DF (u)‖

γ

)
‖u − xh‖ .

This last estimate proves that ‖Fh (u)‖ tends to zero when h goes to zero (see
(1.3)), and the consistency is proven.

Hypothesis (H3) of Theorem 1 is satisfied because it is easy to verify with the
definition of Fh that DFh (u) = DF (u) . Moreover, by using (3.1), we can verify
that the operator Ph is uniformly bounded in h and taking into account the fact
that DF is Lipschitzian in u, we immediately obtain Hypothesis (H4). �

4. Example and Clément interpolation

We consider the previous example where Ω ⊂ R2 is an open polygonal domain and
F (u) = −∆u + u3 − f with given f ∈ L2 (Ω). In this case, it is known that there
exists a solution u ∈ H1

0 (Ω) = X = Y . Moreover if Ω is convex, then u ∈ H2 (Ω).
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In this case we obtain:

DF (u)w = −∆w + 3u2w, (4.1)

and consequently

b (w, v) =
def

〈DF (u)w; v〉 =
∫

Ω

(
∇w.∇v + 3u2wv

)
dx (4.2)

is a bilinear, continuous and coercive form on X = H1
0 (Ω). It follows that DF (u) :

X → Y ′ = H−1 (Ω) is an isomorphism.

Let Υh be a regular triangulation of Ω (in the sense of [5]) and remember that
the usual finite element subspaces of H1

0 (Ω) with piecewise polynomial functions
of degree 1 are given by

Xh = Yh =def

{
v : Ω → R, continuous with v|K ∈ P1 (K) ,

∀K ∈ Υh, v = 0 on ∂Ω} (4.3)

where P1 (K) is the set of polynomial functions of degree ≤ 1 defined on the
triangle K. Denoting by h = maxK∈Υh

diam (K), it is well known (see [5]) that
Hypothesis (3) is satisfied when h tends to zero, and there exists a constant C
(independent of h and v) such that

inf
vh∈Xh

‖v − vh‖1,Ω ≤ Ch ‖v‖2,Ω , ∀v ∈ H2 (Ω) ∩ H1
0 (Ω) , ∀h ≤ h0.

Here the norm ‖.‖m,Ω denotes the Hm (Ω)−norm, m = 1, 2.
Since the bilinear form b (., .) is coercive on X = H1

0 (Ω), Hypotheses (3.1)
and (3.2) are automatically satisfied. It follows that we can apply Theorem 2 to
obtain a unique uh ∈ Xh in a neighborhood of u (in fact in Xh) satisfying∫

Ω

{
∇uh.∇vh + u3

hvh − fvh

}
dx = 0 ∀vh ∈ Xh. (4.4)

The a priori error estimate (3.6) leads, when Ω is convex (i.e., when u ∈ H2 (Ω)),
to ‖u − uh‖1,Ω ≤ C ‖u‖2,Ω h, where C is a constant independent of the triangula-
tion Υh and u. But in principle it is not obvious to give an estimation of ‖u‖2,Ω

and, furthermore, this error estimate is non local. For these reasons we establish
a posteriori error estimates depending on the approximate solution uh which is
locally computable.

To do this, we consider now the a posteriori error estimate (3.7) and we have
to calculate:

‖F (uh)‖−1,Ω = sup
v∈H1

0 (Ω),‖v‖=1

∫
Ω

{
∇uh.∇v + u3

hv − fv
}

dx, (4.5)

where ‖.‖−1,Ω denotes the dual H−1 (Ω)−norm. In order to give a local error
estimate, we successively use (4.4) and an integration by part for obtaining, for
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any v ∈ H1
0 (Ω) , ‖v‖1,Ω = 1, and for any vh ∈ Xh:∫
Ω

{
∇uh.∇v + u3

hv − fv
}

dx

=
∑

K∈Υh

∫
K

{
∇uh.∇ (v − vh) + u3

h (v − vh) − f (v − vh)
}

dx

=
∑

K∈Υh

[∫
K

{
−∆uh (v − vh) + u3

h (v − vh) − f (v − vh)
}

dx

+
∫

∂K

∂uh

∂n
(v − vh) ds

]
≤

∑
K∈Υh

[ ∣∣∣∣∫
K

{
−∆uh (v − vh) + u3

h (v − vh) − f (v − vh)
}

dx

∣∣∣∣
+

1
2

∣∣∣∣∫
∂K

[
∂uh

∂n

]
(v − vh) ds

∣∣∣∣ ], (4.6)

where ∂K is the boundary of K, and
[

∂uh

∂n

]
denotes the jump of the normal

derivative of u on ∂K when we have fixed a normal direction n on each internal
side of the triangulation (with this notation we set − 1

2

[
∂uh

∂n

]
= ∂uh

∂n on the sides of
triangles which are on the boundary ∂Ω of Ω, where here n is the external normal
vector). So we obtain, if ‖.‖0,T denotes the L2−norm on a set T :

‖F (uh)‖−1,Ω = sup
v∈H1

0 (Ω),‖v‖=1

∫
Ω

{
∇uh.∇v + u3

hv − fv
}

dx

≤ sup
v∈H1

0 (Ω),‖v‖1,Ω=1

inf
vh∈Xh

∑
K∈Υh

(∥∥−∆uh + u3
h − f

∥∥
0,K

‖v − vh‖0,K

+
1
2

∥∥∥∥[∂uh

∂n

]∥∥∥∥
0,∂K

‖v − vh‖0,∂K

)
. (4.7)

The question now is how to choose vh for obtaining a local estimation in (4.7)? It
is not possible to choose the classical interpolation of v because v ∈ H1

0 (Ω) is not
continuous when d = 2 or 3. This question can be solved by using the Clément’s
interpolation which is a local L2-projection of v.

Let ΩP be the set of all triangles having vertex P ∈ Ω. The local L2−projec-
tion of v, R0

p : H1 (Ωp) → P0 (Ωp), is uniquely defined by
∫
Ωp

(
v − R0

pv
)
ϕ dx = 0,

∀ϕ ∈ P0 (Ωp), where P0 (Ωp) denotes the constant functions on Ωp. It is also
possible to take other projections such that R1

p : H1 (Ωp) → P1 (Ωp) defined
by

∫
Ωp

(
v − R1

pv
)
ϕ dx = 0, ∀ϕ ∈ P1 (Ωp), or Rp : H1 (Ωp) → Xp defined by∫

Ωp
(v − Rpv)ϕ dx = 0, ∀ϕ ∈ Xp where Xp =

{
w ∈ H1 (Ωp) : w/K ∈ P1 (K) ,

∀K ⊂ Ω̄p }. With these notations we can define vh ∈ Xh by

vh(P ) =
(
R0

pv
)
(P ), ∀P = vertex of γh in Ω,

vh(P ) = 0, ∀P = vertex of γh on ∂Ω.
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Figure 2. The boundary QRSTU of ΩP .

In [6], Clément proves that if the triangulation is regular, then there exists a
constant C such that:

‖v − vh‖0,K ≤ ChK ‖v‖1,ΛK
for all v ∈ H1

0 (Ω) , (4.8)

where ΛK = {T ∈ Υh : T ∩ K �= φ}, and hK is the diameter of triangle K. With
this estimate we can prove (see [12] for instance) that:

‖v − vh‖0,l ≤ C
√

h� ‖v‖1,ΛK
for all side � of K, (4.9)

where hl is the length of �.

Remark 4.1. Interpolation of nonsmooth functions is fundamental in finite element
a posteriori error analysis. At the origin, Clément in [6] defined an optimal order
interpolation operator which does not a priori preserve the boundary conditions. In
[11], Scott and Zhang propose another type of interpolation of nonsmooth functions
which naturally satisfy the boundary conditions. Several authors have proposed
variant versions of Clément’s operator and we don’t want to be exhaustive char-
acter. However we just mention the generalization of Clément’s interpolation to
isoparametric finite elements (see [2], [3]) or to anisotropic finite elements (see [8]).

Estimates (4.7), (4.8), (4.9) and Theorem 2 lead to the following a posteriori
error estimate:

Theorem 4.2. If the triangulation Υh is regular, then there exists a constant C
independent of the mesh such that:

‖u − uh‖1,Ω ≤ C(
∑

K∈Υh

η (K)2)
1
2 , (4.10)

where η (K) is the local estimator defined by

η (K) = hK

∥∥−∆uh + u3
h − f

∥∥
0,K

+
3∑

l=1

√
hl,K

∥∥∥∥[∂uh

∂n

]∥∥∥∥
0,∂Kl

. (4.11)

Here hl,K denotes the length of the side ∂Kl of K ∈ Υh, l = 1, 2, 3.
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Remark 4.3. It is possible (but more complicated) to establish a lower estima-
tion of type (

∑
K∈Υh

η (K)2)
1
2 ≤ C̃ ‖u − uh‖1,Ω by using (2.8) (see [12] for in-

stance). In this case we say that the error ‖u − uh‖1,Ω is equivalent to the estimator
(
∑

K∈Υh
η (K)2)

1
2 .

The estimator defined by (4.11) is only depending on the residual of the
discrete solution uh and on the triangle K. Clearly, since we have chosen to take
piecewise polynomial functions of degree 1 for defining Xh, we will have ∆uh = 0
on K. In practice, if we want to use the a posteriori error estimate (4.10) in order
to build a good mesh Υh (adaptive finite element method), we start by computing
a solution uh on some triangulation and we split all the triangles K for which
η (K) is too large or, at the opposite, we suppress a triangle when η (K) is small
enough by following some procedure (see [9] for instance).

5. A particular case

In this section we want to discuss the frequent case where Y = X as in Example
1 and F : X → X ′ has the form

F (u) = Lu + N (u) (5.1)

where L ∈ L (X, X ′) and N : X → Z is a C1 mapping from X onto a Banach
space Z ⊂ X ′. We assume that

∃α > 0 such that 〈Lx; x〉 ≥ α ‖x‖2 ∀x ∈ X, (5.2)

and the embedding Z ⊂ X ′ is compact. (5.3)

Theorem 5.1. Assume Hypotheses (1.3), (5.2) and (5.3) and let u ∈ X be a solution
of F (u) = 0. Then if DF (u) is an isomorphism from X onto X ′, the approximate
problem (1.4) (with Yh = Xh) possesses a unique solution uh in a neighborhood of
u and we have the error estimates:

‖u − uh‖ ≤ C inf
vh∈Xh

‖u − vh‖ (a priori error, consistency error); (5.4)

‖u − uh‖ ≤ C ‖F (uh)‖ (a posteriori error, residual error). (5.5)

Proof. By defining the continuous bilinear form a (x; y) = 〈Lx; y〉, x, y ∈ X , we
remark that Hypothesis (5.2) implies that a is coercive and by using Lax-Milgram
Lemma, it is easy to show that:

a) L is an isomorphism from X onto X ′,
b) There exist two projectors Rh and R∗

h : X → Xh satisfying a (Rhx; yh) =
a (x; yh) for all yh ∈ Xh, x ∈ X, and a (xh; R∗

hy) = a (xh; y) for all xh ∈ Xh,
y ∈ X. Moreover these two projectors tend strongly to the identity in X (i.e.,
limh→0 ‖x − Rhx‖ = limh→0 ‖x − R∗

hx‖ = 0 ∀x ∈ X ) and are uniformly
bounded for h ≤ h0.
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In order to prove Theorem 4, it suffices (see Theorem 2) to show that there
exists a constant γ such that

inf
xh∈Xh,‖xh‖=1

sup
yh∈Yh,‖yh‖=1

〈DF (u)xh; yh〉 ≥ γ > 0 for all h. (5.6)

To do this, we take xh ∈ Xh with ‖xh‖ = 1 and we define

yh = R∗
h

(
I + L−1DN (u)

)
xh

where I is the identity in X and DN (u) is the derivative of N at point u. We
have:

〈DF (u)xh; yh〉 = a
((

I + L−1DN (u)
)
xh; yh

)
= a

((
I + L−1DN (u)

)
xh; R∗

h

(
I + L−1DN (u)

)
xh

)
= a

(
Rh

(
I + L−1DN (u)

)
xh;

(
I + L−1DN (u)

)
xh

)
= a

((
I + L−1DN (u)

)
xh;

(
I + L−1DN (u)

)
xh

)
+ a

(
(Rh − I) L−1DN (u)xh;

(
I + L−1DN (u)

)
xh

)
≥ α

∥∥(I + L−1DN (u)
)
xh

∥∥2

− ‖L‖
∥∥(Rh − I) L−1DN (u)

∥∥∥∥(I + L−1DN (u)
)∥∥ . (5.7)

Since the operator
(
I + L−1DN (u)

)
is an isomorphism of X and ‖xh‖ = 1, there

exists a constant η > 0 such that
∥∥(I + L−1DN (u)

)
xh

∥∥ ≥ η. The operator
L−1DN (u) : X → X is compact (see (5.3)) and Rh converges strongly to I when
h tends to zero when h tends to zero. It is well known that these two properties
imply the uniform convergence of (Rh − I)L−1DN (u) to zero. So we can choose
h0 in such a way ‖L‖

∥∥(Rh − I)L−1DN (u)
∥∥∥∥(I + L−1DN (u)

)∥∥ ≤ 1
2αη2 for all

h ≤ h0. Using (5.7), we obtain for all xh ∈ Xh, ‖xh‖ = 1 and for all h ≤ h0:

〈DF (u)xh; yh〉 ≥
1
2
αη2, where yh = R∗

h

(
I + L−1DN (u)

)
xh. (5.8)

Since ‖yh‖ ≤ ‖R∗
h‖

∥∥I + L−1DN (u)
∥∥ and R∗

h is uniformly bounded when h ≤ h0,
we finally obtain the existence of a constant γ > 0 satisfying:

sup
yh∈Yh,‖yh‖=1

〈DF (u)xh; yh〉 ≥ γ, (5.9)

that proves our theorem. �

Remark 5.2. We can replace (5.2) by

inf
‖x‖=1

sup
‖y‖=1

〈Lx; y〉 ≥ α ∀x, y ∈ X, (5.10)

inf
‖y‖=1

sup
‖x‖=1

〈Lx; y〉 ≥ α ∀x, y ∈ X,

inf
‖xh‖=1

sup
‖yh‖=1

〈Lxh; yh〉 ≥ α ∀xh, yh ∈ Xh, (5.11)

for obtaining the same conclusion as in the Theorem 4.
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It is clear that it is not necessary to take x and y in the same space in (5.10)
and (5.11). We can chose another space Y for the variable y.

As an example we can consider the stationary Navier-Stokes problem:

−&u + (u.∇)u + grad p = f in Ω ⊂ Rd, d = 2, 3,

div u = 0 in Ω,

where the velocity u and the pressure p are the unknown with u = 0 on the
boundary ∂Ω of Ω, and f is a given force field. In this example we set

• X = H1
0 (Ω)d × L2

0 (Ω) where L2
0 (Ω) =

{
v ∈ L2 (Ω) :

∫
Ω vdx = 0

}
,

• 〈Lu;v〉 =
∫
Ω

(∇u : ∇v − p div v − q div u)dx, with u = (u, p) and v =
(v, q),

• 〈N (u) ;v〉 =
∫
Ω

((u.∇)u.v − fv) dx.

In this case the operator L corresponds to the Stokes problem and it is well
known that (5.10) is true. If we set Z = L

4
3 (Ω)d, then property (5.3) is true with

d = 2 or 3. In order to apply Theorem 4, it suffices to build finite element spaces
satisfying (5.11). An example when d = 2 is given by the usually called P1isoP2
elements for u and P1 element for p. This example is treated in [4].
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On Prohorov’s Criterion for Projective Limits

Erik G.F. Thomas

A Philippe Clément, avec salutations amicales.

Abstract. We propose a modification of Prohorov’s theorem on projective
limits of Radon measures which can be directly applied to the construction
of Wiener measure on the space of continuous functions, and we give such a
construction.1

1. Introduction

When constructing stochastic processes, or rather the measures on spaces of paths
corresponding to such processes, the theorem of Prohorov [5], or the generalized
version of Prohorov’s theorem due to Bourbaki [1, §4, Theorem 1], is extremely
useful. It states exactly under which condition a consistent family of Radon proba-
bility measures has a projective limit. Therefore it is somewhat of a disappointment
to see that in Bourbaki’s work [1, §6.7], when it comes to constructing Wiener mea-
sure, an indirect route is chosen, via a construction of an auxiliary space involving a
countable subset of the time interval, allowing a reduction to the case of countable
projective limits. In Prohorov’s elegant theorem it is merely required to choose a
compact set K in the path space, and then to verify that the finite-dimensional
marginals are carried, up to ε > 0, by the projections of this set. But in the
case of Wiener measure, if one takes a simple compact set suggested by Ascoli’s
theorem, it is not clear what precisely are the images under finite-dimensional
evaluations, and the verification of Prohorov’s condition is not obvious. The main
purpose of this paper is to show that a modification of Prohorov’s theorem is pos-
sible, in which one starts with given finite-dimensional compact sets, and one then
builds, as projective limit, an appropriate compact set K in path space, which
implies the existence of the projective limit as in Prohorov’s theorem. The finite-
dimensional images of K may be smaller than the given finite-dimensional sets
however, and there is no guarantee a priori that Prohorov’s condition is satisfied

1First presented in Séminaire Clément, Delft, 1997/98.



252 E.G.F. Thomas

by K. Since the compact set in Prohorov’s theorem is in fact the projective limit of
its finite-dimensional projections, Prohorov’s theorem is a corollary of the theorem
we suggest.

One consequence of the Prohorov theorem as formulated by Bourbaki, is the
existence without further conditions, of projective limits of Radon measures when
the index set is the set N of natural numbers [1, §4, Theorem 2]. If we apply the
modified version of Prohorov’s theorem to this situation, the proof of the existence
of projective limits indexed by N becomes very simple.

The theorem on countable projective limits immediately gives the celebrated
Kolmogorov extension theorem, for projective limits on arbitrary products, the sets
in the Kolmogorov σ-algebra depending on a countable number of coordinates only
(for historical details see [1, Note Historique]).

The main example we consider, which motivated the modified Prohorov The-
orem, is the construction of Wiener measure. To see how the modified Prohorov
Theorem works we give the complete construction of Wiener measure, which beside
our theorem on projective limits only requires some elementary lemmas on finite-
dimensional random vectors. If everything is put together we get a construction
of Wiener measure close to that suggested by Nelson [3].

There is a technical point we have not been able to resolve. In the case of
Prohorov’s theorem there are various proofs. For instance L. Schwartz [6, p. 74–
82] gives three proofs. One of these makes the assumption that the spaces are
completely regular, and then, with the help of the Stone-Čech compactifications,
reduces the matter to the case of compact spaces. In the present paper we make use
of this method and in Theorem 4.1 we assume all spaces to be completely regular.
All subsets of topological vector spaces and all metrizable spaces being completely
regular, this is no great inconvenience, but it would be more satisfactory to have
a proof which does not appeal the the Stone-Čech compactifications.

2. Bounded Radon measures

Let X be a topological Hausdorff space. Let K = K(X) be the set of compact sub-
sets of X. Let B(X) be the Borel σ-algebra, i.e., the smallest σ-algebra containing
the set O = O(X) of open subsets of X.

Definition 2.1. A bounded positive Radon measure is a measure µ : B(X) −→
[0, +∞) which is inner regular with respect to compact sets:

µ(A) = sup
K⊂A

µ(K), (K compact). (2.1)

By passing to complements (2.1) implies outer regularity:

µ(A) = inf
A⊂O

µ(O) (O open). (2.2)
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Proposition 2.2.

1. Let {Oi}i∈I be a family of open sets directed upwards (i.e., for i, j ∈ I there
is k ∈ I such that Oi ⊂ Ok and Oj ⊂ Ok.) Then

µ( ∪
i∈I

Oi) = sup
i∈I

µ(Oi). (2.3)

2. Let {Fi}i∈I be a family of closed sets directed downwards. Then

µ( ∩
i∈I

Fi) = inf
i∈I

µ(Fi). (2.4)

Proof. Let O = ∪i∈IOi and let λ < µ(O). There exists a compact set K ⊂ O such
that λ ≤ µ(K). By the compactness of K there exists i ∈ I such that K ⊂ Oi and
consequently λ ≤ µ(K) ≤ µ(Oi). This implies µ(O) ≤ supi∈I µ(Oi). The reverse
inequality is obvious. Part 2. is obtained by taking complements. �

This part 2. is particularly useful in probability theory. If P is a Radon
probability on R[0,T ] we have , if a, b ∈ R

P{a ≤ x(t) ≤ b ∀ t ∈ [0, T ]} = inf
σ

P{a ≤ x(ti) ≤ b, i = 1, . . . , n}

where σ = {t1, t2, . . . , tn} is a finite subset of [0, T ].
Given a bounded Radon measure µ on X , a subset A ⊂ X is µ-measurable if

it belongs to the Lebesgue completion of B(X) with respect to µ, i.e., there exist
Borel sets A′ and A′′ such that A′ ⊂ A ⊂ A′′ and µ(A′′ \A′) = 0. One then defines
µ(A) = µ(A′) = µ(A′′).

Strong concentration

Let X and Y be Hausdorff spaces, and let π : X −→ Y be a continuous map. Then,
if µ is a bounded Radon measure on X, the image measure ν = π(µ), defined by

ν(A) = µ(π−1(A)), A ∈ B(Y ) (2.5)

is a bounded Radon measure on Y .
Now we consider the particular case in which X is contained, with continuous

inclusion i, in a second Hausdorff space Y

X ↪→
i

Y.

Let µ and ν be bounded Radon measures on X respectively Y . Then if ν = i(µ)
we have

ν(A) = µ(i−1(A)) = µ(A ∩ X) (2.6)

for all sets A ∈ B(Y ). In particular

ν(Y ) = µ(X). (2.7)

Definition 2.3. A bounded Radon measure ν on Y will be said to be strongly con-
centrated on X if there exists a bounded Radon measure µ on X such that ν = i(µ).
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Proposition 2.4. A Radon probability measure ν on Y is strongly concentrated on
X if and only if

sup
K∈K(X)

ν(K) = 1. (2.8)

In that case there exists a unique Radon measure µ on X such that ν = i(µ).

The nontrivial statement is a particular case of a result of L. Schwartz [6,
Ch. I, Theorem 12, p. 39].

Corollary 2.5. If ν is strongly concentrated on X, then ν is concentrated on X,
i.e., X is ν-measurable and ν(Y \ X) = 0.

3. Prohorov’s Theorem

Let S = {σ} be an index set, ordered and increasingly directed, and let {Xσ, πσσ′}
be a projective system of topological Hausdorff spaces with continuous maps

πσσ′ : Xσ′ −→ Xσ σ ≤ σ′ (3.1)

such that for σ ≤ σ′ ≤ σ′′ we have

πσσ′ ◦ πσ′σ′′ = πσσ′′ .

We recall that the projective limit, lim←−Xσ, is defined as the subset of the cartesian
product

∏
Xσ, composed of the coherent families (xσ)σ∈S, i.e., families such that

πσσ′xσ′ = xσ σ ≤ σ′.

Let X be a Hausdorff space, and assume continuous maps πσ : X −→ Xσ are
given, satisfying the conditions

πσσ′πσ′ = πσ σ ≤ σ′

and separating the points of X. Then the map x �→ (πσx)σ is a continuous em-
bedding

X ↪→ lim←−
σ

Xσ

by means of which we identify X as a subset of the projective limit. The topology
of X is in general stronger than the topology induced by the projective limit.

Now assume given a system of Radon probabilities µσ, defined respectively
on Xσ, which is compatible (or consistent), i.e., such that the image measures
satisfy the conditions

µσ = πσσ′ (µσ′) σ ≤ σ′.

Theorem 3.1. (Prohorov, Bourbaki). Let (Xσ, πσσ′ , µσ) be a compatible system of
Radon probability measures. Then there exists a Radon probability µ on X such
that

πσ(µ) = µσ σ ∈ S

if and only if for every ε > 0 there exists a set K ∈ K(X) such that, we have

µσ(πσ(K)) ≥ 1 − ε σ ∈ S (∗)
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In that case µ is uniquely determined by the measures µσ, namely

µ(K) = inf
σ

µσ(πσ(K)), (K compact)

(cf. Prohorov [5], Bourbaki [1, §4.2 Theorem 1]).

If X = lim←−Xσ the measure µ is called the projective limit of the measures µσ,
and denoted lim←−

σ

µσ. If X is continuously embedded in lim←−
σ

Xσ and the conditions

of the above theorem are satisfied, we say that the projective limit exists on X.

4. A modification of Prohorov’s Theorem

The Prohorov Theorem can be improved on as follows:

Theorem 4.1. Let (Xσ, πσσ′ , µσ) be a compatible system of Radon probability mea-
sures. Assume that for every ε > 0 there exists a family of compact sets Kσ ⊂ Xσ

satisfying the following three conditions:

a) πσσ′ (Kσ′) ⊂ Kσ σ ≤ σ′,
b) The projective limit, K = lim←−Kσ, is a compact subset of X,
c) µσ(Kσ) ≥ 1 − ε σ ∈ S.

Then there exists a unique Radon probability µ on X such that πσ(µ) = µσ for all
σ. Briefly, the projective limit µ = lim←−

σ

µσ exists on X.

Note that by condition a) we have maps πσσ′ : Kσ′ −→ Kσ, restrictions of
the maps (3.1), so that the projective limit makes sense, and is a priori a compact
subset of lim←−Xσ.

It is enough to assume that Kσ is compact from a certain point on, i.e., for
σ ≥ σ0.

Theorem 3.1 is a corollary of Theorem 4.1. If K ⊂ X is a compact subset sat-
isfying condition (∗) of Theorem 3.1 the sets Kσ = πσ(K) satisfy the assumptions
a, b, c of Theorem 4.1: Kσ = πσσ′ (Kσ′) if σ ≤ σ′, K = lim←−Kσ is compact in X [2,
§4], and µσ(Kσ) ≥ 1 − ε. Consequently, if for every ε > 0 a compact K ⊂ X can
be found satisfying the condition (∗), the projective limit µ = lim←−

σ

µσ exists on X .

Proof of Theorem 4.1. (Under the assumption that the spaces Xσ are completely
regular.) They then have compactifications X̂σ, e.g., the Stone-Čech compactifi-
cations, such that the maps πσσ′ have continuous extensions π̂σσ′ : X̂σ′ −→ X̂σ,

which necessarily still form a compatible system. Let X̂ = lim←− X̂σ. Then this is a
compact space. Let µ̂σ equal the image of µσ under the injection, Xσ ⊂ X̂σ. Then
we have

π̂σσ′ (µ̂σ′ ) = µ̂σ, σ ≤ σ′
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and the projective limit µ̂ = lim←− µ̂σ exists by an application of the Riesz-Markov
theorem (Nelson [4]). Now, by definition of K, an element x ∈ X̂ belongs to K if
and only if π̂σ(x) belongs to Kσ for all σ. Thus

K = ∩
σ

π̂−1
σ (Kσ).

Moreover the sets Fσ = π̂−1
σ (Kσ), closed in X̂, are directed downwards. In fact,

by a) we have Kσ′ ⊂ π̂−1
σσ′ (Kσ) so, if σ ≤ σ′, Fσ′ = π̂−1

σ′ (Kσ′) ⊂ π̂−1
σ′ π̂−1

σσ′ (Kσ) =
π̂−1

σ (Kσ) = Fσ. It follows that µ̂(K) = infσ µ̂(π̂−1
σ (Kσ)) = infσ µ̂σ(Kσ) =

infσ µσ(Kσ) ≥ 1 − ε, by c). By b) this implies that µ̂ is strongly concentrated on
X . If µ is the Radon measure on X who’s image is µ̂, then µ is the projective
limit on X of the measures µσ . In fact, if H is a compact subset of Xσ, we have
πσ(µ)(H) = µ(π−1

σ (H)) = µ(X ∩ π̂−1
σ (H)) = µ̂(π̂−1(H)) = µ̂σ(H) = µσ(H).

Therefore πσ(µ) = µσ. �

4.1. Countable projective limits

Let (Xn, n ∈ N, πn,n+1) be a projective sequence of Hausdorff spaces, with contin-
uous maps πn,n+1 : Xn+1 −→ Xn. Let {µn}n∈N a projective sequence of Radon
probabilities on these spaces, i.e., µn on Xn such that

µn = πn,n+1(µn+1) n ∈ N. (4.1)

Let X = lim←−Xn be the projective limit. Then it is known that the projective limit
µ = lim←−µn always exists. The proof of this fact, using Theorem 4.1, is as follows.
Let ε > 0 be given. Let K1 ⊂ X1 be a compact subset such that µ1(K1) > 1 − ε.
We inductively construct a sequence of compact sets Kn ⊂ Xn such that

πn,n+1(Kn+1) ⊂ Kn, µn+1(Kn+1) > 1 − ε n ∈ N. (4.2)

Assume the construction of K1, . . . , Kn done. Since µn = πn,n+1(µn+1) we have
µn(Kn) = µn+1(π−1

n,n+1(Kn)) > 1−ε. By the inner regularity of µn+1 there exists a
compact subset Kn+1 ⊂ π−1

n,n+1(Kn) such that µn+1(Kn+1) > 1−ε. The induction
is complete. Since K = lim←−Kn is compact, Theorem 4.1 implies that µ = lim←−µn

exists. Moreover µ(K) ≥ 1 − ε. (cf. [1, §4.3 Theorem 2]).

Corollary 4.2. (Kolmogorov Extension Theorem.) Let X =
∏
t∈I

Xt be an arbitrary

product of completely regular spaces. For J ⊂ I, finite, let µJ be a Radon Proba-
bility on the product XJ =

∏
t∈J

Xt such that for J1 ⊂ J2, µJ1 is the projection of

µJ2 . Then the projective limit m exists on the Kolomogorov σ-algebra κ.

Proof. The projective limits µJ exist for J ⊂ I countable. The sets in κ being
cylinder sets of the form A ×

∏
t/∈J

Xt, with A a Borel set in
∏
t∈J

Xt, it is sufficient

to put m(A) = µJ(A). Since countably many sets in κ can be written in this way
with a fixed set J, the countable additivity of m follows. �
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5. Application to Wiener measure

We now consider the case of Wiener measure on the space C[0, T ], of real-valued
continuous functions on the interval [0, T ], equipped with the topology of uniform
convergence. Let

X = C0[0, T ] = {x ∈ C[0, T ] : x(0) = 0}.

We define S to be the set of finite subdivisions

σ = {t0, t1, . . . , tn} 0 ≤ t0 < t1 < · · · < tn ≤ T (5.1)

ordered by inclusion. We take Xσ = Rσ and let

πσ : X −→ Xσ, x �→ (x(t0), . . . , x(tn))

denote the restriction or evaluation map. If σ ≤ σ′ similarly

πσσ′ : Xσ′ −→ Xσ

denotes the restriction map or projection.
For t > 0 let

Kt(x) =
1√
2πt

e−x2/2t. (5.2)

Then the marginal measure corresponding to σ = {t1, t2, . . . , tn}, with t1 > 0, is
the Gaussian probability measure on R{t1,...,tn}

Pσ(dx) = Ktn−tn−t(xn − xn−1) . . . Kt2−t1(x2 − x1)Kt1(x1)dxn . . . dx1. (5.3)

If t1 = 0 Kt1(x1)dx1 must be replaced by the Dirac unit mass at 0. Since the
kernels Kt form a convolution semigroup Kt+s = Kt ∗ Ks, t > 0, s > 0, it is easy
to see that the measures Pσ form a compatible system.

We regard Pσ as the distribution of a random vector (x(t0), x(t1), . . . , x(tn))
with x(t0) = 0 and independent increments x(ti) − x(ti−1), i = 1, . . . , n. If A is a
Borel subset of Rσ we denote Pσ(A) by a notation such as

Pσ{(x(t0), . . . , x(tn)) ∈ A}.

Wiener measure is the unique Radon measure P on the Banach space C0[0, T ]
such that for all finite σ ⊂ [0, T ]

πσ(P ) = Pσ, σ ∈ S.

We shall show, by applying Theorem 4.1, that Wiener measure, the projective
limit of the measures Pσ , exists on C0[0, T ].

If 0 < s < t ≤ 1 and {s, t} ⊂ σ we have, if A ⊂ R2

Pσ((x(s), x(t)) ∈ A) =
∫∫
A

Kt−s(x2 − x1)Ks(x1)dx2dx1.
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In particular,

Pσ(|x(t) − x(s)| > r) =
∫∫

|x2−x1|>r

Kt−s(x2 − x1)Ks(x1)dx2dx1

=
∫

|y2|>r

Kt−s(y2)Ks(y1)dy2dy1 =
∫

|y|>r

Kt−s(y)dy

so that we have, for 0 ≤ s < t

Pσ(|x(t) − x(s)| > r) =
1√

2π(t − s)

∫
|y|>r

e−y2/2(t−s)dy

=
1√
2π

∫
|x|>r/

√
t−s

e−x2/2dx = �(
t − s

r2
)

(5.4)

where

�(δ) =
1√
2π

∫
|x|>1/

√
δ

e−x2/2dx. (5.5)

For p ≥ 1, �(δ) ≤ 1√
2π

∫
(δx2)pe−x2/2dx = Cδp, in particular

�(δ) = o(δ). (5.6)

If 0 ≤ a < b let

ωa,b(x, δ) = sup
a≤t,s≤b
|t−s|≤δ

|x(t) − x(s)|. (5.7)

Then x is continuous on [a, b] iff lim
δ→0

ωa,b(δ, x) = 0. Similarly we define

ωσ(x, δ) = sup
t,s∈σ

|t−s|≤δ

|x(t) − x(s)|. (5.8)

Lemma 5.1. Let (x0, x1, . . . , xn) be a random vector with independent increments
xi − xi−1, i = 1, . . . , n defined on a probability space with probability P . Then

P{ sup
0≤k≤n

|xk − x0| > r} ≤ 2 sup
0≤k≤n

P
{
|xn − xk| >

r

2

}
. (5.9)

Proof. Let M be the supremum on the right-hand side. The sets

Ak = {x : |xi − x0| ≤ r, 1 ≤ i < k, |xk − x0| > r}

being pairwise disjoint and having union equal to

{x : sup
0≤k≤n

|xk − x0| > r}
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we have

P{ sup
0≤k≤n

|xk − x0| > r} =
n∑

k=1

P{|xi − x0| ≤ r, 1 ≤ i < k, |xk − x0| > r}

=
n∑

k=1

P
{
|xi − x0| ≤ r, 1 ≤ i < k, |xk − x0| > r, |xn − xk| ≤

r

2

}
+

n∑
k=1

P
{
|xi − x0| ≤ r, 1 ≤ i < k, |xk − x0| > r, |xn − xk| >

r

2

}
.

The first sum is at most equal to
n∑

k=1

P
{
|xi − x0| ≤ r, 1 ≤ i < k, |xk − x0| > r, |xn − x0| >

r

2

}
because |xk − x0| > r and |xn − xk| ≤ r/2 imply |xn − x0| > r/2. The sets Ak

being disjoint, this equals

P

{
sup

0≤k≤n
|xk − x0| > r, |xn − x0| >

r

2

}
≤ P

{
|xn − x0| >

r

2

}
≤ M.

The second sum, by the independence of the increments, equals
n∑

k=1

P{|xi − x0| ≤ r, 1 ≤ i < k, |xk − x0| > r}P
{
|xn − xk| >

r

2

}
= P{ sup

0≤k≤n
|xk − x0| > r}P

{
|xn − xk| >

r

2

}
≤ M.

Together this gives the required estimate. �

We apply this with (x0, x1, . . . , xn) = (x(t0), x(t1), . . . , x(tn)) and P = Pσ.

Lemma 5.2. Let σ = {t0, . . . tn} be a subdivision of [a, b] with a = t0 < t1 < · · · <
tn = b. Then

Pσ{ sup
t,s∈σ

|x(t) − x(s)| > 4r} ≤ 4�((b − a)/r2). (5.10)

Proof. |x(t)−x(s)| > 4r implies |x(t)−x(a)| > 2r or |x(s)−x(a)| > 2r. Therefore

Pσ{ sup
t,s∈σ

|x(t) − x(s)| > 4r} ≤ 2Pσ{sup
t∈σ

|x(t) − x(a)| > 2r}.

By Lemma 5.1 this at most equal to

4 sup
t∈σ

Pσ(|x(b) − x(t)| > r) ≤ 4�

(
b − a

r2

)
. �

Lemma 5.3. Let σ be a subdivision of [a, b], and let δ ≤ (b − a)/2. Then

Pσ{ωσ(x, δ) > 4r} ≤ 2(b − a)
δ

�(4δ/r2). (5.11)
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Proof. Let n be the smallest integer so that n ≥ (b − a)/2δ. Then

b − a

n
≤ 2δ <

b − a

n − 1
. (5.12)

Let a = a0 < · · · < an = b be the subdivision into equal intervals such that
ai − ai−1 = b−a

n . Then, δ being smaller than the length of these intervals, it
follows that if |t − s| ≤ δ, t and s either belong to one of these intervals or to the
union of two consecutive ones. Therefore sup

t,s∈σ
|t−s|≤δ

|x(t)−x(s)| > r implies that there

exists at least one set [ai−1, ai+1] := {t ∈ σ : ai−1 ≤ t ≤ ai+1}, with 1 ≤ i ≤ n− 1,
such that sup

t,s∈[ai−1,ai+1]

|x(t) − x(s)| > r. Hence, putting T = b − a, we have by

Lemma 5.2

Pσ{ωσ(x, δ) > 4r} ≤
n−1∑
i=1

Pσ

{
sup

t,s∈[ai−1,ai+1]

|x(t) − x(s)| > 4r
}

≤ 4(n − 1)�(
2T

nr2
) ≤ 2T

δ
�(

4δ

r2
). �

Now, by (5.6), and Lemma 5.3, we have for any r > 0

lim
δ↘0

Pσ{ωσ(x, δ) > r} = 0 (5.13)

uniformly with respect to the subdivisions σ of [a, b].
Let δn be a sequence of positive numbers tending to zero, such that for all

subdivisions σ of [0, T ] we have

Pσ{ωσ(x, δn) >
1
n
} ≤ 1

n2
. (5.14)

Let N be such that
∑

n≥N
1

n2 ≤ ε.
Let

Kσ =
{

x ∈ Rσ : x(0) = 0, ωσ(x, δn) ≤ 1
n

for all n ≥ N

}
=
{

x ∈ Rσ : x(0) = 0, t, s ∈ σ, n ≥ N, |t − s| ≤ δn =⇒ |x(t) − x(s)| ≤ 1
n

}
.

The projective limit of the spaces Rσ is just R[0,T ]. Clearly we have, if σ ≤ σ′,

πσσ′ (Kσ′) ⊂ Kσ.

The projective limit of the sets Kσ is

K =
{
x ∈ R[0,T ] : x(0) = 0, t, s ∈ [0, T ], n ≥ N, |t − s| ≤ δn

=⇒ |x(t) − x(s)| ≤ 1
n

}
=
{

x ∈ R[0,T ] : x(0) = 0, ω(x, δn) ≤ 1
n

for all n ≥ N

}
.
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By Ascoli’s theorem this is a compact subset of C0[0, T ]. Moreover

Pσ(Kc
σ) ≤

∑
n≥N

Pσ{x ∈ Rσ : ωσ(x, δn) >
1
n
} ≤

∑
n≥N

1
n2

≤ ε.

By Theorem 2 Wiener measure, the projective limit of the measures Pσ, exists on
C0[0, T ].

Remark 5.4. Let mod(σ) = min{|t − s| : t, s ∈ σ, t �= s}. If δn < mod(σ), then
ωσ(x, δn) = 0 and the corresponding condition in the definition of Kσ is void. If
mod(σ) ≤ δ1 at least one of the conditions is not void, and Kσ is compact.

Remark 5.5. While it is easy to see that πσ(K) ⊂ Kσ, a description of πσ(K)
seems not to be practicable, depending as it does on the distances between the
points of σ and on the values of δn.
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The H∞ Holomorphic Functional Calculus
for Sectorial Operators – a Survey

Lutz Weis

It is a pleasure to dedicate this article to Philippe Clément
in deep appreciation of his path breaking mathematical contributions
and his enthusiastic personality radiating the joy of mathematics.

Abstract. In this article we survey recent results on the holomorphic func-
tional calculus for sectorial operators on Banach spaces. Starting from impor-
tant classes of operators with a bounded H∞-calculus and its essential ap-
plications we show how the classical Hilbert space theory of the H∞-calculus
can be extended to the Banach space setting. In particular, we discuss char-
acterizations in terms of dilations, interpolation theory and square function
estimates. These results lead to perturbation results which in turn allow us
to verify the boundedness of the H∞-calculus for new classes of partial dif-
ferential operators.

1. Introduction

The H∞-functional calculus is an extension of the classical Dunford calculus for
bounded operators to unbounded sectorial operators, which was formalized by
A. McIntosh and his collaborators in [18], [70]. They were mainly motivated by
the connection of the H∞-calculus with Kato’s square root problem, and indeed
the H∞-calculus made a contribution to the recent solution of this longstanding
problem. A second source of inspiration for the H∞-calculus was the operator-
method approach to evolution equations of Grisvard and Da Prato, in particular,
the characterization of maximal regularity and the identification of fractional pow-
ers of differential operators. These important applications have motivated much
work on the H∞-calculus for partial differential operators. By now we know that
large classes of elliptic differential operators with rather general coefficients and
boundary values, Schrödinger operators with singular potentials and many Stokes
operators have a bounded H∞-calculus. This large pool of examples makes a stark
contrast to earlier attempts to develop a spectral theory on Banach spaces, more
closely modelled after the theory for normal operators on Hilbert spaces.



264 L. Weis

The diversity of applications and examples led to more general questions
about the H∞-calculus. Can we construct a joint functional calculus for (non-)
commuting operators? Are there general criteria for the boundedness of the H∞-
calculus, e.g., practical perturbation theorems? What is the connection of the H∞-
calculus with the interpolation of domains? These questions were first studied for
Hilbert space operators in connection with dilations, imaginary powers and square
function estimates (see, e.g., [70], [72], [65], [9]). More recently a theory of the H∞

calculus on Banach spaces is emerging, which extends many of the essential Hilbert
spaces results to the Banach space setting (e.g., to Lp(Ω)-spaces). This requires
methods from Banach space theory, in order to extend the harmonic analysis
techniques of McIntosh. In this report we mainly survey the latter development
(see, e.g., [41], [54], [55], [56], [75]). However, we first give a brief review of some
of the applications of the H∞-calculus and the main classes of operators for which
the H∞-calculus is bounded.

We have concentrated on the H∞-calculus for sectorial operators, but there
is a parallel theory for bisectorial operators and operators of strip type, to which
we refer to occasionally.

This report is subdivided into the following sections:

1. Introduction
2. Construction of the H∞-functional calculus
3. Examples for operators with a bounded H∞-functional calculus
4. Some application of the H∞-functional calculus
5. H∞-functional calculus for Hilbert space operators
6. A randomization technique for the H∞-functional calculus
7. Characterization by dilations and imaginary powers
8. Perturbation theorem for the H∞-calculus
9. H∞-functional calculus and interpolation

10. Joint functional calculus and operator sums

I would like to thank Markus Duelli for his generous help with the revisions of the
first draft of this article.

2. Construction of the H∞-functional calculus

A convenient class for the construction of a functional calculus are the sectorial
operators. A linear operator on a Banach space X with dense domain D(A) and
dense range R(A) is called sectorial if its spectrum σ(A) is contained in a sector

Σω = {λ ∈ C : | argψ| < ω} ∪ {0}. (2.1)

and there is a constant Cω < ∞ so that

‖λR(λ, A)‖ ≤ Cω for λ �∈ Σω.

The infimum over all such ω is denoted by ω(A).
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We would like to construct a functional calculus of holomorphic functions on
Σσ with σ > ω so that we can define operators such as etA (if σ < π

2 , t ∈ R+), Aλ

with λ ∈ C or λ2−αAαR(λ, A)2 with α ∈ (0, 2), study their algebraic relationships
and give norm estimates if they are bounded. This will be done in two steps,
following the approach of A. McIntosh.

Step 1: First we consider special holomorphic functions f : Σσ → C which satisfy
an estimate

|f(λ)| ≤ C
∣∣∣ λ

(1 + λ)2

∣∣∣ε, λ ∈ Σσ

for some ε > 0. We denote this class by H∞
0 (Σσ). If we assume for a moment, that

A belongs to B(X), the space of bounded linear operators on X , with σ(A) ⊂
Σω ∩ {λ : 1

n < |λ| < n} for some ω ∈ (0, π) and n ∈ N, then we can apply the
classical Dunford calculus for bounded operators and define for every f ∈ H∞

0 (Σ)
with σ > ω(A) the bounded operator

f(A) =
1

2πi

∫
∂Gn

f(λ)R(λ, A)dλ

where Gn = Σν ∩ {λ : 1
n < |λ| < n} with ω(A) < ν < σ.

By Cauchy’s theorem we obtain for n → ∞

f(A) =
1

2πi

∫
Σν

f(λ)R(λ, A)dλ. (2.2)

Note, that this integral makes sense as a Bochner integral for all sectorial operators
(not just for bounded ones) and we can use (2.2) to define f(A) for sectorial
operators A and f ∈ H∞

0 .

Step 2: In a second step we consider polynomially bounded functions. For α ≥ 0
we denote by Hα(Σσ) the space of holomorphic functions f : Σσ → C for which
|λαf(λ)| is bounded for |λ| ≤ 1 and |λ−αf(λ)| is bounded for |λ| ≥ 1. This is
equivalent to

‖f‖Hα(Σσ) = sup{|ρ(λ)|α|f(λ)| : λ ∈ Σσ} < ∞

where ρ(λ) = λ(1 + λ)−2. Since ρ ∈ H∞
0 (Σσ) we can define ρ(A) by (2.2) and

check that ρ(A)−1 = 2Id + A + A−1, and that D(ρ(A)−k) = R(ρ(A)k) = D(Ak)∩
R(Ak), k ∈ N, are dense subspaces of X . To define f(A) for f ∈ Hα(Σσ) we
choose a k ∈ N with k > α and write

f(λ) = ρ(λ)−k(ρkf)(λ)

the point is that ρkf also belongs to H∞
0 (Σσ) and we can form (ρkf)(A) according

to (2.2).
This motivates the following definition of f(A).

D(f(A)) = {x ∈ X, (ρkf)(A)x ∈ D(ρ(A)−k)}
f(A) = ρ(A)−k(ρkf)(A).



266 L. Weis

One can show that f(A) is a well-defined closed operator and that the usual
properties of a holomorphic functional calculus hold. In particular we have the
algebraic properties

• If f, g ∈ Hα(Σσ) then D(f(A))∩D(g(A)) ⊂ D((f +g)(A)) and (f +g)(A)x =
f(A)x + g(A)x, x ∈ D(f(A)) ∩ D(g(A))

• If f ∈ Hα(Σσ), g ∈ Hβ(Σσ) then D(f(A)g(A)) = D((f ·g)(A))∩D(g(A)) and
(f · g)(A)x = f(A)[g(A)x] for x ∈ D(f(A)g(A))

and the important ‘convergence’ property
• If fn ∈ Hα(Σσ) with ‖fn‖Hα(Σσ) ≤ C and fn(λ) → f(λ) for λ ∈ Σσ, then for

all x ∈ D(Ak) ∩R(Ak) with k > α

lim
n→∞

fn(A)x = f(A)x.

With this calculus one defines for a sectorial operator fractional powers Aλ, λ ∈ C

simply as Az = fz(A), where fz(λ) = λz = ez log λ. We use the branch of the
logarithm analytic in C \ R−. Now one can prove in an efficient way most of their
properties presented in [58], including

• Az1+z2x = Az1Az2x for x ∈ D(Ak) ∩ R(Ak), k > |z1| + |z2|
• (Aα)z = Aαz if α ∈ R, |α| < π

ω(A)

and representation formulas such as

• Azx = sin(πz)
π

∫∞
0 tz−1(t + A)−1Axdt, x ∈ D(A), 0 < Re z < 1.

Traditionally such formulas are used as the definition of Az and the starting point
of the theory of fractional powers.

Step 3: A functional calculus is an important tool to obtain norm estimates
for operators f(A). Of course, for f ∈ H∞

0 (Σσ) we obtain from (2.2) the trivial
estimate

‖f(A)‖ ≤ C

∫
∂Σν

|f(λ)| |dλ|
|λ|

where C = 1
2π supλ∈Σν ‖λR(λ, A)‖. But if f belongs merely to the space H∞(Σσ)

of bounded holomorphic functions on Σσ then, since ‖R(λ, A)‖ ≈ 1
|λ| on ∂Σν ,

(2.2) turns into a singular integral which may or may not exist. A good example
is provided by the functions ft = λit, t ∈ R, which belong to H∞(Σσ), but it is
well known that the imaginary powers Ait = ft(A) of a sectorial operator are not
always bounded (cf. [58]). Therefore we say that A has a bounded H∞-functional
calculus for σ > ω(A), if there is a constant C such that

‖f(A)‖B(X) ≤ C‖f‖H∞(Σσ) = C sup
z∈Σσ

|f(z)|. (2.3)

In this case one can extend the map f ∈ H∞
0 (Σσ) → F (A) ∈ B(X) defined by

(2.2) to a bounded algebra homomorphism

f ∈ H∞(Σσ) → f(A) ∈ B(X).

By ωH∞(A) we denote the infimum over all angles σ for which (2.3) holds.
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We will see that in many situations sharp estimates require such a bounded
H∞-calculus.

Although there are sectorial operators without a bounded H∞-calculus even
in Hilbert space (cf. [72]), we will exhibit in Sections 3 and 7 large classes which
are of operators of interest in applications and do have a bounded H∞-calculus,
e.g., elliptic differential operators, Schrödinger operators and Stokes operators.

Note. This construction appeared first in [70] and [2]. For details and further
information we refer to [2], [20], [25], [61, Sections 9 and 15], [45], [48], [79]. In
these references it is also explained how to handle operators that are not injective.
For spectral mapping theorems for this calculus see [46].

A similar holomorphic functional calculus can be constructed for bisectorial
operators (replace Σσ by Σσ ∪ (−Σσ) in the definition of sectoriality (see [9], [2],
[28], [29])) and for operators A of strip type, i.e., σ(A) is contained in a strip
Sa = {λ : |Reλ| < a} and the spectrum is bounded outside of Sa. A good example
of such an operator is i log A for a sectorial operator A (see [13], [14], [47], [57]).

3. Examples for operators with a bounded H∞-functional calculus

For a sectorial operator A on Hilbert space, which is selfadjoint or normal, the H∞-
functional calculus is of course just a special case of the more powerful functional
calculus for bounded Borel functions. But if one considers A = −∆ on Lp(Rn)
for p �= 2 or A = a∆ with variable coefficients a ∈ L∞(Rn) on L2(Rn), purely
spectral theoretic methods do not seem to be sufficient any more. However for many
examples ideas from harmonic analysis will help to bound the singular integral

f(A) =
∫

∂Σν

f(λ)R(λ, A)dλ, f ∈ H∞(Σσ).

3.1. The Laplacian

Formally, A = −∆ is given on X = Lp(Rn) as a Fourier multiplier operator

−∆ = F−1MmF

where F denotes the Fourier transform and Mm is the pointwise multiplication
operator with m(u) = |u|2.

For f ∈ H∞
0 (Σσ), σ > 0, we have then f(Mm) = Mf◦m and f(−∆) corre-

sponds to the Fourier multiplier operator

f(−∆) = F−1Mf◦mF .

The boundedness of this operator on Lp(Rn) for 1 < p < ∞ can be established,
e.g., with the help of Marcinkiewicz’s multiplier theorem. For this we have to check
that for all multiindices α ≤ (1, . . . , 1) of order m and u ∈ Rn

|uα|
∣∣Dα[f(|u|2)]

∣∣ ≤ C |u|2m ∣∣f (m)(|u|2)
∣∣
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is uniformly bounded on Rn. Indeed, since f ∈ H∞(Σσ) we get from Cauchy’s
integral formula that

sup
t>0

∣∣tmf (m)(t)
∣∣ < ∞

and the claim follows.
If one considers −∆ on Lp(Rn, X), then −∆ has a bounded H∞-calculus on

this space if and only if 1 < p < ∞ and X is a UMD-space (see, e.g., [50], [61]).

3.2. Operators of diffusion type

Using more advanced methods from harmonic analysis (e.g., square function es-
timates) Stein showed (implicitly in Section IV.6 of [78]) that operators A such
that
a.) A is selfadjoint on L2(Rn)
b.) −A generates a positive contractive semigroup Tt on Lq(Rn), 1 ≤ q ≤ ∞
c.) Tt1 = 1, T ∗

t 1 = 1
have a bounded H∞-calculus on all Lp(Rn), 1 < p < ∞, with ωH∞(A) < π.
Cowling ([17]) gave a more direct proof of this fact, using the Coifman-Weiss
transference and eliminated assumption (iii). Duong ([33]) and Hieber and Prüss
([50]) made a big step forward by showing that A has a bounded H∞-calculus if
−A generates a positive contractive semigroup Tt on a general Lp(Ω, µ)-space for
one p ∈ (1,∞) at least for σ > π/2. Finally it was shown in [55], [80] (see also
[61]) that, if in addition Tt extends to an analytic semigroup bounded on a sector
Σω then ωH∞(A) < π/2. These results certainly cover all generators of stochastic
processes.

The H∞-calculus for ‘diffusions’ on non-commutative Lp-spaces was studied
recently in [52].

3.3. Operators with kernel bounds

Assume that A has a bounded H∞-calculus on L2(Ω, µ) where (Ω, d, µ) is Rn or,
more generally, a space of homogeneous type of dimension n with metric d. If Tt

is an integral operator with a kernel kt(u, v) satisfying a Gaussian estimate

|kt(u, v)| ≤ C(2πt)n/2e−|u−v|2/(bt), u, v ∈ Ω (3.1)

with constants C and b, or if the resolvent R(λ, A) satisfies more general Poisson
estimates, then it is possible to extrapolate A to an operator on Lp(Ω) with a
bounded H∞-calculus for all 1 < p < ∞. See [36] and [35], where variants of
Hörmander’s condition and the basic estimate of Calderon-Zygmund theory is
used. This approach was considerably improved in [12] by replacing the kernel
estimates (3.1) by weighted norm estimates. For fixed 1 ≤ p < 2 < q ≤ ∞ assume
that∥∥χB(u,t1/m)e

−tAχB(v,t1/m)

∥∥
Lp→Lq

≤ µ(B(x, t1/m)−(1/p−1/q)g
(d(u, v)

t1/m

)
(3.2)

for all t > 0, u, v ∈ Ω, where g : [0,∞) → [0,∞) is a non-increasing function that
decays faster than any polynomial. Then (3.2) implies that A induces consistent
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operators As on Ls(Ω, µ) for all s ∈ (p, q) with ωH∞(As) = ωH∞(A) = ω(A). This
result was the first in this area which could treat operators generating a semigroup
only on part of the Lp-scale.

3.4. Elliptic partial differential operators

The results of 3.2 and 3.3 cover already a large class of elliptic differential operators,
but there is also a more direct approach combining pseudodifferential techniques
and perturbation theorems. Consider systems of the form

(Ax)(u) =
∑

|α|≤2m

aα(Dαx)(u), u ∈ Ω ⊂ Rn (3.3)

where Dα = (−i ∂
∂x1

)α1 · · · (−i ∂
∂xn

)αn and the CN×N -valued symbol a(u, v) =∑
|α|=2m aα(u)vα is elliptic in the sense that for some ω ∈ [0,∞) and all u ∈ Rn,

|v| = 1

aα ∈ L∞(Ω), σ(a(u, v)) ⊂ Σω \ {0},
∥∥a(u, v)−1

∥∥ ≤ M.

For Ω = Rn and Hölder continuous coefficients proofs for the boundedness of
the H∞-calculus on Lp(Ω, Cn) of A were given in [4], [20], [54], for continuous
coefficients in [31] and for VMO-coefficients in [34] and [49]. For the most general
results on a region Ω with Hölder continuous coefficients and Lopatinskij-Shapiro
boundary conditions see [21] and [54] for a different approach.

For operators in divergence form, i.e., operators determined by a form

a(x, y) =
∫

Rn

∑
|α|=|β|=m

aαβ(∂αx)(∂βy)du (3.4)

where x, y ∈ Hm
2 (Rn), satisfying a sectoriality and an ellipticity condition

|Im a(x, x)| ≤ tan ψ Rea(x, x), Rea(x, x) ≥ δ
∥∥(−∆)m/2x

∥∥2

2

for x ∈ Hm
2 and some ψ ∈ [0, π/2] and δ > 0 we can apply 3.3 to obtain operators

on Lp(Rn) with a bounded H∞-calculus (cf. [32], [36], [35], [54]). We will come
back to elliptic operators in Sections 8 and 9.

3.5. Stokes operators

For a bounded domain Ω ⊂ Rn with a C1,1-boundary ∂Ω we denote by Pp the
Helmholtz projection of Lp(Ω)n onto the Helmholtz space Lp,σ(Ω)n for 1 < p < ∞.
The Stokes operator has then the form Ap = Pp∆ with Dirichlet boundary values.
The boundedness of the H∞-calculus of Ap is shown in [73] and [54] and based on
maximal regularity results in [40]. For earlier results on BIP for Stokes operators
see [42].
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3.6. L1 and C(K)-spaces

In the previous example we always encountered the restriction 1 < p < ∞. This is
no accident. In L1(Ω, µ) and C(K) there are no interesting examples of unbounded
operators with a bounded H∞-calculus, certainly no differential operators. E.g. the
Gaussian bound (3.1) which often guarantees the boundedness of the H∞-calculus
for Lp, 1 < p < ∞, excludes it in the L1-case. See [55], [51] and [59] for this and
more results in the same direction. This situation reflects the well-known fact that
singular integral operators are unbounded on L1(Rn) and Cb(Rn) spaces.

3.7. Besov spaces

If A is any sectorial operator on a Banach space X , then A induces sectorial
operators Aθ,q on all real interpolation spaces Xθ,q = (X,D(A))θ,q which have
always a bounded H∞-functional calculus (cf. [23], [24]). If X = Lp(Rn) and
D(A) = W 2,p(Rn), then Xθ,q are the Besov spaces Bs

pq with 1 ≤ p, q ≤ ∞ (see
[11]) and it follows that all differential operators considered in 3.4 induce operators
on Bs

pq(Rn) with a bounded H∞-calculus if only they are sectorial on Lp no matter
whether they have a bounded H∞-calculus on Lp(Rn). In contrast to 3.6 the cases
p = 1 and p = ∞ are not excluded.

4. Some applications of the H∞-functional calculus

We mentioned already in the context of fractional powers that the holomorphic
functional calculus is quite effective in reducing calculation with operator functions
to the corresponding calculations with holomorphic functions. By providing norm
estimates for operators f(A) it is also quite useful in establishing sharp estimates
in various analytic contexts. Here are some examples.

4.1. Identification of D(Aα)
If A has a bounded H∞-calculus it has bounded imaginary powers, and under this
assumption it was shown by Yagi ([82], [83], [61, Section 15]) that the domains of
fractional powers of A can be obtained by complex interpolation

D(Aα) = [X,D(A)]α, 0 < α < 1.

For many elliptic differential operators this means that D(Aα) can be identified
with a Sobolev space. For A = −∆ on Lp(Rn), 1 < p < ∞, we have, e.g., D(Aα) =
W 2α

p (Rn). Early results for more general differential operators are due to Seeley
[76]. Hence we obtain a useful connection between spectral theory and analysis,
which allows, e.g., to measure regularity of initial values or solutions of differential
equations.

4.2. Spectral projections

If we replace the sector Σω by bisectors Σb
ω = Σω ∪ (−Σω) with ω ∈ (0, π/2), then

we obtain the definition of bisectorial operators. It was pointed out in [9], that for
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such operators one can construct a functional calculus for functions holomorphic
on Σb

σ for σ > ω along the lines of Section 2.
If A is a bisectorial operator with a bounded H∞(Σb

ω)-functional calculus we
can define bounded spectral projections P+, P− with respect to the spectral sets
σ(A) ∩ Σω and σ(A) ∩ (−Σω), simply by

P± = p±(A), p+ = χΣω , p− = χΣb
ω
− p+.

As a consequence of the boundedness of P+ one can derive an important estimate
for the sectorial operator A2 (with ω(A2) ≤ 2ω):

‖Ax‖ ≈
∥∥∥(A2)1/2x

∥∥∥ for x ∈ D(A) = D((A2)1/2). (4.1)

This estimate is even equivalent to the boundedness of the spectral projection P+

as shown in [27] (see also [29]).

Example 4.1. Consider the operator A = i d
dz on Lp(R, X). Then A is bisecto-

rial since iA generates the translation group on Lp(R, X). Since A is a Fourier
multiplier with respect to the function m(t) = t we see that P+ has the form
P+ = 1

2 (I + iH), where H is the Hilbert transform on Lp(R, X). Hence the clas-
sical estimate ∥∥∥ d

dt
f
∥∥∥

Lp(R,X)
≈
∥∥∥(− d2

dt2

)1/2

f
∥∥∥

Lp(R,X)
(4.2)

holds if and only if H is bounded on Lp(R, X), i.e., if and only if 1 < p < ∞
and X is a UMD space. Of course, (4.2) also follows from the classical fact that
(− d2

dt2 )1/2 = H d
dt , but (4.1) also addresses more general Riesz transforms.

4.3. Kato’s square root problem

Much of the work of A. McIntosh and his collaborators was motivated by Kato’s
square root problem for forms. In applications many operators on a Hilbert space
H are given by a continuous, sesquilinear form a(·, ·) : V × V → C, which is
coercive with respect to H , i.e., V ↪→ H ↪→ V ′ and

Re a(u, u) ≥ c ‖u‖2
V , u ∈ V.

By the Lax-Milgram theorem a(·, ·) defines generators A and AV of bounded ana-
lytic semigroups on H and V ′, respectively, such that A is the part of AV in H . Now
Kato’s square root problem asks whether D(A1/2) = V . It is known since [71] that
this property is equivalent to the boundedness of the H∞-calculus of AV on V ′.

The H∞-calculus, the related square function estimates and above all deep
results from harmonic analysis on Carleson measures were instrumental in the
recent solution of Kato’s problem for second order differential operators on Rn:
it is shown in [6], [7], [10] that the operators A = −div(a∇) with uniformly el-
liptic measurable coefficients, defined by the form a(u, v) =

∫
(a∇u) · ∇v satisfy

‖
√

Af‖L2 ≈ ‖∇f‖L2
. For a more recent proof using the H∞-calculus of Dirac type

operators see [8].
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4.4. Operator sums

For the operator theoretical approach to evolution equations, as put forth in [19],
sharp estimates for sums of operators as in the following theorem are essential.

Theorem 4.2. Let A and B be resolvent commuting operators. Then for x ∈ D(A)∩
D(B)

‖Ax‖ + ‖Bx‖ ≤ C‖Ax + Bx‖ (4.3)

if either

a) (Dore-Venni [26]) A and B have bounded imaginary powers on a UMD-space
with ωBIP (A) + ωBIP (B) < π/2

or

b) (Kalton-Weis [55]) B has a bounded H∞-calculus and A is R-sectorial with
ωH∞(B) + ωR(A) < π/2.

The notion of R-sectoriality and ωR will be explained in Section 5. In a
Hilbert space R-sectoriality is the same as sectoriality.

Let us illustrate this statement by the maximal Lp regularity problem for the
Cauchy problem

y′(t) + A0y(t) = g(t), y(0) = 0 (4.4)

where A0 generates a bounded analytic semigroup on a Banach space X0. Maximal
Lp-regularity, 1 < p < ∞, requires that the solution y, belongs to W 1

p (R+, X0) if
g ∈ Lp(R+, X0) and∥∥∥ d

dt
y
∥∥∥

Lp(R+X0)
+ ‖A0y‖Lp(R+,X0) ≤ C‖g‖Lp(R+,X0). (4.5)

We put X = Lp(R+, X0). Let A be the extension (Ag)(t) = A0[g(t)] of A0 to X

and let B be the derivative d
dt on X = Lp(R+, X0). Now the maximal regularity

inequality (4.5) has taken the form (4.3). Hence a) gives the well-known result that
in a UMD-space BIP implies maximal regularity and b) gives the hard part of the
characterization in [81] of maximal regularity in terms of R-sectoriality. Indeed, if
X is a UMD-space then B has a bounded H∞-calculus with ωH∞(B) = π

2 (The
proof is similar to the one in Section 3.1, see [61, Section 10]). This example is taken
from [81], see also [26], [64], [3]. For sum theorems of non-commuting operators,
see [75].

For a stochastic evolution equation

dy(t) = A0y(t) dt + dW (t) (4.6)

with an X0-valued Wiener process W (t) the maximal regularity one can expect of
the solution y of (4.6) is that y ∈ L2([0, T ],D(A1/2)). It is shown in [22] that this
condition is essentially equivalent to the boundedness of the H∞-calculus of A.
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4.5. Rational approximation schemes

Let the rational function r be a stable approximation of order m to the exponential
function, i.e.,

a.) |r(z) − ez| ≤ C |z|m+1 as z → 0.
b.) |r(z)| ≤ 1 for Re z ≤ 0.

An example of particular interest in applications is the Crank-Nicolson scheme
defined by r(λ) = (1 + λ/2)(1 − λ/2)−1, which is of order 2.

If −A generates a bounded analytic semigroup and 0 ∈ ρ(A), then, in [63]
the following error estimate is derived∥∥∥r( t

n
A
)n

x − etAx
∥∥∥ ≤ C

tj

rj

∥∥Ajx
∥∥ (4.7)

for x ∈ D(Aj), t ∈ [0, 1] and 1 ≤ j ≤ m. If one assumes in addition that −A
has a bounded H∞-calculus (which we already know for most operators appearing
in applications according to Section 3), then one can avoid the rather technical
estimates for curve integrals of operator functions used in [63], and apply the norm
estimates of the H∞-calculus to prove (4.7) in a more straightforward manner even
if 0 ∈ σ(A). This is worked out together with some similar error estimates in [39].

4.6. Control theory

Consider a linear control problem

x′(t) + Ax(t) = Bu(t), x(0) = x0

y(t) = Cx(t)

where −A generates an analytic semigroup Tt on a Hilbert space X , C : D(A) → Y
is an observation operator and B a suitable control operator. If A has a bounded
H∞-calculus, then the admissibility of C, i.e., the inequality

‖CT (·)x‖ ≤ c‖x‖, x ∈ X

can be characterized in terms of the boundedness of the set {λ1/2C(λ+A)−1 : λ >
0} in B(X), i.e., in terms of the resolvent of A (cf. [69]). A ‘dual’ statement holds
for control operators. For extensions of such results to the Banach space setting,
see [44] and [43].

5. H∞-functional calculus for Hilbert space operators

We first discuss the theory of operators with a bounded H∞ functional calculus
in a Hilbert space, because here it is particularly elegant and well connected to
traditional topics such as contractions, normal operators and fractional powers.

Not every sectorial operator on a Hilbert space has a bounded H∞-calculus
(cf. [72]). However, there is a convenient criterium for the boundedness of the H∞-
calculus going back to Kato. A sectorial operator A on a Hilbert space H with
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scalar product (·, ·) is called ω-accretive if

σ(A) ⊂ Σω, (Ax, x) ∈ Σω for all x ∈ D(A). (5.1)

It is well known that accretive operators are precisely the operators determined by
closed sectorial sesquilinear forms (cf. [5]). In particular, elliptic operators in gra-
dient form are accretive. Furthermore, by the Lumer-Phillips theorem an operator
is accretive if and only if −A generates a contraction semigroup.

Such operators are not just examples of operators with a bounded H∞-
calculus; but conversely every operator on a Hilbert space with ωH∞(A) < π/2 is
similar to an accretive operator. This result is due to Le Merdy ([65], [66]).

Theorem 5.1. Let A be a sectorial operator on a Hilbert space H with ω(A) < π/2.
The following conditions are equivalent:
a.) A has a bounded H∞(Σσ) calculus for one (all) σ ∈ (ω(A), π).
b.) For one (all) ω ≥ ω(A) there is an equivalent scalar product (·, ·)ω on H so

that A is ω-accretive with respect to (·, ·)ω.
c.) For one (all) ω ∈ (ω(A), π/2) there is an equivalent Hilbert space norm ‖·‖ω

such that −A generates an analytic semigroup Tz with ‖Tz‖ω ≤ 1 for z ∈
Σπ/2−ω.

Note, that the equivalent norm in b) and c) has to be a Hilbert space norm.
Every bounded semigroup Tt is contractive with respect to the simple equivalent
norm |||x||| = supz∈Σσ

‖T (z)x‖, but this norm may not be given by a scalar
product.

There is a close connection with normal operators. We will see next that a
sectorial operator has a bounded H∞ calculus if and only if it has a dilation to a
normal operator. If ω(A) < π/2, this follows directly from 5.1 and the Sz.-Nagy
dilation theorem for contractions, the general case was observed in [41].

Theorem 5.2. A sectorial operator A on a Hilbert space H has a bounded H∞-
calculus if and only if for some (all) σ > ω(A) there is a normal operator N on a
Hilbert space G and an isomorphic embedding J : H → G such that

H
J−−−−→ G

f(A)

⏐⏐< ⏐⏐<f(N)

H
J−1◦P←−−−− G

, f ∈ H∞(Σσ)

commutes, where P : G → J(H) is the orthogonal projection.
If ω(A) < π/2, we can choose N as the generator of a unitary group and

Je−tA = Pe−tNJ for t > 0.

For many applications the following characterizations in terms of fractional
powers are important. (See [70] for the first condition and [9] for the second).

Theorem 5.3. The boundedness of the H∞-calculus of a sectorial operator A on a
Hilbert space H is equivalent to each of the following conditions
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a.) A has bounded imaginary powers Ait, t ∈ R, on H.
b.) For some (any) −∞ < α < β < ∞ and θ ∈ (0, 1) the complex interpolation

method gives

[D̃(Aα), D̃(Aβ)]θ = D̃(Aγ), γ = (1 − θ)α + θβ

with equivalent norms. Here D̃(Aα) denotes the completion of D(Aα) with
respect to |||x||| = ‖Aαx‖.

Square functions. For the proof of Theorem 5.3 McIntosh and Yagi [70], [72], [82]
introduced square functions ‖·‖ψ for a sectorial operator A and each ψ ∈ H∞

0 (Σσ)
with ψ �= 0 and σ > ω(A):

‖x‖ψ :=
( ∫ ∞

0

‖ψ(tA)‖2 dt

t

)1/2

. (5.2)

It is shown in [70] that A has a bounded H∞-calculus if and only if for one (all)
such ψ we have

‖x‖H ≈ ‖x‖ψ for x ∈ H. (5.3)

For ψ(λ) = λ1/2(1 − λ)−1 and a self-adjoint A, we have indeed∫ ∞

0

‖ψ(tA)x‖2 dt

t
=
∫ ∞

0

∥∥∥A1/2R(t, A)x
∥∥∥2

dt =
∫ ∞

0

(AR(t, A)2x, x) dt

= lim
a→0,b→∞

[(AR(t, A)x, x)]ba = (x, x) = ‖x‖2
.

Furthermore, if H = L2(R), A = −(−∆)1/2 and φ(λ) = λe−λ then (5.3) reduces
to a classical Paley-Littlewood g-function (see [78])(∫ ∞

0

∥∥∥t d

dt
Ptx

∥∥∥2 dt

t

)1/2

≈ ‖x‖L2

where Pt is the Poisson semigroup generated by A.
We indicate now how (5.3) is used in the proofs of the theorems. The suffi-

ciency of condition 5.3a) follows now from (5.3) and the estimate

‖f(A)x‖ψ ≤ C‖x‖φ, x ∈ H

where the constant C only depends on A and ψ, φ ∈ H∞
0 (Σσ), σ > ω(A).

The square functions (5.2) and estimate (5.3) are also instrumental in the
proof of Theorems 5.1 and 5.2. Note for example that for φ(λ) = λ1/2e−λ (5.2)
takes the form

‖x‖φ =
∫ ∞

0

∥∥A1/2Ttx
∥∥2

dt

and it is easily seen that Tt is contractive with respect to the norm ‖·‖φ.
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6. A randomization technique for the H∞-functional calculus

In this section we outline an extension of the square function method of Section 5
to the Banach space setting. With this tool one can generalize many of the Hilbert
space results of Section 5 to large classes of Banach spaces. This will be explained
in Sections 7 and 9.

We have seen in Section 5 that a square function estimate

‖x‖ ≈
(∫ ∞

0

‖ψ(tA)x‖2 dt

t

) 1
2
, ψ ∈ H∞

0 (6.1)

characterizes the boundedness of the H∞-functional calculus of a sectorial operator
on a Hilbert space X . This is not true for other Banach spaces such as Lq(Ω),
1 < q < ∞, even if we replace the exponent 2 by q. To find a good ‘replacement’
for (6.1) we reformulate (6.1), X still being a Hilbert space∫ ∞

0

‖ψ(tA)x‖2 dt

t
=
∑
k∈Z

∫ 2k+1

2k

‖ψ(tA)x‖2 dt

t

=
∫ 2

1

∑
k

‖ψ(2ktA)x‖2 dt

t
=
∫ 2

1

∥∥∥∑
k∈Z

εkψ(2ktA)x
∥∥∥2

L2(Ω,X)

dt

t

where εk is a sequence of independent symmetric, {−1, 1}-valued random variables
on Ω (e.g., formed by a Rademacher sequence rn(t) = sign[sin(2nπt)], n ∈ N, on
[0, 1]). We also used the fact that t → εkψ(2ktA)x is an orthogonal sequence in the
Hilbert space L2(Ω, X). So our candidates for a square function in general Banach
spaces X will be

‖x‖ψ =
(∫

Ω

∥∥∥∑
k∈Z

εk(ω)ψ(2kA)x
∥∥∥2

dω
)1/2

≈
∫

Ω

∥∥∥∑
k∈Z

εk(ω)ψ(2kA)x
∥∥∥ dω.

The equivalence of the two norms follows from Kahane’s inequality (e.g., [61,
Section 2]). To estimate such random series we need a related ‘boundedness’ notion.
We say that a set of operators τ ⊂ B(X) is R-bounded if there is a constant C,
such that for every choice of T1, . . . , Tn ∈ τ, x1, . . . , xn ∈ X and n ∈ N∥∥∥ n∑

j=1

εjTjxj

∥∥∥
L1(Ω,X)

≤ C
∥∥∥ n∑

j=1

εjxj

∥∥∥
L1(Ω,X)

. (6.2)

Notice, that for a Hilbert space X , norm boundedness of τ and R-boundedness are
the same since ‖ΣεjTjxj‖L1(Ω) ≈ (Σ‖Tjxj‖2)1/2. A little later we will interpret
(6.2) in Lq-spaces. For the properties of R-bounded sets, see [15] and [61, Section 2].

Finally we introduce two important classes of sectorial operators: a sectorial
operator is called R-sectorial (almost R-sectorial), if for some ω ∈ (0, π) the set
{λR(λ, A) : | argλ| > ω} (the set {λAR(λ, A)2 : | argλ| > ω)} is not just bounded,
but R-bounded. The infimum over all ω for which this is true is denoted by ωR(A)
(or ωr(A)). R-sectorial operators were introduced since the Cauchy problem y′ +
Ay = f (for given f ∈ Lp(R+, X) and y(0) = 0) has maximal Lp-regularity if and
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only if ωR(A) < π
2 ([81]). Almost R-sectoriality emerged as a basic property in

connection with the H∞-functional calculus in [54] and [57]. The following theorem
is from [54] and [57]:

Theorem 6.1. Let A be a sectorial operator on a Banach space X. For ψ ∈ H∞
0 (Σω)

with ψ �= 0 and ω > ω(A) consider the conditions

i) A has a bounded H∞(Σσ) calculus.
ii) A is almost R-sectorial with ωr(A) ≤ ω and ‖ · ‖ψ is equivalent to the norm

on X.

Then i) ⇒ ii) if ω > σ and ii) ⇒ i) if σ > ω. Furthermore, we have ωH∞(A) =
ωr(A).

Note that we can choose any ψ ∈ H∞
0 (Σω) in this statement, although the

most common choices are ψ(λ) = λs(1 − λ)−t with 0 < s < t or ψ(λ) = λαe−λ if
α > 0 and ω(A) < π

2 . The proof is based on the fact for every almost R-bounded
operator A, ω > ωr(A), and non-zero φ, ψ ∈ H∞

0 (Σω), there is a constant C such
that for all σ > ω and f ∈ H∞(Σσ)

‖f(A)x‖ψ ≤ C‖x‖φ, x ∈ X

(cf. [54]; for earlier similar statements in Hilbert- and Lp-spaces, see [70], [67]).
We remark that counterexamples by N. Kalton in [53] and [57] show that, even
for subspaces of Lp-spaces, one does not have ω(A) = ωH∞(A). This answers a
question in [18].

Example 6.2. If X is an Lq-space then for xk ∈ X∫
Ω

∥∥∥∑
k

εk(ω)xk

∥∥∥dω ≈
∥∥∥(∑

k

|xk(·)|2
) 1

2

∥∥∥
Lq(Ω)

.

This follows from inequalities of Kahane and Khinchine, (see, e.g., [61, Section 2]).
Condition (6.2) for R-boundedness reads now as follows∥∥∥(∑

k

|Tkxk|2
) 1

2

∥∥∥
Lq

≤ C
∥∥∥(∑

k

|xk|2
) 1

2

∥∥∥
Lq

.

Such square function estimates are quite common in harmonic analysis (see, e.g.,
[78, Section 2]). If A = −∆, then the equivalence ‖x‖ψ ≈ ‖x‖ also takes on a
familiar form: choose φ ∈ C∞(R) with φ ≥ 0, supp φ ⊂ [14 , 2) and

∑
k∈Z

φ(2kt) = 1
for t > 0. Put ψ(λ) =

∫
eiλtφ(t)dt for | argλ| < π

2 . Then ψ ∈ H∞(Σω) for ω < π
2

and we try to express ψ(2kA) as a convolution operator. As in example 3.1 we
have

ψ(2kA)x = F−1Mψ(2k|t|2)Fx = φk ∗ x
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where φk is defined by φk = φ̌0(2k/2·) with φ0(t) = φ(|t|2) for t ∈ Rn. Hence

‖x‖ψ =
(∫ ∥∥∥∑

k

εk(ω)ψ(2kA)x
∥∥∥

X
dω

)1/2

≈
∥∥∥(∑

k

|ψ(2kA)x|2
) 1

2

∥∥∥
Lq

=
∥∥∥(∑

k

|φk ∗ x|2
) 1

2

∥∥∥
Lq

≈ ‖x‖Lq

by the Paley-Littlewood decomposition of Lq(R) with respect to the ‘partition of
unity’ φ̂k. So for A = −∆ the ‘square function’ ‖ · ‖ψ corresponds to the Paley-
Littlewood decomposition and we may regard the equivalence ‖x‖ ≈ ‖x‖ψ of
Theorem 6.1. as a generalized form of the Paley-Littlewood decomposition for a
sectorial operator with a bounded H∞-calculus.

In the light of Section 3 the next result (from [55]) gives us many examples
of R-bounded sets and R-sectorial operators.

Theorem 6.3. Let X be a subspace of a space Lq(Ω) with 1 ≤ q < ∞ (or more
generally, let X have Pisier’s property (α)). If X has a bounded H∞-calculus, then
for σ > ωH∞(A) we have that

{f(A) : f ∈ H∞(Σσ), ‖f‖∞ ≤ 1}
is R-bounded.

In particular, boundedness of the H∞-calculus of A implies that A is R-
sectorial with angle ωH∞(A) (For UMD this was shown in [16] and for spaces X
with the weaker property ∆ in [55]).

Note. We mention two more conditions that characterize the boundedness of the
H∞-functional calculus of a sectorial operator A. They are

• For ψ(λ) = λs(1 − λ) with 0 < s < 1

sup
N

sup
δk=±1

sup
t>0

∥∥∥∑
k

δkψ(e±iω2kA)
∥∥∥ < ∞

(see [55]).
• The functions t ∈ R+ → AR(te±iω , A)x are weakly of bounded variation,

i.e., there is a constant C < ∞ such that for all x ∈ X and x∗ ∈ X∗∫ ∞

0

|〈AR(te±iω , A)2x, x∗〉|dt ≤ C‖x‖‖x∗‖

(see [14] and [18]).

7. Characterization by dilations and imaginary powers

Dilation theorems have been among the early tools for proving the boundedness of
the H∞-functional calculus. E.g. accretive operators on Hilbert spaces were first
treated with the help of the Sz.-Nagy dilation theorem for contractions. The result
for positive contractive semigroups etA on Lq(Rn) in Section 3.2 follows from the
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existence of a dilation of e−tA to a positive contractive group on a (larger) Lq-
space (cf. [38]), the boundedness of the H∞-calculus of a bounded group on an
Lq-space ([50]) and from ωH∞(A) = ωR(A) < π/2. The last equality is again shown
by combining Fendler’s dilation result with Theorem 6.1 (cf. [55]). It is therefore
of interest to explore in which Banach spaces other then the Hilbert spaces (see
Section 5) dilations characterize the boundedness of the H∞-calculus.

Theorem 7.1. Let A be a sectorial operator with ωr(A) < π/2 on a UMD-space
X and Tt the semigroup generated by −A. Then A has a bounded H∞-calculus
with ωH∞(A) < π/2 if and only if there is a bounded group Ut on L2(R, X), an
isomorphic embedding J : X → L2(R, X) and a projection P : L2(X) → J(X)
such that

X
J−−−−→ L2(X)

Tt

⏐⏐< ⏐⏐<Ut

X
J−1◦P←−−−− L2(X)

commutes for t > 0.

If X is a space Lq(Ω) with 1 < q < ∞, then L2(R, X) can be replaced in this
statement by another Lq(Ω′) space.

One direction follows essentially from the fact that a bounded group on a
UMD-space has a bounded H∞-calculus (cf. [50]). The construction of the dilation
uses a square function technique similar to the one discussed in Section 6 (see [41]).
There is also an analogue of Theorem 5.2 for a larger class of Banach spaces, in
particular subspaces of Lq(Ω) for 1 ≤ q < ∞.

To formulate our theorem we need a substitute for normal operators on
Hilbert spaces. We call a sectorial operator N on a Banach space X ω-spectral,
if there is a bounded algebra homomorphism from the bounded Borel functions
Bb(∂Σω) to the bounded operators on X

f ∈ Bb(∂Σω) → f(A) ∈ B(X)

which extends to H∞-functional calculus and has the convergence property

• If ‖fn‖∞ ≤ C and fn(λ) → f(λ) for all λ ∈ ∂Σω then fn(A)x → f(A)x for
all x ∈ X .

For ω = π/2, ω-spectral operators are precisely the operators of scalar type (see,
e.g., [30, Section XVIII Thm. 11]) ω-spectral operators have the same spectral
theory as normal operators, but they are rare in non-Hilbert spaces because of
the general lack of spectral projections in Banach spaces. However, in [41] the
following result is shown

Theorem 7.2. A sectorial operator on a uniformly convex Banach space X has a
bounded H∞-calculus if and only if there is a ω-spectral operator N on another
Banach space Y , an isomorphic embedding J : X → Y and a bounded projection
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P : Y → J(X) such that

X
J−−−−→ L2(X)

f(A)

⏐⏐< ⏐⏐<f(N)

X
J−1◦P←−−−− Y

f ∈ H∞(Σσ)

commutes. If ωr(A) < π/2, then we can choose N as a π/2-spectral operator which
generates a bounded group with e−tA = (J−1 ◦ P )e−tNJ for t > 0.

We have seen in Section 5 that in a Hilbert space bounded imaginary powers
imply the boundedness of the H∞-calculus. This is not true anymore in general
Banach spaces.

Example 7.3. Let X = Lp(R) and A be the unbounded Fourier multiplier operator
Ax = F−1[mx̂] with m(t) = et and maximal domain in X . Then Aisx = F−1[asx̂]
with as(t) = eist, i.e., Ais is the translation group on Lp(R). However, it is shown
in [18] that A does not have a bounded H∞-calculus for p �= 2.

The next theorem from [57] explains, what additional property the operators
Ait must have, so that the H∞-calculus of A will be bounded.

Theorem 7.4. Let A be a sectorial operator on a uniformly convex Banach space
X. If for some T > 0 the set {Ait : −T < t < T } is R-bounded, then A has a
bounded H∞-calculus. If X is a subspace of a space Lq(Ω) with 1 < q < ∞, then
the converse is true.

If the operators Ait are bounded they form a group with generator N =
i log A. N is an operator of strip type, i.e., σ(A) ⊂ Sa = {λ ∈ C : |Re λ| < a}
and R(λ, N) is bounded outside of Sa. For such operators one can construct an
H∞(Sb)-calculus along the lines of Section 2 (see [13], [47]) and prove a version of
7.4 for general C0-groups of operators (see [56], [57]), which generalizes a Hilbert
space result of [13].

Theorem 7.5. Let N be an operator of strip type on a uniformly convex Banach
space. If N generates a C0-semigroup on X such that {Tt : −T < t < T } is R-
bounded for some T > 0, then N has a bounded H∞(Sa)-calculus for some a > 0.
If X is a subspace of an Lp(Ω, µ)-space with 1 < p < ∞, then the converse is true.

Of particular interest is the case of bounded groups: here we obtain an ex-
tension of Stone’s theorem to the Banach space setting (see [56], [57]).

Corollary 7.6. Let N be an operator of strip type on a uniformly convex Banach
space X. If N generates a C0-group with {Tt : t ∈ R} R-bounded, then N is π/2-
spectral. The converse is true, e.g., for subspaces of Lp(µ)-space with 1 < p < ∞.

It is well known that N = d
dx is not a spectral operator on Lp(R) for p �= 2.

This corresponds to the well-known fact that the translation semigroup on Lp(R)
is not R-bounded for p �= 2.
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Note. The Theorems 7.3, 7.4, 7.5 and Corollary 7.6 are shown in [56], [57] for
larger classes of spaces. E.g. instead of uniformly convex Banach spaces we can
consider spaces of finite cotype. In the reverse implication, subspaces of Lp(Ω) can
be replaced by spaces with Pisier’s property (α). Furthermore, the use of square
functions allows to prove more precise, equivalent statements.

8. Perturbation theorem for the H∞-calculus

There are three basic perturbation results for a sectorial operator A and a bounded
operator B : D(A) → X usually formulated for generators of analytic semigroups,
(see, e.g., [74], [37])

i) For a constant C (depending on A) such that for small perturbations B with

‖Bx‖ ≤ C‖Ax‖, x ∈ D(A) (8.1)

the operator A + B with D(A + B) = D(A) is again sectorial.
ii) If B : D(A) → X is a compact perturbation, then there is a λ > 0 (depending

on A and B) such that λ + A + B is a sectorial operator.
iii) If 0 ∈ ρ(A) and B is a lower order perturbation, i.e., B : D(Aα) → X is

bounded for some α ∈ (0, 1), then there is a λ > 0 such that λ + A + B is a
sectorial operator.

These results extend to R-sectorial operators and these perturbation results ac-
count for some of the usefulness of R-boundedness in establishing maximal regu-
larity. But for the boundedness of the H∞-calculus only a statement of the type
iii) holds (cf. [4], see also [61], Section 13).

Proposition 8.1. Let A have a bounded H∞-calculus on X and assume that 0 ∈
ρ(A). Let δ ∈ (0, 1) and suppose that B is a linear operator in X satisfying D(B) ⊃
D(A) and

‖Bx‖ ≤ C‖Aδx‖, x ∈ D(A)
then λ + A + B has a bounded H∞-calculus for λ ≥ 0 sufficiently large.

Perturbation theorems of type i) or ii) fail for the H∞-calculus in general
(cf. [72]) and this accounts for much of the difficulties one encounters in proving
the boundedness of the H∞-calculus for differential operators. What assumptions
do we have to add to (8.1) or the compactness of B to obtain valid perturbation
theorems? Before we answer this question we discuss a result from [54] which shows
that the information on the H∞-calculus is ‘encoded’ in the fractional domain
spaces of a sectorial operator.

Theorem 8.2. Suppose that A admits a bounded H∞(Σσ) calculus on a Banach X
and B is an almost sectorial operator on X with ωr(B) < σ. Assume that for two
different u1, u2 ∈ R \ {0} we have for j = 1, 2

D(Aui) = D(Bui) and ‖Auix‖ ≈ ‖Buix‖ for x ∈ D(Aui) (8.2)

then B has a bounded H∞(Σν)-calculus for ν > σ.
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Remark 8.3. If u is negative, condition (8.2) amounts to a range condition of
the kind R(Av) = R(Bv) with v = −u > 0. For reflexive spaces X this can be
rephrased by domain conditions on A∗ and B∗, i.e., D((A∗)v) = D((A∗)v). Indeed,
for a reflexive space we have

‖B−vx‖ ≤ C‖A−vx‖ for x ∈ D(A−v)

⇔ ‖(A∗)vx∗‖ ≤ C‖(Bα)vx∗‖ for x∗ ∈ D((B∗)v).
(8.3)

For a Hilbert space X the case D(A) ≈ D(B) and D(A∗) ≈ D(B∗) is already
contained in [9] and motivated the result above.

Examples 8.4. Theorem 8.2 allows to ‘transfer’ the boundedness of the H∞-
calculus from a ‘simple’ operator, such as A = −∆ on X = Lp(Rn) (see 3.1)
to a more ‘complicated’ operator B, such as an elliptic differential operator as in
(3.3) of Section 3.4. Indeed, if B has constant coefficients, or coefficients smooth
enough (e.g., aλ ∈ CN

b (Rn)) so that D(B) = D(A) = Ḣ2m
p (Rn) and D(B′) =

D(A′) = H2m
q (Rn), 1/p+1/q, with equivalent norms then 8.2. applies with u1 = 1

and u2 = −1.

Another consequence of Theorem 8.2. concerns operators A and B, where A
has a bounded H∞-calculus and B has bounded imaginary powers. Since in this
case can apply 4.1. to both operators, we need (8.2) only for one u �= 0, e.g., u = 1,
to conclude that B has a bounded H∞-calculus.

We want to give an indication how Theorem 8.2 follows from the characteri-
zation of the boundedness of the H∞-calculus in Section 5.

Notation 8.5. For a sectorial operator A we denote by Ẋα the completion D(Aα)
with respect to the norm ‖x‖α = ‖Aαx‖. Note that they agree with the usual
‘Sobolev towers’ Xα of A as defined, e.g., in [37] only when 0 ∈ ρ(A). Also ‖ · ‖1

only equals the graph norm if 0 ∈ ρ(A). For A = −∆ on Lp(Rn), the spaces Ẋα

are the Riesz potential spaces Ḣ2α
p (Rn), whereas for A = I − ∆ the spaces Xα

agree with the Bessel potential spaces H2α
p (Rn) (cf. [77]). If we want to emphasize

the underlying operator A we write Ẋα = Ẋα,A

In addition define operators Ȧα on Ẋα as follows. Since Aα : D(Aα) → R(Aα)
extends to an isomorphism Ãα : Xα → X we can define a sectorial operator
Ȧα = (Ãα)−1AÃα on Ẋα similar to A, whose resolvent can be obtained as the
extension of R(λ, A) from the invariant subspace D(Aα) to its completion Ẋα.

Proof of Theorem 8.2 (Sketch). Let us assume for simplicity that u1 = u, u2 = −u
for some 0 < u < 1 and that S = BuA−u, T = B−uAu extend to bounded
operators on X . We will use the square functions ρr,s(λ) = λr(1 − λ)−s with
0 < r < s so that

ρr,s(λ−1A) = λs−rArR(λ, A)s.

To compare ρr,s(λ−1A) and ρr,s(λ−1B) we start from the resolvent equation

R(λ, B) = R(λ, A) + R(λ, B)BR(λ, A) − R(λ, B)AR(λ, A)
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choose v ∈ (u, 1) and multiply with λ2−vBvR(λ, B). Then

λ2−vBvR(λ, B)2 = [λ1−v+uBv−uR(λ, B)]S[λ1−uAuR(λ, A)]

+ [λ1−v+uB1+v−uR(λ, B)2]S[λ1−uAuR(λ, A)]

− [λ2−u−vBu+vR(λ, B)2]T [λuA1−uR(λ, A)]
or

ρv,2(
1
λ

B) = ρv−u,1(
1
λ

B)Sρu,1(
1
λ

A)

+ ρ1+v−u,2(
1
λ

B)Sρu,1(
1
λ

A) + ρu+v,2(
1
λ

B)Tρ1−u,1(
1
λ

A).

Since B is almost R-bounded one can show that the sets {ρr,s(tB) : t ∈ R+} are
R-bounded for 0 < r < s. Hence with the norm

‖x‖B,ρr,s
=
∥∥∥∑

k∈Z

εk(·)ρr,s(2kB)x
∥∥∥

L2(Ω,X)

defined as in the beginning of Section 6 we find that

‖x‖B,ρv,2 ≤ C1‖x‖A,ρu,1 + C2‖x‖A;ρ1−u,1 .

Since we can exchange A and B in this argument, the claim of 8.2. follows now
from 6.1. and (5.3) of Section 6. �

With a similar technique one can examine the question: when do the frac-
tional domain and range spaces of two sectorial operators A and B coincide,
i.e., when do we have for some α0, β0 ∈ (0, 1) and all 0 < α ≤ α0, 0 < β ≤ β0

D(Aα) = D(Bα), ‖Aαx‖ ≈ ‖Bαx‖ for x ∈ D(Aα)

R(Aβ) = R(Bβ), ‖A−βx‖ ≈ ‖B−βx‖ for x ∈ R(Aβ)

D((A∗)β) = D((B∗)β), ‖(A∗)βx‖ ≈ ‖(B∗)βx∗‖ for x∗ ∈ D((A∗)β).

(8.4)

The following theorem is of particular interest if Xα,A is a familiar scale of
Sobolev spaces, e.g., if X = Lp(Rn) and A = −∆. Then (8.4) can be characterized
by comparison of A and B on the Sobolev scale.

Theorem 8.6. Let A have a bounded H∞-calculus on a reflexive Banach space X
and let B be a R-sectorial operator on X. Assume also that 0 ∈ ρ(A) ∩ ρ(B) and
D(B) ⊂ D(Aα). Then for α0, β0 ∈ (0, 1) with α0 + β0 > 1, (8.4) holds if and only
if for every ρ ∈ (1 − α0, β0) there is an operator B̃ on X−ρ,A, whose resolvent is
consistent with R(λ, B) for λ < 0, such that

D(Ȧ−ρ) = D(B̃), ‖B̃x‖X−ρ,A ≈ ‖Ȧ−ρx‖X−ρ,A for x ∈ D(Ȧ−ρ).

In particular B has a H∞-calculus with ωH∞(B) ≤ min(ωH∞(A), ωr(B)).

Theorem 8.4 is a special case of Theorem 5.8 in [54] where 0 ∈ σ(A) ∪ σ(B)
is allowed and further equivalent conditions are given. It is motivated by a similar
result of Yagi [82] in the Hilbert space case.
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Example 8.7. Let A = −∆ on X = Lp(Rn), 1 < p < ∞, and let B an elliptic
differential operator with Hölder continuous coefficients. The method used in [60]
to prove R-sectoriality for B on Lp(Rn) works also on part of the negative Sobolev
scale W s

p (Rn), and an appeal to 8.3 gives the boundedness of the H∞-calculus for
B. Alternatively one can use perturbation results as in [4].

Now we turn to perturbation results of the type (ii) or (iii) involving ‘small-
ness’ of the perturbation or compactness. Our results so far indicate that if we add
to (8.1) a second relative boundedness on a fractional domain we may obtain a
valid perturbation theorem for the H∞-calculus. The next statement is from [54,
Section 6]; the case 0 < δ < 1 was shown independently in [21].

Theorem 8.8. Let A be an R-sectorial operator on a Banach space X with a
bounded H∞(Σσ) calculus. Let 0 < |δ| < 1 and assume that K is a linear op-
erator with D(A) ⊂ D(K), R(K) ⊂ R(Aδ)

‖Kx‖ ≤ C0‖Ax‖ for x ∈ D(A)

‖Kx‖XA,δ
≤ C1‖Ax‖XA,δ

for x ∈ D(Aδ).

If C0 is sufficiently small and C1 is finite, then A+K with D(A+K) = D(A) has
a bounded H∞-calculus with ωH∞(A + K) ≤ σ.

Even one relative bound on a fractional domain is enough if one considers the
perturbation K not as a map K : D(A) → X but rather as map in the fractional
scale K : D(Aα) → D(Aα−1) for some α ∈ (0, 1). However then it becomes more
difficult to determine the domain of the perturbed operator.

Theorem 8.9. Let A be an R-sectorial operator on a Banach space X with a
bounded H∞-calculus. Let δ ∈ (0, 1) and assume that K : Xδ → Xδ−1 is a bounded
linear operator. If ‖K‖ is small enough then there exists a unique sectorial opera-
tor C in X whose resolvents are consistent with those of Ȧδ−1 + K on Ẋδ−1 and
ωH∞(C) ≤ ωH∞(A).

If X is reflexive then the condition ‖K‖Ẋδ→Ẋδ−1
≤ C can also be expressed

as follows

|〈Kx, x∗〉| ≤ C‖Aδx‖ · ‖(A∗)1−δx∗‖ for x ∈ D(Aδ), x∗ ∈ D((A∗)1−δ). (8.5)

This condition is in the spirit of form perturbation theorems on Hilbert spaces,
and indeed it can be applied to Schrödinger operators.

Example 8.10. Let X = Lp(Rn) and V : Rn → C a potential of the Kato class. By
definition this means that ‖ |V |(λ − ∆)−1‖L1→L1 → 0 for λ → ∞. By duality and
interpolation one can show that

‖(λ − ∆)−1/p′
V (λ − ∆)−1/p‖Lp→Lp → 0 for λ → ∞. (8.6)

Hence, if Aλ = λ − ∆ and K is the multiplication operator with V , then (8.6)
implies that the norm of K : X 1

p ,Aλ
→ X 1

p−1,Aλ
is small if λ is large, where

Xα,Aλ
≈ H2α

p (Rn). It follows from 8.6 that the Schrödinger operator −∆ + V + µ
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has a bounded H∞-calculus on Hβ
p (Rn) for all β ∈ (− 2

p∗ , 2
p ) and µ sufficiently

large.

Finally we address the question of how we have to strengthen the compactness
assumption in perturbation statement ii) to obtain a perturbation result for the
H∞-calculus.

Recall that the approximation numbers an(T ) of a bounded operator T : Y →
X are defined by

an(T ) = inf{‖T − S‖Y →X : S ∈ B(Y, X), dim R(S) < n}.
If X has the approximation property, then T is compact if and only if an(T ) → 0
for n → ∞. We will have to require that an(T ) goes to zero fast enough.

Theorem 8.11 ([57]). Let A have a bounded H∞-calculus on a Banach space X,
that does not contain a complemented copy of c0 (i.e., X is reflexive). Let K :
D(A) → X be compact and let an = an(T : X1 → X). If in addition

∞∑
n=1

an

n
(1 + lnn) < ∞, (8.7)

then A + B has a bounded H∞-calculus.

If X is a Hilbert space, (8.7) can be weakened to
∑∞

n=1
an

n < ∞. In particular,
if K belongs to one of the Schatten classes Sp(X1, X), then the perturbation
theorem applies.

9. H∞-functional calculus and interpolation

We have seen in 5.3 (cf. [9]) that a sectorial operator on a Hilbert space has a
bounded H∞-calculus if and only if we have for the complex interpolation method

Ẋγ ≈ [Ẋα, Ẋβ ]θ, where γ = (1 − θ)α + θβ (9.1)

for some α < β and θ ∈ (0, 1). This does not generalize to Banach spaces, since,
as mentioned in 4.1, we only need bounded imaginary powers to obtain (9.1). It
is also known, that (9.1) does not hold for the real interpolation method, for all
sectorial operators on Lp(Ω), 1 < p < ∞, whose resolvents are dominated by
integral operators (cf. [59]). Therefore we have to consider a new interpolation
method which is well suited for the Rademacher averages appearing in the square
functions of Section 6 and in Theorem 6.1. This method will allow us to give
further criteria for the boundedness of the H∞-calculus.

Definition 9.1. Let (Y0, Y1) be an interpolation couple. For every θ ∈ (0, 1) the
Rademacher interpolation space 〈Y0, Y1〉θ consists of all y ∈ Y0 + Y1 which can be
represented as a sum

y =
∞∑

k=−∞
yk, yk ∈ Y0 ∩ Y1 (9.2)
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convergent in Y0 + Y1 such that for j ∈ {0, 1}

Cj(yk) = sup
N

∥∥∥ N∑
k=−N

εk2(j−θ)kyk

∥∥∥
L1(Yj)

< ∞.

The norm of 〈Y0, Y1〉θ is given by

‖y‖θ = inf max
j=0,1

Cj(yk)

where the infimum is taken over all representations (9.2) of y.

The Rademacher interpolation method is introduced and studied in [54] and
[57]. Here we just mention two facts:

• 〈Lp0 , Lp1〉θ = Lp for 1 ≤ p0 < p1 < ∞ and 1
p = 1−θ

p0
+ θ

p1
.

• For an interpolation couple (X, Y ), where X and Y are uniformly convex
Banach spaces, we have 〈X, Y 〉∗θ = 〈X∗, Y ∗〉θ.

The next two theorems are special cases of results in [54, Section 7] where more
general Banach spaces are considered.

Theorem 9.2. Let A be an almost R-sectorial operator on a uniformly convex
Banach space. Then A has a bounded H∞-calculus if and only if for some (all)
α < β and θ ∈ (0, 1) we have Ẋγ ≈ 〈Ẋα, Ẋβ〉θ, where γ = (1 − θ)α + θβ.

There is an analogue to Dore’s result ([23], [24]) for the real interpolation
method, which was mentioned in 3.7.

Theorem 9.3. Let A be an almost R-sectorial operator on a uniformly convex
Banach space. For α < β and θ ∈ (0, 1) we have that A has an H∞-calculus on
〈Ẋα, Ẋβ〉θ for σ > ωr(A).

Example 9.4. Let A be an elliptic operator of order 2m on Lp(Rn) which is almost
R-sectorial and satisfies X1 ≈ W 2m

p (Rn). Since D(∆m) ≈ W 2m
p (Rn) and ∆ has a

bounded H∞-calculus we have

〈Lp, W
2m
p 〉θ ≈ [Lp, W

2m
p ]θ ≈ W 2mθ

p .

Hence, by 9.3 we obtain operators Ã on W s
p (Rn) for s ∈ (0, 2m) which are consis-

tent with A and have a bounded H∞-calculus without assuming (or proving) that
D(Aθ) = W 2mθ

p .

In Section 8 we showed that one can transfer the boundedness of the H∞-
calculus of an operator A to an almost R-sectorial operator B if D(Auj ) = D(Buj )
with equivalent norms for two different u1, u2 ∈ R \ {0}. With the help of the
Rademacher interpolation method one can weaken this criterion for operators A
that are defined on an interpolation scale, e.g., consisting of Lp-spaces, Hardy
spaces, Sobolev spaces or Helmholtz spaces. Then it is possible to check the two
conditions for u1 and u2 in different spaces of the scale, and it may simplify things
if one of these spaces can be chosen to be a Hilbert space. Furthermore, one can
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allow that B is not defined on the same space as A but rather on a complemented
subspace of X .

Theorem 9.5 ([54]). Let (X0, X1) be an interpolation couple of uniformly convex
Banach spaces with complemented subspaces (Y0, Y1) and associated projections
P0, P1 compatible with the interpolation couple. Assume that A has a bounded
H∞-calculus on X0 and X1 and B is almost R-sectorial on Y0 and Y1. If there
are α < 0 < β such that

P0((X0)·α,A) = (Y0)·α,B , P1((X1)·β,A) = (Y1)·β,B (9.3)

then B has a bounded H∞-calculus on all complex interpolation spaces Yθ =
[Y0, Y1]θ.

To be precise we recall that a bounded operator A is consistent for (X0, X1) if
there are A1 ∈ B(X1) and A2 ∈ B(X0) so that A1x = A2x for x ∈ X0∩X1. If A is
sectorial, we require sectorial operators Aj on Xj such that R(λ, Aj) are compatible
for λ < 0. In (9.3) we mean that Pj : Xj → Yj restricted to Xj ∩ Ẋγ,A = D(Aγ)
has a continuous extension P̃ : Ẋγ,A → Ẏγ,B which is surjective.

We illustrate 9.4 by an application to Stokes operators ([54, Section 10.e]).

Example 9.6. Let Ω be a bounded domain in Rn with a C1,1-boundary ∂Ω. For
p ∈ (1,∞) we put Xp = Lp(Ω)n and denote by Yp the Helmholtz space Lp,σ(Ω)n.
Ap denotes the Dirichlet Laplacian −∆D on Xp and Bp denotes the Stokes operator
PpAp on Yp, where Pp is the Helmholtz projection of Xp onto Yp. One can show
that Pp extends to a projection from X−1,Ap onto Y−1,Bp for all 1 < p < ∞
(α = −1), but also to a projection from Xs,Ap onto Ys,Bp for s ∈ (0, 1/4) if p = 2.
Since it is also known ([40]) that Bp is R-sectorial on Yp for 1 < p < ∞, Theorem
9.5 implies that Bp has a bounded H∞-calculus on Yp for 1 < p < ∞.

10. Joint functional calculus and operator sums

In this section we discuss the boundedness of the joint functional calculus of com-
muting sectorial operators and its applications to sums of commuting sectorial op-
erators. However, to have a convenient tool in hand, we first extend the functional
calculus to holomorphic operator-valued functions. The idea of such a calculus
goes back to [1] in the Hilbert space setting. The following general formulation is
from [55].

Given a sectorial operator A on X , we denote by A the subalgebra of B(X)
of all bounded operators, that commute with resolvents of A. Then we denote by
RH∞(Σσ,A) the space of all bounded analytic functions F : Σσ → A with the
additional property that the range {F (λ) : λ ∈ Σσ} is R-bounded in B(X). The
norm for an element F ∈ RH∞(Σσ,A) is given by

‖F‖ = R({F (λ) : λ ∈ Σσ}).
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By RH∞
0 (Σσ,A) we denote elements of RH∞(Σσ,A) which are dominated in op-

erator norm by a multiple of |λ|ε (1+ |λ|)−2ε for some ε > 0. For F ∈ RH∞
0 (Σσ,A)

the integral

F (A) =
1

2πi

∫
∂Σν

F (λ)R(λ, A) dλ (10.1)

exists as a Bochner integral for ω(A) < ν < σ. We show now that (10.1) can be
extended to a bounded functional calculus on RH∞(Σσ,A), if A has a bounded
H∞-calculus.

Theorem 10.1. Assume that A has a bounded H∞(Σσ′)-calculus. Then for all σ >
σ′ there is a bounded algebra homomorphism F ∈ RH∞

0 (Σσ,A) → F (A) ∈ B(X)
with (10.1) for F ∈ RH∞

0 (Σσ,A) and the following convergence property:

If (Fn) is a bounded sequence in RH∞(Σσ,A) and Fn(λ)x → F (λ)x for
some F ∈ RH∞(Σσ,A) and all λ ∈ Σσ and x ∈ X, then Fn(A)x →
F (A)x for all x ∈ X as n → ∞.

Furthermore, if X is a subspace of an Lp(Ω)-space with 1 ≤ p < ∞ or, more
generally, if X has Pisier’s property (α), then for an R-bounded set τ ⊂ B(X)
the set

{F (A) : F ∈ RH∞(Σσ,A) with F (λ) ∈ τ for λ ∈ Σσ} (10.2)

is R-bounded.
One consequence of Theorem 10.1 is Theorem 4.2 on operator sums. Indeed,

by Theorem 10.1 the operator A(A+B)−1 = F (B), F (λ) = λ(λ−A)−1 is bounded
since F ∈ RH∞(Σσ,B) by the assumptions of Theorem 4.2. As a further conse-
quence we obtain the boundedness of the joint functional calculus. For Hilbert
spaces this was worked out in [1], for more general Banach space, e.g., spaces with
property (α), in [62] and [55]. The following formulation is from [61].

Denote by H∞(Σσ1 × · · · × Σσn) the space of all bounded analytic functions
of n variables on Σσ1 × · · · × Σσn and by H∞

0 (Σσ1 × · · · × Σσn) the subspace of
functions f ∈ H∞(Σσ1 × · · · × Σσn) which obey an estimate of the form

‖f(λ1, . . . , λn)‖ ≤ C
n∏

k=1

|λk|ε (1 + |λk|)−2ε

for some ε > 0. For f ∈ H∞
0 (Σσ1 × · · · × Σσn) we define the joint functional

calculus by

f(A1, . . . , An) =
( 1

2πi

)n
∫

∂Σν1

. . .

∫
∂Σνn

f(λ1, . . . , λn)
n∏

j=1

R(λj , Aj) dλ1 . . . dλn

(10.3)
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where ω(Ai) < νi < σi for i = 1, . . . , n. If n = 2 and Φ1 denotes the operator
valued functional calculus of A1 then we can rewrite (10.3) by Fubini’s theorem as

f(A1, A2) =
1

2πi

∫
∂Σν1

( 1
2πi

∫
∂Σν2

f(λ1, λ2)R(λ2, A2) dλ2

)
R(λ1, A1) dλ1

=
∫

∂Σν1

f(λ1, A2)R(λ1, A1) dλ1

= Φ1(f(·, A2)).

This indicates already how to construct the joint functional calculus of n operators
by induction.

Theorem 10.2. Suppose that X is a subspace of an Lp-space with 1 ≤ p < ∞
(or more generally a space with property (α)). Assume that A1, . . . , An are re-
solvent commuting operators with a bounded H∞(Σσ′

j
) functional calculus for

j = 1, . . . , n, respectively. Then for σj > σ′
j we have an algebra homomorphism

f ∈ H∞(Σσ1 × · · · × Σσn) → f(A1, . . . , An) ∈ B(X) extending (10.3) with the
following convergence property:

If {fm, f} is uniformly bounded in H∞(Σσ1 × · · · × Σσn) and
fm(λ1, . . . , λn) → f(λ1, . . . , λn) as m → ∞ for all λi ∈ Σσi , then
fm(A1, . . . , An)x → f(A1, . . . , An)x as m → ∞ for all x ∈ X.

Using f(λ1, λ2) = f(λ1 + λ2) we obtain

Corollary 10.3. Let X, A1 and A2 be as in 10.2. If A1 and A2 have a bounded H∞-
calculus with ωH∞(A1) + ωH∞(A2) < π then A1 + A2 has a bounded H∞-calculus
with ωH∞(A1 + A2) ≤ min(ωH∞(A1), ωH∞(A2)).

Corollary 10.3 also holds for a general Banach space if A1 has an R-bounded
H∞-calculus (cf. [54]).

Furthermore, there is a non-commutative version of Corollary 8.3 in [75]
where the commutativity assumption is replaced by 0 ∈ ρ(A) and the following
commutator condition for 0 ≤ α < β < 1:∥∥λ(λ + A)−1[A−1(µ + B)−1 − (µ + B)−1A−1]

∥∥ ≤ C

|1 + λ|1−α |µ|1+β
(10.4)

for λ ∈ Σπ−νA , µ ∈ Σπ−νB with νA > ωH∞(A), νB > ωH∞(B) and νA + νB < π.

Theorem 10.4. Let A have a bounded H∞-calculus and B an R-bounded H∞-
calculus on a Banach space X such that ωH∞(A)+ωRH∞ (B) < π. Then there is a
constant c0 so that A+B has a bounded H∞-calculus if (10.4) holds with C ≤ c0.

Note. The (R-)boundedness of the operator-valued H∞-calculus and the joint
functional calculus for bisectorial operators are treated in [55]. In [68] it is shown
that 10.3 also holds under the weaker assumption that X has property (∆). Ana-
logues of 10.1 and 10.2 for operators of strip type on Banach spaces are contained
in [56], [57].
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[40] A. Fröhlich, Stokes- und Navier-Stokes-Gleichungen in Gewichteten Funktionen-
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[41] A.M. Fröhlich and L. Weis, H∞-calculus of sectorial operators and dilations, sub-
mitted.

[42] Y. Giga, Domains of fractional powers of the Stokes operator in Lr spaces, Arch.
Rational Mech. Anal. 89 (1985), no. 3, 251–265.

[43] B.H. Haak, Kontrolltheorie in Banachräumen und Quadratische Abschätzungen, Uni-
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fractionnaires d’opérateurs C. R. Acad. Sci., Paris, Sér. I 299 (1984), 173–176.

[83] A. Yagi, Applications of the purely imaginary powers of operators in Hilbert spaces,
J. Funct. Anal. 73 (1987), no. 1, 216–231.

Lutz Weis
Mathematisches Institut I
Technische Universität Karlsruhe
D-76128 Karlsruhe, Germany
e-mail: Lutz.Weis@mathematik.uni-karlsruhe.de



<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (None)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (ISO Coated)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.3
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Perceptual
  /DetectBlends true
  /ColorConversionStrategy /sRGB
  /DoThumbnails true
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 524288
  /LockDistillerParams true
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts false
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 150
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 150
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.76
    /HSamples [2 1 1 2] /VSamples [2 1 1 2]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 600
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org?)
  /PDFXTrapped /False

  /SyntheticBoldness 1.000000
  /Description <<
    /DEU <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [2834.646 2834.646]
>> setpagedevice




